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Preface

This volume is a collection of papers mainly concerning phase space analysis, or
microlocal analysis, and its applications to the theory of partial differential equa-
tions (PDEs).

A number of papers composing this volume, all written by leading experts in their
respective fields, are expanded version of talks given at a meeting held in September
2011 at the Centro Residenziale Universitario (CEUB) of Bertinoro, on the hills
surrounding Cesena, Italy.

The Bertinoro workshop was the occasion to fix the state of the art in many
different aspects of phase space analysis. In fact the results collected here con-
cern general theory of pseudodifferential operators, Hardy-type inequalities, linear
and non-linear hyperbolic equations and systems, water-waves equations, Euler–
Poisson and Navier–Stokes equations, Schrödinger equations and heat and parabolic
equations.

We would like to seize this occasion to thank all the contributors as well as the
people who took part in the workshop.

A number of institutions have made it possible to hold the Bertinoro workshop
through their financial support. We’d like to list them here: the Italian Ministero
dell’Istruzione, dell’Università e della Ricerca by means of the PRIN 2008 project
“Phase Space Analysis of PDE’s”, the Istituto Nazionale di Alta Matematica, the
University of Bordeaux 1, the University of Pisa and the Fondazione Cassa di
Risparmio di Cesena. We thank all of them for their generosity.

Bologna, Italy Massimo Cicognani
Pisa, Italy Ferruccio Colombini
Trieste, Italy Daniele Del Santo
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Chapter 1
The Water-Wave Equations: From Zakharov
to Euler

Thomas Alazard, Nicolas Burq, and Claude Zuily

Abstract Starting from the Zakharov/Craig–Sulem formulation of the water-wave
equations, we prove that one can define a pressure term and hence obtain a solution
of the classical Euler equations. It is proved that these results hold in rough domains,
under minimal assumptions on the regularity to ensure, in terms of Sobolev spaces,
that the solutions are C1.

Key words: Cauchy theory, Euler equations, Water-wave system

Mathematics Subject Classification: 35B65, 35B30, 35B60, 35J75, 35S05.

1.1 Introduction

We study the dynamics of an incompressible layer of inviscid liquid, having constant
density, occupying a fluid domain with a free surface.

We begin by describing the fluid domain. Hereafter, d ≥ 1, t denotes the time
variable, and x∈ Rd and y∈ R denote the horizontal and vertical variables. We work
in a fluid domain with free boundary of the form

Ω = {(t,x,y) ∈ (0,T )×Rd ×R : (x,y) ∈ Ω(t)},

where Ω(t) is the d + 1-dimensional domain located between two hypersurfaces:
a free surface denoted by Σ(t) which will be supposed to be a graph and a fixed

T. Alazard
Département de Mathématiques et Applications, École Normale Supérieure et CNRS
UMR 8553, 45, rue d’Ulm, F-75230 Paris Cedex 05, France
e-mail: Thomas.Alazard@ens.fr

N. Burq • C. Zuily (�)
Département de Mathématiques, Université Paris-Sud 11 et CNRS, F-91405 Orsay Cedex, France
e-mail: nicolas.burq@math.u-psud.fr; claude.zuily@math.u-psud.fr

M. Cicognani et al. (eds.), Studies in Phase Space Analysis with Applications to PDEs,
Progress in Nonlinear Differential Equations and Their Applications 84,
DOI 10.1007/978-1-4614-6348-1__1, © Springer Science+Business Media New York 2013

1



2 T. Alazard et al.

bottom Γ . For each time t, one has

Ω(t) = {(x,y) ∈ O : y < η(t,x)} ,

where O is a given open connected domain and where η is the free surface elevation.
We denote by Σ the free surface

Σ = {(t,x,y) : t ∈ (0,T ),(x,y) ∈ Σ(t)},

where Σ(t) = {(x,y) ∈ Rd ×R : y = η(t,x)}, and we set Γ = ∂Ω(t)\Σ(t).
Notice that Γ does not depend on time. Two classical examples are the case of

infinite depth (O = Rd+1 so that Γ = /0) and the case where the bottom is the graph
of a function (this corresponds to the case O = {(x,y) ∈ Rd ×R : y > b(x)} for
some given function b).

We introduce now a condition which ensures that, at time t, there exists a fixed
strip separating the free surface from the bottom:

(Ht) : ∃h > 0 : Γ ⊂ {(x,y) ∈ Rd ×R : y < η(t,x)− h}. (1.1)

No regularity assumption will be made on the bottom Γ .

The Incompressible Euler Equation with Free Surface

Hereafter, we use the following notations:

∇ = (∂xi)1≤i≤d , ∇x,y = (∇,∂y), Δ = ∑
1≤i≤d

∂ 2
xi
, Δx,y = Δ + ∂ 2

y .

The Eulerian velocity field v : Ω → Rd+1 solves the incompressible Euler equation

∂t v+ v ·∇x,yv+∇x,yP =−gey, div x,yv = 0 in Ω ,

where g is the acceleration due to gravity (g > 0) and P is the pressure. The problem
is then given by three boundary conditions:

• A kinematic condition (which states that the free surface moves with the fluid)

∂tη =
√

1+ |∇η |2 (v ·n) on Σ , (1.2)

where n is the unit exterior normal to Ω(t)
• A dynamic condition (that expresses a balance of forces across the free surface)

P = 0 on Σ (1.3)

• The “solid wall” boundary condition at the bottom Γ

v ·ν = 0, (1.4)
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where ν is the normal vector to Γ whenever it exists. In the case of arbitrary bottom,
this condition will be implicit and contained in a variational formulation.

The Zakharov/Craig–Sulem Formulation

A popular form of the water-wave system is given by the Zakharov/Craig–Sulem
formulation. This is an elegant formulation of the water-wave equations where all
the unknowns are evaluated at the free surface only. Let us recall the derivation of
this system.

Assume, furthermore, that the motion of the liquid is irrotational. The velocity
field v is therefore given by v = ∇x,yΦ for some velocity potential Φ : Ω → R sat-
isfying

Δx,yΦ = 0 in Ω , ∂ν Φ = 0 on Γ ,

and the Bernoulli equation

∂tΦ +
1
2

∣∣∇x,yΦ
∣∣2 +P+ gy = 0 in Ω . (1.5)

Following Zakharov [7], introduce the trace of the potential on the free surface:

ψ(t,x) = Φ(t,x,η(t,x)).

Notice that since Φ is harmonic, η and Ψ fully determines Φ . Craig and Sulem
(see [3]) observe that one can form a system of two evolution equations for η and
ψ . To do so, they introduce the Dirichlet-Neumann operator G(η) that relates ψ to
the normal derivative ∂nΦ of the potential by

(G(η)ψ)(t,x) =
√

1+ |∇η |2 ∂nΦ|y=η(t,x)

= (∂yΦ)(t,x,η(t,x))−∇xη(t,x) · (∇xΦ)(t,x,η(t,x)).

(For the case with a rough bottom, we recall the precise construction later on). Di-
rectly from this definition, one has

∂tη = G(η)ψ . (1.6)

It is proved in [3] (see also the computations in §1.3.6) that the condition P = 0 on
the free surface implies that

∂tψ + gη +
1
2
|∇ψ |2 − 1

2

(
∇η ·∇ψ +G(η)ψ

)2

1+ |∇η |2 = 0. (1.7)

The system (1.6) and (1.7) is in Hamiltonian form (see [3, 7]), where the Hamiltonian
is given by

H =
1
2

∫

Rd
ψG(η)ψ + gη2 dx.
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The problem to be considered here is that of the equivalence of the previous two
formulations of the water-wave problem. Assume that the Zakharov/Craig–Sulem
system has been solved. Namely, assume that, for some r > 1 + d/2, (η ,ψ) ∈
C0(I,Hr(Rd)×Hr(Rd)) solves (1.6)–(1.7). We would like to show that we have in-
deed solved the initial system of Euler’s equation with free boundary. In particular
we have to define the pressure which does not appear in the above system (1.6)–
(1.7). To do so, we set

B =
∇η ·∇ψ +G(η)ψ

1+ |∇η |2 , V = ∇ψ −B∇η .

Then B and V belong to the space C0(I,H
1
2 (Rd)). It follows from [1] that (for

fixed t) one can define unique variational solutions to the problems

Δx,yΦ = 0 in Ω , Φ|Σ = ψ , ∂ν Φ = 0 on Γ .

Δx,yQ = 0 in Ω , Q|Σ = gη +
1
2
(B2 + |V |2), ∂νQ = 0 on Γ .

Then we shall define P ∈ D ′(Ω) by

P := Q− gy− 1
2

∣∣∇x,yΦ
∣∣2

and we shall show firstly that P has a trace on Σ which is equal to 0 and secondly
that Q = −∂tΦ which will show, according to (1.5), that we have indeed solved
Bernoulli’s (and therefore Euler’s) equation.

These assertions are not straightforward because we are working with solutions
of low regularity and we consider general bottoms (namely no regularity assumption
is assumed on the bottom). Indeed, the analysis would have been much easier for
r > 2+ d/2 and a flat bottom.

1.2 Low Regularity Cauchy Theory

Since we are interested in low regularity solutions, we begin by recalling the well-
posedness results proved in [2]. These results clarify the Cauchy theory of the water-
wave equations as well in terms of regularity indexes for the initial conditions as for
the smoothness of the bottom of the domain (namely no regularity assumption is
assumed on the bottom).

Recall that the Zakharov/Craig–Sulem system reads

⎧⎪⎨
⎪⎩

∂tη −G(η)ψ = 0,

∂tψ + gη +
1
2
|∇ψ |2 − 1

2

(
∇η ·∇ψ +G(η)ψ

)2

1+ |∇η |2 = 0.
(1.8)

It is useful to introduce the vertical and horizontal components of the velocity
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B := (vy)|y=η = (∂yΦ)|y=η , V := (vx)|y=η = (∇xΦ)|y=η .

These can be defined in terms of η and ψ by means of the formulas

B =
∇η ·∇ψ +G(η)ψ

1+ |∇η |2 , V = ∇ψ −B∇η . (1.9)

Also, recall that the Taylor coefficient a = −∂yP|Σ can be defined in terms of
η ,V,B,andψ only (see §4.3.1 in [5]).

In [2] we proved the following results about low regularity solutions. We refer
to the introduction of [2, 4] for references and a short historical survey of the back-
ground of this problem.

Theorem 1.1 ([2]). Let d ≥ 1 and s > 1+d/2 and consider an initial data (η0,ψ0)
such that:

(i) η0 ∈ Hs+ 1
2 (Rd), ψ0 ∈ Hs+ 1

2 (Rd), V0 ∈ Hs(Rd), B0 ∈ Hs(Rd).
(ii) The condition (H0) in (1.1) holds initially for t = 0.
(iii) There exists a positive constant c such that, for all x in Rd, a0(x)≥ c.

Then there exists T > 0 such that the Cauchy problem for (1.8) with initial data
(η0,ψ0) has a unique solution:

(η ,ψ) ∈C0([0,T ],Hs+ 1
2 (Rd)×Hs+ 1

2 (Rd)
)
,

such that

1. (V,B) ∈C0
(
[0,T ],Hs(Rd)×Hs(Rd)

)
.

2. The condition (Ht) in (1.1) holds for t ∈ [0,T ] with h replaced by h/2.
3. a(t,x)≥ c/2, for all (t,x) in [0,T ]×Rd.

In a forthcoming paper we shall prove the following result.

Theorem 1.2. Assume Γ = /0. Let d = 2 and s > 1+ d
2 − 1

12 and consider an initial
data (η0,ψ0) such that

η0 ∈ Hs+ 1
2 (Rd), ψ0 ∈ Hs+ 1

2 (Rd), V0 ∈ Hs(Rd), B0 ∈ Hs(Rd).

Then there exists T > 0 such that the Cauchy problem for (1.8) with initial data
(η0,ψ0) has a solution (η ,ψ) such that

(η ,ψ ,V,B) ∈C0([0,T ];Hs+ 1
2 (Rd)×Hs+ 1

2 (Rd)×Hs(Rd)×Hs(Rd)
)
.

Remark 1.1. (i) For the sake of simplicity we stated Theorem 1.2 in dimension d = 2
(recall that d is the dimension of the interface). One can prove such a result in any
dimension d ≥ 2, the number 1/12 being replaced by an index depending on d.

(ii) Notice that in infinite depth (Γ = /0) the Taylor condition (which is assump-
tion (iii) in Theorem 1.1) is always satisfied as proved by Wu ([6]).
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Now having solved the system (1.8) in (η ,ψ), we have to show that we have indeed
solved the initial system in (η ,v). This is the purpose of the following section.

There is one point that should be emphasized concerning the regularity. Below
we consider solutions (η ,ψ) of (1.8) such that

(η ,ψ) ∈C0([0,T ];Hs+ 1
2 (Rd)×Hs+ 1

2 (Rd)),

with the only assumption that s > 1
2 +

d
2 (and the assumption that there exists h > 0

such that the condition (Ht) in (1.1) holds for t ∈ [0,T ]). Consequently, the result
proved in this note applies to the settings considered in the above theorems.

1.3 From Zakharov to Euler

1.3.1 The Variational Theory

In this paragraph the time is fixed so we will skip it and work in a fixed domain Ω
whose top boundary Σ is Lipschitz, i.e, η ∈W 1,∞(Rd).

We recall here the variational theory, developed in [1], allowing us to solve the
following problem in the case of arbitrary bottom,

ΔΦ = 0 in Ω , Φ|Σ = ψ ,
∂Φ
∂ν

|Γ = 0. (1.10)

Notice that Ω is not necessarily bounded below. We proceed as follows.
Denote by D the space of functions u ∈C∞(Ω) such that ∇x,yu ∈ L2(Ω), and let

D0 be the subspace of functions u∈D such that u vanishes near the top boundary Σ .

Lemma 1.1 (see Prop 2.2 in [1]). There exist a positive weight g ∈ L∞
loc(Ω) equal

to 1 near the top boundary Σ of Ω and C > 0 such that for all u ∈ D0,
∫∫

Ω
g(x,y)|u(x,y)|2dxdy ≤C

∫∫

Ω
|∇x,yu(x,y)|2dxdy. (1.11)

Using this lemma one can prove the following result.

Proposition 1.1 (see page 422 in [1]). Denote by H1,0(Ω) the space of functions u
on Ω such that there exists a sequence (un)⊂ D0 such that

∇x,yun → ∇x,yu in L2(Ω), un → u in L2(Ω ,gdxdy),

endowed with the scalar product

(u,v)H1,0(Ω) = (∇xu,∇xv)L2(Ω) + (∂yu,∂yv)L2(Ω).

Then H1,0(Ω) is a Hilbert space and (1.11) holds for u ∈ H1,0(Ω).
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Let ψ ∈ H
1
2 (Rd). One can construct (see below after (1.21)) ψ ∈ H1(Ω) such

that
suppψ ⊂ {(x,y) : η(t,x)− h ≤ y ≤ η(x)}, ψ|Σ = ψ .

Using Proposition 1.1 we deduce that there exists a unique u ∈ H1,0(Ω) such that,
for all θ ∈ H1,0(Ω),

∫∫

Ω
∇x,yu(x,y) ·∇x,yθ (x,y)dxdy =−

∫∫

Ω
∇x,yψ(x,y) ·∇x,yθ (x,y)dxdy.

Then to solve the problem (1.10) we set Φ = u+ψ.

Remark 1.2. As for the usual Neumann problem the meaning of the third condition
in (1.10) is included in the definition of the space H1,0(Ω). It can be written as
in (1.10) if the bottom Γ is sufficiently smooth.

1.3.2 The Main Result

Let us assume that the Zakharov system (1.8) has been solved on I = (0,T ), which
means that we have found, for s > 1

2 +
d
2 , a solution

(η ,ψ) ∈C0(I,Hs+ 1
2 (Rd)×Hs+ 1

2 (Rd)),

of the system
⎧
⎪⎨
⎪⎩

∂tη = G(η)ψ ,

∂ψ =−gη − 1
2
|∇ψ |2 + 1

2
(∇ψ ·∇η +G(η)ψ)2

1+ |∇η |2 .
(1.12)

Let B,V be defined by (1.9). Then (B,V ) ∈C0(I,Hs− 1
2 (Rd)×Hs− 1

2 (Rd)).
The above variational theory shows that one can solve (for fixed t) the problem

Δx,yQ = 0 in Ω , Q|Σ = gη +
1
2
(B2 + |V |2) ∈ H

1
2 (Rd). (1.13)

Here is the main result of this article.

Theorem 1.3. Let Φ and Q be the variational solutions of the problems (1.10)
and (1.13). Set P = Q−gy− 1

2 |∇x,yΦ|2. Then v := ∇x,yΦ satisfies the Euler system

∂t v+(v ·∇x,y)v+∇x,yP =−gey in Ω ,

together with the conditions
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⎧⎪⎨
⎪⎩

div x,yv = 0, curl x,yv = 0 in Ω ,

∂tη = (1+ |∇η |2) 1
2 (v ·n) on Σ ,

P = 0 on Σ .

(1.14)

The rest of the paper is devoted to the proof of this result. We proceed in several
steps.

1.3.3 Straightening the Free Boundary

First of all if condition (Ht) is satisfied on I, for T small enough, one can find
η∗ ∈ L∞(Rd) independent of t such that

⎧
⎪⎪⎪⎨
⎪⎪⎪⎩

(i) ∇xη∗ ∈ H∞(Rd), ‖∇xη∗‖L∞(Rd) ≤C‖η‖
L∞(I,Hs+ 1

2 (Rd))
,

(ii) η(t,x)− h ≤ η∗(x)≤ η(t,x)− h
2
, ∀(t,x) ∈ I×Rd,

(iii) Γ ⊂ {(x,y) ∈ O : y < η∗(x)}.

(1.15)

Indeed using the first equation in (1.12) we have

‖η(t, ·)−η0‖L∞(Rd) ≤
∫ t

0
‖G(η)ψ(σ , ·)‖

Hs− 1
2 (Rd)

dσ

≤ TC
(‖(η ,ψ)‖

L∞(I,Hs+ 1
2 (Rd)×Hs+ 1

2 (Rd))

)
.

Therefore taking T small enough we make ‖η(t, ·)−η0‖L∞(Rd) as small as we want.

Then we take η∗(x) =− 2h
3 + e−δ |Dx|η0 and writing

η∗(x) =−2h
3

+η(t,x)− (η(t,x)−η0(x))+ (e−δ |Dx|η0 −η0(x)),

we obtain (1.15).
In what follows we shall set
⎧
⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

Ω1(t) = {(x,y) : x ∈ Rd ,η∗(x)< y < η(t,x)},
Ω1 = {(t,x,y) : t ∈ I,(x,y) ∈ Ω1(t)}, Ω2 = {(x,y) ∈ O : y ≤ η∗(x)},
Ω̃1 = {(x,z) : x ∈ Rd ,z ∈ (−1,0)},
Ω̃2 = {(x,z) ∈ Rd × (−∞,−1] : (x,z+ 1+η∗(x)) ∈ Ω2}
Ω̃ = Ω̃1 ∪ Ω̃2

(1.16)

Following Lannes ([4]), for t ∈ I consider the map (x,z) 
→ (x,ρ(t,x,z)) from Ω̃
to Rd+1 defined by

{
ρ(t,x,z) = (1+ z)eδ z〈Dx〉η(t,x)− zη∗(x) if (x,z) ∈ Ω̃1

ρ(t,x,z) = z+ 1+η∗(x) if (x,z) ∈ Ω̃2.
(1.17)
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where δ is chosen such that

δ‖η‖
L∞(I,Hs+ 1

2 (Rd))
:= δ0 << 1.

Notice that since s > 1
2 +

d
2 , taking δ small enough and using (1.15) (i) and, (ii),

we obtain the estimates

(i) ∂zρ(t,x,z)≥ min
(h

3
,1
) ∀(t,x,z) ∈ I× Ω̃ ,

(ii) ‖∇x,zρ‖L∞(I×Ω̃) ≤C(1+ ‖η‖
L∞(I,Hs+ 1

2 (Rd))
).

(1.18)

It follows from (1.18) (i) that the map (t,x,z)
→ (t,x,ρ(t,x,z)) is a diffeomorphism
from I× Ω̃ to Ω which is of class W 1,∞.

We denote by κ the inverse map of ρ :

(t,x,z) ∈ I× Ω̃ ,(t,x,ρ(t,x,z)) = (t,x,y)

⇐⇒ (t,x,z) = (t,x,κ(t,x,y)),(t,x,y) ∈ Ω .
(1.19)

1.3.4 The Dirichlet-Neumann Operator

Let Φ be the variational solution described above (with fixed t) of the problem
⎧
⎪⎨
⎪⎩

Δx,yΦ = 0 in Ω(t),

Φ|Σ(t) = ψ(t, ·),
∂νΦ|Γ = 0.

(1.20)

Let us recall that
Φ = u+ψ (1.21)

where u ∈ H1,0(Ω(t)) and ψ is an extension of ψ to Ω(t).
Here is a construction of ψ . Let χ ∈C∞(R),χ(a) = 0 if a ≤−1,χ(a) = 1 if a ≥

− 1
2 . Let ψ̃(t,x,z) = χ(z)ez〈Dx〉ψ(t,x) for z ≤ 0. It is classical that ψ̃ ∈ L∞(I,H1(Ω̃))

if ψ ∈ L∞(I,H
1
2 (Rd)) and

‖ψ̃‖L∞(I,H1(Ω̃)) ≤C‖ψ‖
L∞(I,H

1
2 (Rd))

.

Then we set

ψ(t,x,y) = ψ̃
(
t,x,κ(t,x,y)

)
. (1.22)

Since η ∈C0(I,W 1,∞(Rd)) we have ψ(t, ·) ∈ H1(Ω(t)), ψ |Σ(t) = ψ , and

‖ψ(t, ·)‖H1(Ω(t)) ≤C
(‖η‖L∞(I,W 1,∞(Rd))

)‖ψ‖
L∞(I,H

1
2 (Rd))

.
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Then we define the Dirichlet-Neumann operator by

G(η)ψ(t,x) =
√

1+ |∇η |2∂nΦ|Σ
= (∂yΦ)(x,η(t,x))−∇xη(t,x) · (∇xΦ)(t,x,η(t,x)).

(1.23)

It has been shown in [2] (see Sect. 3) that G(η)ψ is well defined in C0(I,H− 1
2 (Rd))

if η ∈C0(I,W 1,∞(Rd)) and ψ ∈C0(I,H
1
2 (Rd)).

Remark 1.3. Recall that we have set

Ω(t) = {(x,y) ∈ O : y < η(t,x)}, Ω = {(t,x,y) : t ∈ I,(x,y) ∈ Ω(t)}. (1.24)

For a function f ∈ L1
loc(Ω) if ∂t f denotes its derivative in the sense of distributions,

we have

〈∂t f ,ϕ〉 = lim
ε→0

〈 f (·+ ε, ·, ·)− f (·, ·, ·)
ε

,ϕ
〉
, ∀ϕ ∈C∞

0 (Ω). (1.25)

This point should be clarified due to the particular form of the set Ω since we have
to show that if (t,x,y) ∈ suppϕ = K, then (t + ε,x,y) ∈ Ω for ε sufficiently small
independently of the point (t,x,y). This is true. Indeed if (t,x,y) ∈ K, there exists a
fixed δ > 0 (depending only on K,η) such that y ≤ η(t,x)− δ . Since by (1.12)

|η(t + ε,x)−η(t,x)| ≤ ε‖G(η)ψ‖L∞(I×Rd) ≤ εC

where C =C
(‖(η ,ψ)‖

L∞(I,Hs+ 1
2 (Rd)×Hs+ 1

2 (Rd))

)
, we have if ε < δ

C ,

y−η(t + ε,x) = y−η(t,x)+η(t,x)−η(t+ ε,x)≤−δ + εC < 0.

Notice that since η ∈C0(I,Hs+ 1
2 (Rd)),∂t η = G(η)ψ ∈C0(I,Hs− 1

2 (Rd)), and
s > 1

2 +
d
2 , we have ρ ∈W 1,∞(I× Ω̃).

The main step in the proof of Theorem 1.3 is the following.

Proposition 1.2. Let Φ be defined by (1.20) and Q ∈ H1,0(Ω(t)) by (1.13). Then for
all t ∈ I

(i) ∂tΦ(t, ·) ∈ H1,0(Ω(t)).

(ii) ∂tΦ =−Q in D ′(Ω).

This result will be proved in §1.3.6

1.3.5 Preliminaries

If f is a function defined on Ω , we shall denote by f̃ its image by the diffeomor-
phism (t,x,z)
→ (t,x,ρ(t,x,z)). Thus we have
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f̃ (t,x,z) = f (t,x,ρ(t,x,z))⇔ f (t,x,y) = f̃
(
t,x,κ(t,x,y)

)
. (1.26)

Formally we have the following equalities for (t,x,y) = (t,x,ρ(t,x,z)) ∈ Ω and
∇ = ∇x

⎧
⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

∂y f (t,x,y) =
1

∂zρ
∂z f̃ (t,x,z)⇔ ∂z f̃ (t,x,z) = ∂zρ(t,x,κ(t,x,y))∂y f (t,x,y),

∇ f (t,x,y) =
(
∇ f̃ − ∇ρ

∂zρ
∂z f̃

)
(t,x,z)⇔ ∇ f̃ (t,x,z) =

(
∇ f +∇ρ ∂y f

)
(t,x,y),

∂t f (t,x,y) =
(
∂t f̃ + ∂tκ(t,x,y)∂z f̃

)
(t,x,κ(t,x,y)).

(1.27)
We shall set in what follows

Λ1 =
1

∂zρ
∂z, Λ2 = ∇x − ∇xρ

∂zρ
∂z (1.28)

Eventually recall that if u is the function defined by (1.21), we have
∫∫

Ω(t)
∇x,yu(t,x,y) ·∇x,yθ (x,y)dxdy =−

∫∫

Ω(t)
∇x,yψ(t,x,y) ·∇x,yθ (x,y)dxdy

(1.29)
for all θ ∈ H1,0(Ω(t)) which implies that for t ∈ I,

‖∇x,yu(t, ·)‖L2(Ω(t)) ≤C(‖η‖L∞(I,W 1,∞(Rd))‖ψ‖
L∞(I,H

1
2 (Rd))

. (1.30)

Let u be defined by (1.21). Since (η ,ψ) ∈ C0(I,Hs+ 1
2 (Rd)×Hs+ 1

2 (Rd)), the
elliptic regularity theorem proved in [2] (see Theorem 3.16) shows that

∂zũ,∇xũ ∈C0
z ([−1,0],Hs− 1

2 (Rd))⊂C0([−1,0]×Rd),

since s− 1
2 > d

2 .
It follows from (1.27) that ∂yu and ∇xu have a trace on Σ and

∂yu|Σ =
1

∂zρ(t,x,0)
∂zũ(t,x,0), ∇xu|Σ =

(
∇xũ− ∇xη

∂zρ(t,x,0)
∂zũ

)
(t,x,0).

Since ũ(t,x,0) = 0, it follows that

∇xu|Σ +(∇xη)∂yu|Σ = 0

from which we deduce, since Φ = u+ψ,

∇xΦ|Σ +(∇xη)∂yΦ|Σ = ∇xψ . (1.31)

On the other hand one has

G(η)ψ =
(
∂yΦ −∇xη ·∇xΦ

)|Σ . (1.32)
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It follows from (1.31), (1.32), and (1.9) that we have

∇xΦ|Σ =V, ∂yΦ|Σ = B. (1.33)

According to (1.13), P = Q− gy− 1
2 |∇x,yΦ|2 has a trace on Σ and P|Σ = 0.

1.3.6 The Regularity Results

The main steps in the proof of Proposition 1.2 are the following.

Lemma 1.2. Let ũ be defined by (1.26) and κ by (1.19). Then for all t0 ∈ I the func-
tion (x,y) 
→ U(t0,x,y) := ∂t ũ(t0,x,κ(t0,x,y)) belongs to H1,0(Ω(t0)). Moreover
there exists a function F : R+ → R+ such that

sup
t∈I

∫∫

Ω(t)
|∇x,yU(t,x,y)|2dxdy ≤ F (‖(η ,ψ)‖

L∞(I,Hs+ 1
2 (Rd)×Hs+ 1

2 (Rd))
).

Lemma 1.3. In the sense of distributions on Ω we have the chain rule

∂t u(t,x,y) = ∂t ũ(t,x,κ(t,x,y))+ ∂tκ(t,x,y)∂zũ(t,x,κ(t,x,y)).

These lemmas are proved in the next paragraph.

Proof (of Proposition 1.2). According to (1.21) and Lemma 1.3 we have

∂tΦ(t,x,y) = ∂t ũ(t,x,κ(t,x,y))+w(t,x,y) (1.34)

where
w(t,x,y) = ∂tκ(t,x,y)∂zũ(t,x,κ(t,x,y))+ ∂tψ(t,x,y).

According to Lemma 1.2 the first term in the right-hand side of (1.34) belongs to
H1,0(Ω(t)). Denoting by w̃ the image of w, if we show that

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

(i) w̃ ∈ H1(Rd ×R),

(ii) supp w̃ ⊂ {(x,z) ∈ Rd × (−1,0)}
(iii) w|Σ =−gη − 1

2
(B2 + |V |2)

(1.35)

then ∂tΦ will be the variational solution of the problem

Δx,y(∂tΦ) = 0, ∂tΦ|Σ =−gη − 1
2
(B2 + |V |2).

By uniqueness, we deduce from (1.13) that ∂tΦ =−Q, which completes the proof
of Proposition 1.2. Therefore we are left with the proof of (1.35).

Recall that ψ̃(t,x,z) = χ(z)ez〈Dx〉ψ(t,x). Moreover by Lemma 1.3 we have
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∂̃tψ =
(

∂t ψ̃ − ∂tρ(t,x,z)
∂zρ(t,x,z)

∂zψ̃
)
(t,x,z).

Since ψ ∈ Hs+ 1
2 (Rd),∂tψ ∈ Hs− 1

2 (Rd),∂t η ∈ Hs− 1
2 (Rd), the classical properties

of the Poisson kernel show that ∂t ψ̃ and ∂zψ̃ and ∂t ρ
∂zρ belong to Hs(Rd × (−1,0))

therefore to H1(Rd × (−1,0)) since s > 1
2 +

d
2 . It follows that the points (i) and (ii)

in (1.35) are satisfied by ∂̃tψ . Now according to (1.17) ∂̃tκ is supported in Rd ×
(−1,0), and it follows from the elliptic regularity that ∂̃tκ∂zũ belongs to H1(Rd ×
(−1,0)). Let us check now point (iii). Since ∂tη = G(η)ψ we have

∂tψ(t,x,y)|Σ = ∂̃tψ |z=0 = ∂tψ −G(η)ψ ·∂yψ(t,x,y)|Σ . (1.36)

On the other hand we have

∂tκ(t,x,y)∂zũ(t,x,κ(t,x,y))|Σ = ∂tκ(t,x,y)∂zρ(t,x,κ(t,x,y))∂yu(t,x,y)|Σ
=−∂tρ(t,x,κ(t,x,y))∂yu(t,x,y)|Σ
=−∂tρ(t,x,κ(t,x,y))

(
∂yΦ(t,x,y)− ∂yψ(t,x,y)

)|Σ
=−G(η)ψ · (B− ∂yψ(t,x,y)|Σ .

So using (1.36) we find

w |Σ = ∂tψ −BG(η)ψ .

It follows from the second equation of (1.12) and from (1.9) that

w |Σ =−gη − 1
2
(B2 + |V |2).

This proves the claim (iii) in (1.35) and ends the proof of Proposition 1.2.

1.3.7 Proof of the Lemmas

1.3.7.1 Proof of Lemma 1.2

Recall (see (1.17) and (1.28)) that we have set

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

ρ(t,x,z) = (1+ z)eδ z〈Dx〉η(t,x)− zη∗(x) if (x,z) ∈ Ω̃1,

ρ(t,x,z) = z+ 1+η∗(x) if (x,z) ∈ Ω̃2,

Λ1(t) =
1

∂zρ(t, ·)∂z, Λ2(t) = ∇x − ∇xρ(t, ·)
∂zρ(t, ·) ∂z

and that κt has been defined in (1.19).
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If we set κ̂t(x,y) = (x,κ(t,x,y)), then κ̂t is a bijective map from the space
H1,0(Ω̃ ) (defined as in Proposition 1.1) to the space H1,0(Ω(t)). Indeed near the
top boundary (z ∈ (−2,0)), this follows from the classical invariance of the usual
space H1

0 by a W 1,∞-diffeomorphism, while, near the bottom, our diffeomorphim is
of class H∞ hence preserves the space H1,0.

Now we fix t0 ∈ I, we take ε ∈ R\ {0} small enough, and we set for t ∈ I
⎧⎪⎪⎨
⎪⎪⎩

F(t) =
∫∫

Ω(t)
∇x,yu(t,x,y) ·∇x,yθ (x,y)dxdy

H(t) =−
∫∫

Ω(t)
∇x,yψ(t,x,y) ·∇x,yθ (x,y)dxdy

(1.37)

where θ ∈ H1,0(Ω(t)) is chosen as follows.
In F(t0 + ε) we take

θ1(x,y) =
u(t0 + ε,x,y)− ũ(t0,x,κ(t0 + ε,x,y))

ε
∈ H1,0(Ω(t0 + ε)).

In F(t0) we take

θ2(x,y) =
ũ(t0 + ε,x,κ(t0,x,y))− u(t0,x,y)

ε
∈ H1,0(Ω(t0)).

Then in the variables (x,z) we have

θ̃1(x,z) = θ1(x,ρ(t0 + ε,x,z)) =
ũ(t0 + ε,x,z)− ũ(t0,x,z)

ε

θ̃2(x,z) = θ2(x,ρ(t0,x,z)) =
ũ(t0 + ε,x,z)− ũ(t0,x,z)

ε
,

(1.38)

so we see that θ̃1(x,z) = θ̃2(x,z) =: θ̃ (x,z).
It follows from (1.29) that for all t ∈ I, we have F(t) = H(t). Therefore

Jε(t0) =:
F(t0 + ε)−F(t0)

ε
= Jε(t0) =:

H(t0 + ε)−H(t0)
ε

.

Then after changing variables as in (1.17) we obtain

Jε(t0) =
1
ε

2

∑
j=1

∫∫

Ω̃

[
Λ j(t0 + ε)ũ(t0 + ε,x,z)Λ j(t0 + ε)θ̃(x,z)∂zρ(t0 + ε,x,z)

−Λ j(t0)ũ(t0,x,z)Λ j(t0)θ̃ (x,z)∂zρ(t0,x,z)
]
dxdz =:

2

∑
j=1

Kj,ε(t0).

(1.39)

With the notation used in (1.3.7.1) we can write

Λ j(t0 + ε)−Λ j(t0) = β j,ε(t0,x,z)∂z, j = 1,2. (1.40)
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Notice that since the function ρ does not depend on t for z ≤ −1 we have β j,ε = 0
in this set.

Then we have the following Lemma.

Lemma 1.4. There exists a nondecreasing function F : R+ → R+ such that

sup
t0∈I

∫∫

Ω̃
|β j,ε(t0,x,z)|2dxdz ≤ ε2F

(‖(η ,ψ)‖
L∞(I,Hs+ 1

2 (Rd)×Hs+ 1
2 (Rd))

)
.

Proof. In the set {(x,z) : x ∈ Rd ,z ∈ (−1,0)} the most delicate term to deal with is

(1) =:
∇xρ
∂zρ

(t0 + ε,x,z)− ∇xρ
∂zρ

(t0,x,z) = ε
∫ 1

0
∂t

(∇xρ
∂zρ

)
(t0 + ελ ,x,z)dλ .

We have

∂t

(∇xρ
∂zρ

)
=

∇x∂tρ
∂zρ

− (∂z∂tρ)∇xρ
(∂zρ)2 .

First of all we have ∂zρ ≥ h
3 . Now since s− 1

2 > d
2 ≥ 1

2 , we can write

‖∇x∂tρ(t, ·)‖L2(Ω̃1)
≤ 2‖eδ z|Dx|G(η)ψ(t, ·)‖L2((−1,0),H1(Rd))

≤C‖G(η)ψ(t, ·)‖
H

1
2 (Rd)

≤C‖G(η)ψ(t, ·)‖
Hs− 1

2 (Rd)

≤C
(‖(η ,ψ)‖

L∞(I,Hs+ 1
2 (Rd)×Hs+ 1

2 (Rd))

)
.

(1.41)

On the other hand we have

‖∇xρ(t, ·)‖L∞(Ω̃1)
≤C‖eδ z|Dx|∇xη(x, ·)‖

L∞((−1,0),Hs− 1
2 (Rd)

+ ‖∇xη∗‖L∞(Rd)

≤C′‖η(t, ·)‖
Hs+ 1

2 (Rd)
+ ‖∇xη∗‖L∞(Rd) ≤C”‖η(t, ·)‖

Hs+ 1
2 (Rd)

by (1.15). Eventually since

∂z∂tρ = eδ z|Dx|G(η)ψ +(1+ z)δeδ z|Dx||Dx|G(η)ψ ,

we have as in (1.41)

‖∂z∂tρ(t, ·)‖L2(Ω̃) ≤C
(‖(η ,ψ)‖

L∞(I,Hs+ 1
2 (Rd)×Hs+ 1

2 (Rd))

)
. (1.42)

Then the Lemma follows.

Thus we can write for j = 1,2,
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Kj,ε(t0) =
4

∑
k=1

∫∫

Ω̃1

Ak
j,ε(t0,x,z)dxdz,

A1
j,ε(t0, ·) = Λ j(t0)

[ ũ(t0 + ε, ·)− ũ(t0, ·)
ε

]
Λ j(t0)θ̃ (·)∂zρ(t0, ·),

A2
j,ε(t0, ·) =

[Λ j(t0 + ε)−Λ j(t0)

ε

]
ũ(t0, ·)Λ j(t0)θ̃ (·)∂zρ(t0, ·),

A3
j,ε(t0, ·) = Λ j(t0 + ε)ũ(t0 + ε, ·)

[Λ j(t0 + ε)−Λ j(t0)

ε

]
θ̃ (·)∂zρ(t0, ·),

A4
j,ε(t0, ·) = Λ j(t0 + ε)ũ(t0 + ε, ·)Λ j(t0 + ε)θ̃ (·)

[∂zρ(t0 + ε, ·)− ∂zρ(t0, ·)
ε

]
.

(1.43)

In what follows to simplify the notations we shall set X = (x,z) ∈ Ω̃ and we recall
that Λ j(t0 + ε)−Λ j(t0) = 0 when z ≤−1.

First of all, using the lower bound ∂zρ(t0,X)≥ h
3 , we obtain

∫∫

Ω̃
A1

j,ε(t0,X)dX ≥ h
3

∥∥∥∥Λ j(t0)
[ ũ(t0 + ε, ·)− ũ(t0, ·)

ε

]∥∥∥∥
2

L2(Ω̃)

. (1.44)

Now it follows from (1.40) that
∣∣∣∣
∫∫

Ω̃
A2

j,ε(t0,X)dX

∣∣∣∣≤ sup
t∈I

‖β j,ε

ε
‖L2(Ω̃) sup

t∈I
‖∂zũ(t, ·)‖L∞

z (−1,0,L∞(Rd))‖Λ j(t0)θ̃‖L2(Ω̃).

Since s− 1
2 > d

2 the elliptic regularity theorem shows that

sup
t∈I

‖∂zũ(t, ·)‖L∞
z (−1,0,L∞(Rd)) ≤ sup

t∈I
‖∂zũ(t, ·)‖

L∞
z (−1,0,Hs− 1

2 (Rd))

≤C
(‖(η ,ψ)‖

L∞(I,Hs+ 1
2 (Rd)×Hs+ 1

2 (Rd))

) (1.45)

Using Lemma 1.4 we deduce that
∣∣∣∣
∫∫

Ω̃
A2

j,ε(t0,X)dX

∣∣∣∣≤C
(‖(η ,ψ)‖

L∞(I,Hs+ 1
2 (Rd)×Hs+ 1

2 (Rd))

)‖Λ j(t0)θ̃‖L2(Ω̃).

(1.46)
Now write

∫∫

Ω̃
A3

j,ε(t0,X)dX =

=

∫∫

Ω̃
Λ j(t0 + ε)ũ(t0 + ε,X)βε(t0 + ε,X)∂zθ̃ (t0,X)∂zρ(t0,X)dX .

By elliptic regularity, Λ j(t)ũ is bounded in L∞
t,x,z by a function depending only on

‖(η ,ψ)‖
L∞(I,Hs+ 1

2 (Rd)×Hs+ 1
2 (Rd))

. Therefore we can write
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∣∣∣∣
∫∫

Ω̃
A3

j,ε(t0,X)dX

∣∣∣∣≤C
(‖(η ,ψ)‖

L∞(I,Hs+ 1
2 (Rd)×Hs+ 1

2 (Rd))

)‖∂zθ̃‖L2(Ω̃). (1.47)

Since

∂zρ(t0 + ε,x,z)− ∂zρ(t0,x,z)
ε

=

∫ 1

0
∂t∂zρ(t0 +λ ε,x,z)dλ

(which vanishes when z ≤−1), we find using (1.45) and (1.42)
∣∣∣∣
∫∫

Ω̃
A4

j,ε(t0,X)dX

∣∣∣∣≤C
(‖(η ,ψ)‖

L∞(I,Hs+ 1
2 (Rd)×Hs+ 1

2 (Rd))

)‖∂zθ̃‖L2(Ω̃). (1.48)

Now we consider

Jε =
H(t0 + ε)−H(t0)

ε
. (1.49)

We make the change of variable (x,z) → (x,ρ(t0,x,z)) in the integral, and we de-
compose the new integral as in (1.39), (1.43). This gives, with X = (x,z),

Jε =
2

∑
j=1

K j,ε(t0), K j,ε(t0) =
4

∑
k=1

∫∫

Ω̃
A k

j,ε(t0,X)dX ,

where A k
j,ε has the same form as −Ak

j,ε in (1.43) except the fact that ũ is replaced

by ψ̃. Recall that ψ̃(t,x,z) = χ(z)ez|Dx|ψ(t,x). Now we have

‖Λ j∂t ψ̃‖L∞(I,L2(Ω̃)) ≤ F
(‖η‖

L∞(I,Hs+ 1
2 (Rd))

)‖∂t ψ̃‖L∞(I,L2
z ((−1,0),H1(Rd)))

≤ F
(‖η‖

L∞(I,Hs+ 1
2 (Rd))

)‖∂tψ‖
L∞(I,H

1
2 (Rd))

≤ F
(‖η‖

L∞(I,Hs+ 1
2 (Rd))

)‖∂tψ‖
L∞(I,Hs− 1

2 (Rd))

since s− 1
2 ≥ 1

2 . Using the (1.12) on ψ and the fact that Hs− 1
2 (Rd) is an algebra, we

obtain

‖Λ j∂t ψ̃‖L∞(I,L2(Ω̃)) ≤ F
(‖(η ,ψ)‖

L∞(I,Hs+ 1
2 (Rd))×Hs+ 1

2 (Rd))
).

It follows that we have
∣∣∣∣
∫∫

Ω̃
A 1

j,ε(t0,X)dX

∣∣∣∣≤ F
(‖(η ,ψ)‖

L∞(I,Hs+ 1
2 (Rd)×Hs+ 1

2 (Rd))

)‖Λ j(t0)θ̃‖L2(Ω̃).

(1.50)

Now since

‖Λ j(t0)ψ̃(t, ·)‖L2
z ((−1,0),L∞(Rd)) ≤ F (‖η‖

L∞(I,Hs+ 1
2 (Rd))

)‖ψ̃(t0, ·)‖
L2

z ((−1,0),H
d
2 +ε

(Rd))

≤ F (‖η‖
L∞(I,Hs+ 1

2 (Rd))
)‖ψ‖

L∞(I,Hs+ 1
2 (Rd))
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we can use the same estimates as in (1.46), (1.47), and (1.48) to bound the terms
A k

j,ε for k = 2,3,4. We obtain finally

∣∣∣∣
H(t0 + ε)−H(t0)

ε

∣∣∣∣≤C
(‖(η ,ψ)‖

L∞(I,Hs+ 1
2 (Rd)×Hs+ 1

2 (Rd))

) 2

∑
j=1

‖Λ j(t0)θ̃‖L2(Ω̃).

(1.51)

Summing up using (1.43), (1.44), (1.46),(1.47),(1.48), and (1.51) we find that,
setting

Ũε(t0, ·) = ũ(t0 + ε, ·)− ũ(t0, ·)
ε

,

there exists a nondecreasing function F : R+ → R+ such that for all ε > 0

2

∑
j=1

sup
t0∈I

‖Λ j(t0)Ũε(t0, ·)‖L2(Ω̃) ≤ F
(‖(η ,ψ)‖

L∞(I,Hs+ 1
2 (Rd)×Hs+ 1

2 (Rd))

)
.

Since ũ(t, ·) ∈ H1,0(Ω̃ ), the Poincaré inequality ensures that
∥∥Ũε(t0, ·)

∥∥
L2(Ω̃)

≤C
(‖(η ,ψ)‖

L∞(I,Hs+ 1
2 (Rd)×Hs+ 1

2 (Rd))

)
. (1.52)

It follows that we can extract a subsequence (Ũεk) which converges in the weak-
star topology of (L∞∩C0)(I,H1,0(Ω̃ )). But this sequences converge in D ′(I×Ω̃) to
∂t ũ. Therefore ∂t ũ∈C0(I,H1,0(Ω̃ )), and this implies that ∂t ũ(t0, ·,κ(t0, ·, ·)) belongs
to H1,0(Ω(t0) which completes the proof of Lemma 1.2.

1.3.7.2 Proof of Lemma 1.3

Let ϕ ∈C∞
0 (Ω) and set

vε(t,x,y) =
1
ε
[ũ(t + ε,x,κ(t + ε,x,y))− ũ(t + ε,x,κ(t,x,y))],

wε (t,x,y) =
1
ε
[ũ(t + ε,x,κ(t,x,y))− ũ(t,x,κ(t,x,y))],

Jε =

∫∫

Ω
vε(t,x,y)ϕ(t,x,y)dtdxdy, Kε =

∫∫

Ω
wε(t,x,y)ϕ(t,x,y)dtdxdy,

Iε = Jε +Kε .

(1.53)

Let us consider first Kε . In the integral in y, we make the change of variable
κ(t,x,y) = z ⇔ y = ρ(t,x,z). Then setting ϕ̃(t,x,z) = ϕ(t,x,ρ(t,x,z)) and X =
(x,z) ∈ Ω̃ , we obtain

Kε =
∫∫

I

∫

Ω̃

ũ(t + ε,X)− ũ(t,X)

ε
ϕ̃(t,X)∂zρ(t,X)dtdX .
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Since ρ ∈C1(I× Ω̃) we have ϕ̃ ·∂zρ ∈C0
0(I× Ω̃). Now we know that the sequence

Ũε =
ũ(·+ε,·)−ũ(·,·)

ε converges in D ′(I × Ω̃) to ∂t ũ. We use this fact, we approximate
ϕ̃ ·∂zρ by a sequence in C∞

0 (I × Ω̃), and we use (1.52) to deduce that

lim
ε→0

Kε =

∫

I

∫∫

Ω̃
∂t ũ(t,X)ϕ̃(t,X)∂zρ(t,X)dtdX .

Coming back to the (t,x,y) variables we obtain

lim
ε→0

Kε =
∫∫

Ω
∂t ũ(t,x,κ(t,x,y))ϕ(t,x,y)dtdxdy. (1.54)

Let us look now to Jε . We cut it into two integrals; in the first we set κ(t+ε,x,y) = z,
and in the second we set κ(t,x,y) = z. With X = (x,z) ∈ Ω̃ we obtain

Jε =
1
ε

∫

I

∫∫

Ω̃1

ũ(t +ε,X)
(∫ 1

0

d
dσ

{
ϕ(t,x,ρ(t +εσ ,X))∂zρ(t +εσ ,X)

}
dσ

)
dtdX .

Differentiating with respect to σ we see easily that

Jε =
∫

I

∫∫

Ω̃
ũ(t + ε,X)

∂
∂ z

(∫ 1

0
∂tρ(t + εσ ,X)ϕ(t,x,ρ(t + εσ ,X))dσ

)
dtdX .

Since ũ is continuous in t with values in L2(Ω̃),∂t ρ is continuous in (t,x,z) and
ϕ ∈C∞

0 ; we can pass to the limit, and we obtain

lim
ε→0

Jε =
∫

I

∫∫

Ω̃1

ũ(t,X)
∂
∂ z

(
∂tρ(t,X)ϕ(t,x,ρ(t,X))

)
dtdX .

Now we can integrate by parts. Since, thanks to ϕ , we have compact support in z
we obtain

lim
ε→0

Jε =−
∫

I

∫∫

Ω̃
∂zũ(t,X)∂tρ(t,X)ϕ(t,x,ρ(t,X))dtdX .

Now since

∂tρ(t,X) =−∂tκ(t,x,y)∂zρ(t,x,z)

setting in the integral in z, ρ(t,X) = y we obtain

lim
ε→0

Jε =

∫∫

Ω
∂zũ(t,x,κ(t,x,y))∂tκ(t,x,y)ϕ(t,x,y)dtdxdy. (1.55)

Then Lemma 1.3 follows from (1.53)–(1.55).
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Chapter 2
On the Characterization of Pseudodifferential
Operators (Old and New)

Jean-Michel Bony

Abstract In the framework of the Weyl–Hörmander calculus, under a condition
of “geodesic temperance”, pseudodifferential operators can be characterized by
the boundedness of their iterated commutators. As a corollary, functions of pseu-
dodifferential operators are themselves pseudodifferential. Sufficient conditions are
given for the geodesic temperance. In particular, it is valid in the Beals–Fefferman
calculus.

Key words: Beals–Fefferman calculus, Functional calculus, Iterated commutators,
Pseudodifferential operators, Weyl–Hörmander calculus
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2.1 Introduction

The first historical example of a characterization of pseudodifferential operators is
due to Beals [1] for the following class of symbols:

S0
0,0 =

{
a ∈C∞(Rn ×R

n∗)
∣∣∣∣
∣∣∣∂ α

ξ ∂ β
x a(x,ξ )

∣∣∣≤Cα ,β

}
.

An operator A can be written A = a(x,D) with a ∈ S0
0,0 if and only if A and its

iterated commutators with the multiplications by x j and the derivations ∂/∂x j are
bounded on L2.

The aim of this paper is to give an analogous characterization for the more
general classes of pseudodifferential operators occurring in the Beals–Fefferman
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calculus and the Weyl–Hörmander calculus. Such a characterization has important
consequences:

• The Wiener property: if a pseudodifferential operator (of order 0) is invertible as
an operator in L2, its inverse is also a pseudodifferential operator.

• The compatibility with the functional calculus: C∞ functions of pseudodifferen-
tial operator are themselves pseudodifferential.

• It is a good starting point for a general theory of Fourier integral operators. We re-
fer to [4] for that point which will not be developed here.

This paper gives a new presentation, with some simplifications and complements,
of the results of [3] where it is shown that the characterization of pseudodifferential
operator is valid under an assumption of geodesic temperance.

The new point of this paper is the Sect. 2.4 which gives a sufficient condition,
easy to check, for the geodesic temperance. In the framework of the Beals–
Fefferman calculus, this condition is always satisfied and so are its consequences.

2.2 Weyl–Hörmander Calculus

We will denote by small latine letters (such as x) points of the configuration space
R

n, by Greek letters (such as ξ ) points of its dual space (Rn)∗, and by capital letters
(X = (x,ξ )) points of the phase space X = R

n×(Rn)∗. The space X is equipped
with the symplectic form σ defined by

σ(X ,Y ) = 〈ξ ,y〉− 〈η ,x〉 for X = (x,ξ ) and Y = (y,η) .

The Weyl quantization associates to a function or distribution a on X an operator
aw(x,D) acting in R

n defined by

aw(x,D)u(x) =
∫ ∫

ei〈x−y,ξ 〉a
( x+y

2 ,ξ
)

u(y)dydξ/(2π)n .

Considered in a weak sense, for a ∈ S ′(X ), this formula defines aw(x,D) as an
operator mapping the Schwartz space S (Rn) into the space S ′(Rn) of tempered
distributions. Conversely, for any such operator A, there is a unique a ∈S ′(X ), the
symbol of A, such that A = aw(x,D).

Definition 2.1. The Hörmander classes of symbol S(M,g) are associated to:

• A Riemannian metric g on X , identified with an application
(
X �→ gX(·)

)
, where

each gX is a positive definite quadratic form on X .
• A weight M, i.e. a positive function on X .

They are defined by

S(M,g) =
{

a ∈C∞(X )
∣∣∣ ∣∣∂T1 . . .∂Tk a(X)

∣∣≤CkM(X) for k ≥ 0 and gX(Tj)≤ 1
}
.

We use the notation ∂T f (X) = 〈d f (X),T 〉 for the directional derivatives.



2 On the Characterization of Pseudodifferential Operators (Old and New) 23

Example 2.1 (Beals–Fefferman classes [2]).
For Q,q ∈ R and Φ,ϕ positive functions on X , these classes are defined by

a ∈ SQ,q
Φ ,ϕ ⇐⇒

∣∣∣∂ α
ξ ∂ β

x a(x,ξ )
∣∣∣≤Cα ,β Φ(x,ξ )Q−|α |ϕ(x,ξ )q−|β | .

They are actually classes S(M,g) with

gX(dx,dξ ) =
dx2

ϕ(X)2 +
dξ 2

Φ(X)2 and M = ϕqΦQ . (2.1)

In the particular case

Φ(x,ξ ) = (1+ |ξ |2)ρ/2 , ϕ(x,ξ ) = (1+ |ξ |2)−δ/2 ,

one recovers the Hörmander class Sm
ρ ,δ with m = Qρ − qδ :

a ∈ Sm
ρ ,δ ⇐⇒

∣∣∣∂ α
ξ ∂ β

x a(x,ξ )
∣∣∣≤Cα ,β (1+ |ξ |)m−ρ |α |+δ |β | .

2.2.1 Admissible Metrics

Before stating the conditions which guarantee that the classes S(M,g) give rise to a
good symbolic calculus, we should recall some well-known properties of quadratic
forms in symplectic spaces.

Reduced Form. For each Y ∈ X , one can choose symplectic coordinates (x′,ξ ′)
(depending on Y ) such that the quadratic form gY takes the diagonal form:

gY (dx′,dξ ′) = ∑
j

dx′j
2 + dξ ′

j
2

λ j(Y )
. (2.2)

The λ j are positive and are independent of the particular choice of (x′,ξ ′). An im-
portant invariant, which will characterize the “gain” in the symbolic calculus, is
the following:

λ (Y ) = min
j

λ j(Y ) .

Inverse Metric. It is the Riemannian metric gσ on X , defined for each Y by

gσ
Y (T ) = sup σ(T,S)2

gY (S)
. If X is identified with its dual via the symplectic form,

gσ
Y is nothing but the inverse quadratic form g−1

Y a priori defined on X ′. In the
symplectic coordinates above, one has

gσ
Y (dx′,dξ ′) = ∑λ j(Y )(dx′j

2
+ dξ ′

j
2
) .
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Geometric Mean of g and gσ . It is a third Riemannian metric g# on X . For each
Y the quadratic form g#

Y is the geometric mean of gY and gσ
Y (the geometric

mean of two positive definite quadratic forms is always canonically defined and
is easily computed in a basis which diagonalizes the two quadratic forms). In the
symplectic coordinates above, one has

g#
Y (dx′,dξ ′) = ∑(dx′j

2
+ dξ ′

j
2
) .

Definition 2.2. The metric g is said without symplectic eccentricity (WSE) if for
any Y , all the λ j(Y ) are equal to λ (Y ). It is equivalent to saying that gσ = λ 2g.

Example 2.2. Metrics of Beals–Fefferman (2.1) are WSE, with λ = Φϕ .

Definition 2.3. The metric g is said to be admissible if it satisfies the following
properties:

(i) Uncertainty principle: λ (Y )≥ 1.

(ii) Slowness: ∃C, gY (X −Y )≤C−1 =⇒ gY (T)
gX (T )

≤C.

(iii) Temperance: ∃C,N, gY (T )
gX (T )

≤C (1+ gσ
Y (X −Y ))N .

A weight M is said to be admissible for g (or a g-weight) if it satisfies

(ii′) ∃C, gY (X −Y)≤C−1 =⇒ M(Y )/M(X)≤C.

(iii′) ∃C,N, M(Y )/M(X)≤C (1+ gσ
Y (X −Y ))N .

As a consequence of (iii), one has

(1+ gσ
X(X −Y))≤C (1+ gσ

Y (X −Y ))N+1 , (2.3)

and thus gX(T )/gY (T ) is also bounded by the right-hand side of (iii) (with different
values of C and N).

Remark 2.1. For an admissible Beals–Fefferman metric (2.1), condition (i) means
that Φ(X)ϕ(X)≥ 1 while (ii) and (iii) express bounds of the ratios (Φ(Y )/Φ(X))±1

and (ϕ(Y )/ϕ(X))±1.
The classes Sm

ρ ,δ correspond to an admissible metric if δ ≤ ρ ≤ 1 and δ < 1.

2.2.2 Symbolic Calculus

In this paragraph, g will denote an admissible metric and M a g-weight. Let us de-
note by OpS(M,g) the class of operators whose symbol belongs to S(M,g) and by #
the composition of symbols which corresponds to the composition of operators, i.e.

(a1#a2)
w(x,D) = aw

1 (x,D)◦ aw
2 (x,D) .

The following properties are classical [6].
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• Operators in OpS(M,g) map continuously S (Rn) into itself, S ′(Rn) into itself,
and, for M = 1, L2(Rn) into itself.

• The formal adjoint of aw(x,D) is aw(x,D).
• If M1 and M2 are two g-weights, then M1M2 is also a g-weight and one has

S(M1,g)#S(M2,g)⊂ S(M1M2,g).
• For a j ∈ S(Mj,g), one has the asymptotic expansion

a1#a2(X) =
N−1

∑
k=0

1
k!

{(
1
2iσ(∂Y ,∂Z)

)k
a1(Y )a2(Z)

}∣∣
Y=Z=X

+RN(X) ,

where the kth term in the sum belongs to S(M1M2λ−k,g) and RN belongs to
S(M1M2λ−N ,g). The first two terms are the usual product and the Poisson
bracket:

a1#a2 = a1a2 +
1
2i{a1,a2}+ · · ·

2.2.3 Can One Use Only Metrics Without Symplectic Eccentricity?

As remarked above, Beals–Fefferman metrics are WSE, and one can say that, since
the introduction of the Weyl–Hörmander calculus thirty years ago, almost all the
metrics which have been used are WSE. It is not uniquely because they are simpler
to use, a result of Toft [7] shows that there is a good mathematical reason for this
limitation.

Theorem 2.1 (J. Toft).

(i) If g is an admissible metric, one has

∃C,N, (gX(T )/gY (T ))
±1 ≤C

(
1+ g#

Y (X −Y )
)N

. (2.4)

(ii) The metric g# is admissible.

The second point is an easy consequence of the first one. The right-hand side of
(2.4), which controls the ratio gX/gY , controls also the ratio of the inverse metric
gσ

X/gσ
Y and thus the ratio of their geometric mean g#

X/g#
Y , which proves that g# is

tempered. It controls also the ratio λ (Y )/λ (X).
Let us introduce a new metric: g̃ = λ−1g#. The ratio g̃Y/g̃X is then controlled

by the right-hand side of (2.4) (with different constants C and N) and a fortiori by a
power of

(
1+λ (Y)g#

Y (X −Y)
)
. This proves the temperance of g̃, because g̃σ = λ g#.

The slowness being evident, the metric g̃ is admissible. Moreover, it is WSE: in the
coordinates (2.2), one has

gY (dx′,dξ ′) = ∑
j

dx′j
2 + dξ ′

j
2

λ j(Y )
; g̃Y (dx′,dξ ′) = ∑

j

dx′j
2 + dξ ′

j
2

λ (Y )
.
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Let us now compare the g-calculus and the g̃-calculus.

(i). If M is a g-weight, then M is a g̃-weight.
(ii). One has then S(M,g)⊂ S(M, g̃).

(iii). Moreover, the Sobolev spaces are the same: H(M,g) = H(M, g̃).
(iv). Any given A ∈ OpS(M, g̃) maps H(M1) into H(M1/M).
(v). The “gain” λ of the symbolic calculus is the same for g and g̃.

The first point is a consequence of Toft’s theorem, the ratio M(Y )/M(X) being also
controlled by the right-hand side of (2.4). The second point is evident. The Sobolev
space H(M,g) can be defined as the space of u ∈ S ′(Rn) such that aw(x,D)u ∈ L2

for any a ∈ S(M,g), which makes (iv) evident. Equivalent definitions can be found
in [5], where Theorem 6.9 proves (iii).

It is thus difficult to imagine a situation where it would be more advantageous to
use the g-calculus instead of the g̃-calculus.

2.3 Characterization of Pseudodifferential Operators

2.3.1 Geodesic Temperance

Let us denote by dσ (X ,Y ) the geodesic distance, for the Riemannian metric gσ ,
between X and Y .

Definition 2.4. The metric g is said to be geodesically tempered if it is tempered
and if, moreover, the equivalent following conditions are satisfied:

∃C,N; gY (T )
gX (T )

≤C (1+ dσ(X ,Y ))N , (2.5)

∃C,N; C−1 (1+ dσ(X ,Y ))1/N ≤ (1+ gσ
Y (X −Y))≤C (1+ dσ(X ,Y ))N .

(2.6)

The left inequality in (2.6) is always true. Actually, one has

C−1 (1+ gσ
Y (X −Y))1/N ≤ 1+ gσ-length of segment XY ≤C (1+ gσ

Y (X −Y ))N ,

which is a simple consequence of (2.3) and thus of the temperance of g. It is clear
that the right inequality in (2.6) implies (2.5).

Assume now (2.5), and let t ∈ [0,L] �→ X(t) be a unit-speed geodesic from Y to X .
One has

gY (X −Y)1/2 ≤
∫ L

0
gY (

dX
dt )

1/2dt ≤C′
∫ L

0
(1+ t)N/2dt ≤C′′(1+L)N/2+1 ,

which gives the right part of (2.6).
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Remark 2.2. The geodesic temperance requires both the temperance and (2.5)
(or (2.6)). A metric can satisfy (2.5) without being tempered (example: exdx2 +
e−xdξ 2). However, if g satisfies (2.5) and (2.3), it is tempered: the ratio gX/gY

is estimated by some power of the gσ -length of the segment XY which is itself
estimated, as remarked above, by a power of gσ

Y (X −Y ).

Remark 2.3. There is no known example of a tempered metric g which is not
geodesically tempered, but proving that a particular metric is geodesically tempered
can be a challenging task. Theorem 2.5 below proves that this is not an issue for the
Beals–Fefferman metrics.

2.3.2 Characterization

We shall use the classical notation

adB ·A = [B,A] = B◦A−A◦B

for the commutator of two operators. The following definition is of interest only for
metrics WSE.

Definition 2.5. Let g be a metric WSE. The class Ŝ(λ ,g) is the set of functions
b ∈C∞(X ) which satisfy, for any given k ≥ 1 ,

∃Ck;
∣∣∂T1 . . .∂Tk b(X)

∣∣≤Ckλ (X) for gX(Tj)≤ 1 .

We refer to [3] for the proof of the following theorem and just add some comments.

Theorem 2.2. Let g be an admissible metric WSE which is geodesically tempered.
Then A belongs to OpS(1,g) if and only if the iterated commutators

adbw
1 . . .adbw

k ·A , k ≥ 0, b j ∈ Ŝ(λ ,g) , (2.7)

are bounded on L2.

Remark 2.4. It is easy to see that, for b∈ Ŝ(λ ,g) and a∈ S(1,g), the Poisson bracket
{b,a} belongs to S(1,g). The “only if” part of the proof comes from the fact that
b#a−a#b (a non-local integral expression whose principal part is −i{b,a}) belongs
also to S(1,g).

It would not be sufficient to require the boundedness of the commutators with
b j ∈ S(λ ,g). For instance, if g is the Euclidean metric of X , the class S(1,g) is
nothing but S0

0,0, and one has λ = 1. For b j ∈ S(λ ,g) = S(1,g) the corresponding

operators are bounded on L2 and (2.7) would be valid for any given A bounded
on L2. On the other hand, Ŝ(λ ,g) contains in that case the functions x j and ξ j, and
the theorem reduces to the criterium of Beals.
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Remark 2.5. One can realize the importance of the geodesic temperance in this way.
An essential ingredient in the proof of the “if” part is to prove a “decay of A out-
side the diagonal of X ”, namely that given balls BY =

{
X | gY (X −Y )≤ r2

}
and a

family, bounded in S(1,g), of functions αY supported in BY , one has

‖αw
Y ◦A◦αw

Z ‖L (L2) ≤CN(1+ gσ
Y (BY −BZ))

−N ,

where gσ
Y (BY −BZ) means infgσ

Y (Y
′ −Z′) for Y ′ ∈ BY and Z′ ∈ BZ .

It turns out that, from the estimate on the commutators with bw ∈ Op Ŝ(λ ,g),
one can gain only the variation of b between BY and BZ . But functions in Ŝ(λ ,g) are
Lipschitz continuous for gσ , the variation of b cannot exceed the geodesic distance
of the balls and one cannot obtain a better bound than CN(1+ dσ (BY ,BZ))

−N in
the right-hand side. The geodesic temperance asserts precisely that such a bound
can compensate the ratio gY/gZ .

The characterization can be extended to some cases where g is not WSE, the
space Ŝ(λ ,g) being accordingly modified (see [3]). However, some extra conditions
on g should be added; if not, [3] contains an example where the characterization
fails.

Corollary 2.1. Under the same assumptions on g, let M and M1 be two g-weights.
Then an operator A belongs to OpS(M,g) if and only if A and its iterated commu-
tators with elements of Op Ŝ(λ ,g) map continuously H(M1,g) into H(M1/M,g).

Let us choose B ∈ OpS(M1,g) having an inverse B−1 ∈ S(M−1
1 ,g) (see [5, Cor.

6.6.]) and another invertible operator C ∈ OpS(M1/M,g). Then, A′ =CAB−1 satis-
fies the assumptions of Theorem 2.2, one has A′ ∈ OpS(1,g) and thus A= BA′C−1 ∈
OpS(M,g).

Corollary 2.2 (Wiener property). Assume g admissible, WSE and geodesically
tempered.

(i) If A ∈ OpS(1,g) is invertible in L (L2), then its inverse A−1 belongs to
OpS(1,g).

(ii) If M and M1 are two g-weights and if A ∈ OpS(M,g) is a bijection from
H(M1,g) onto H(M1/M,g), then A−1 ∈ OpS(M−1,g).

For b1 ∈ Ŝ(λ ,g) one has C = adbw
1 ·A−1 = −A−1(adbw

1 ·A)A−1 which is bounded
on L2. Next

adbw
2 ·C = −(adbw

2 ·A−1)(adbw
1 ·A)A−1 −A−1(adbw

2 · adbw
1 ·A)A−1

−A−1(adbw
1 ·A)(adbw

2 ·A−1)

and the three terms are bounded on L2. By induction, one gets that all iterated com-
mutators are bounded on L2 and thus that A−1 belongs to S(1,g).

Remark 2.6. The Wiener property is actually valid for some metrics g which are
not WSE, including cases where the characterization is not valid. One has just to
assume that the metric g̃ = λ−1g# of the paragraph 2.2.3 is geodesically tempered.
One knows then that A−1 ∈ OpS(1, g̃), and proving that its symbol actually belongs
to S(1,g) is just a matter of symbolic calculus. The second part of the proof of
[5, Thm. 7.6] can be reproduced verbatim.
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2.3.3 Functional Calculus

Given a self-adjoint operator A (bounded or unbounded) on L2, the functional
calculus associates to any Borel function f , defined on the spectrum of A, an
operator f (A). When f belongs to C∞, it can be computed via the formula of Helffer-
Sjöstrand:

f (A) =−π−1
∫ ∫

∂ f̃ (z)Rz dxdy , z = x+ iy , (2.8)

where Rz = (z−A)−1 is the resolvent and f̃ is an almost analytic extension of f .

Theorem 2.3. Assume g admissible, WSE and geodesically tempered. Let a∈ S(1,g)
be real valued and let f be a C∞ function defined in a neighborhood of the spectrum
of aw. Then f (aw) belongs to OpS(1,g).

In that case, f̃ can be chosen with compact support in C and the meaning of (2.8)
is clear. This theorem is actually a particular case of the following one, where the
assumption A self-adjoint with domain H(M) should be thought of as a condition of
ellipticity. When C−1λ 1/N ≤ M ≤ Cλ N , it is equivalent to 1+ |a(X)| ≥ C−1M(X)
and also to the existence of a parametrix E ∈ OpS(M−1,g) such that AE − I and
EA− I belong to OpS(λ−∞,g).

Theorem 2.4. Under the same assumptions on g, let M ≥ 1 be a g-weight. Let a ∈
S(M,g) be real valued such that A = aw is self-adjoint with domain H(M,g). Let
f ∈C∞(R) be a “symbol of order p”, i.e. such that

∣∣∣∣dk f (t)
dtk

∣∣∣∣≤Ck(1+ |t|)p−k for k ≥ 0 .

Then f (aw) belongs to OpS(Mp,g). Moreover, if c is the symbol of f (aw), one has
c− f ◦ a ∈ S(Mpλ−2,g).

The result is evident for 1+A2 and, dividing f if necessary by a power of 1+ t2, one
may assume p< 0. Now, any negative p can be written p=∑N

1 p j with −1< p j < 0,
and one can write f (t) = ∏N

1 f j(t), where f j is a symbol of order p j (it suffices to
choose f j(t) = (1+ t2)p j/2 for j < N). One has then f (aw) = ∏ f j(aw) and, thanks
to the rule of composition of pseudodifferential operators, it suffices to prove the
theorem when −1 < p < 0 that we assume in the sequel.

One can then choose, for Q large enough,

f̃ (x+iy) = χ
(

y2

1+x2

) Q

∑
k=0

f (k)(x)
(iy)k

k!
,

where χ ∈C∞(R) satisfies χ(s) = 1 [resp. 0] for s ≤ 1/2 [resp. s ≥ 1]. One has
∣∣∣∂ f̃ (x+iy)

∣∣∣≤C(1+ |x|)p−N−2 |y|N+1 for N ≤ Q− 1, (2.9)

and the integral in the right-hand side of (2.8) is thus convergent.
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For ℑz �= 0, we know that Rz is a bijection of L2 onto the domain H(M) and thus,
as a consequence of Corollary 2.2, that Rz ∈ OpS(M−1). Let us denote by rz its
Weyl symbol. We have ‖Rz‖L (L2) ≤ 1/ |ℑz|. From the resolvent equation Rz −Ri =

(i− z)RiRz, one gets ‖Rz‖L (L2,H(M)) ≤ C(1+ |z|)/ |ℑz|. The iterated commutators
can be written

∏(adbw
j ) ·Rz = ∑±RzK1Rz . . .RzKpRz

where the sum is finite and each Kl is an iterated commutator of A with some of the
b j. Thus ‖Kl‖L (H(M),L2) is bounded independently of z and l, and one has

∥∥∥ N

∏
1
(adbw

j ) ·Rz

∥∥∥
L (L2,H(M))

≤ C
N

∏
1

∥∥b j
∥∥

l;Ŝ(λ ,g)
(1+ |z|)N+1

|ℑz|N+1

∥∥∥ N

∏
1
(adbw

j ) ·Rz

∥∥∥
L (L2)

≤ C
N

∏
1

∥∥b j
∥∥

l;Ŝ(λ ,g)
(1+ |z|)N

|ℑz|N+1

with C =C(N), l = l(N), denoting by ‖·‖k,E the semi-norms of a Frechet space E .
The proof of Theorem 2.2 shows that there exist constants Ck and Nk such that

‖rz‖k;S(1,g) ≤Ck
(1+ |z|)Nk

|ℑz|Nk+1 , ‖rz‖k;S(M−1,g) ≤Ck
(1+ |z|)Nk+1

|ℑz|Nk+1

Let us denote by c the symbol of f (A). Using the estimates above, for k = 0, one
gets from (2.8) and (2.9)

|c(S)| ≤ C
∫ ∫

|y|<(1+|x|)

(1+ |x|)N

|y|N+1 min

{
1 ,

(1+ |x|)
M(S)

}
|y|N+1 (1+ |x|)p−N−2 dxdy

≤ C′
∫
(1+ |x|)p−1 min

{
1 ,

1+ |x|
M(S)

}
dx ≤C′′M(S)p .

The estimates of the derivatives
(
∏∂Tj

)
c(S) for gS(Tj) ≤ 1 are analogous, which

ends the proof.

2.4 Sufficient Conditions for the Geodesic Temperance

Theorem 2.5. (i) Admissible Beals–Fefferman metrics are geodesically tempered.

(ii) More generally, let X = X1 ⊕X2 ⊕ ·· ·⊕Xp be a decomposition of X as a
vector space, and denote X = (X1, . . . ,Xp) the components of a vector. Let g be
an admissible metric such that gσ can be written

gσ
X (dX) = a1(X1,X2)Γ1(dX1) + a2(X1,X2)Γ2(dX2)+ a3(X1,X2,X3)Γ3(dX3)

+ a4(X1,X2,X3,X4)Γ4(dX4)+ · · ·+ ap(X)Γp(dXp) ,
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where Γj is a positive definite quadratic form on X j and a j is a positive function of
its arguments. Then g is geodesically tempered.

Remark 2.7. We keep the notations which are of interest for us, but (ii) could be
stated for an affine space X on which a Riemannian metric gσ is given. The sym-
plectic structure and g itself play no role, the temperance reduces to

(gσ
Y (·)/gσ

X(·))±1 ≤C (1+ gσ
Y (X −Y ))N

and one has to prove the right inequality in (2.6).
The particular role played by X1 and X2 should be noted. It is only for Xj, j ≥ 3,

that a “triangular structure” of gσ is required.

2.4.1 Proof of Theorem 2.5 (i)

We have gσ
X = Φ(X)2dx2+ϕ(X)2dξ 2. The temperance and (2.3) can be formulated

as follows:

(gσ
Y (·)/gσ

X(·))±1/2 ≤ C max{1; Φ(Y ) |x− y| ; ϕ(Y ) |ξ −η |}N ,

1+Φ(X) |x− y|+ϕ(X) |ξ −η | ≤ C max{1; Φ(Y ) |x− y| ; ϕ(Y ) |ξ −η |}N .

(2.10)

The value of κ > 0, ε > 0 and R0 > 1 will be fixed later, depending only of C and
N above. Other constants, such as C′,C′′,C1 . . ., may vary from line to line but can
be computed depending on C and N.

We have to prove that any given curve t ∈ [0,T ] �→ X(t) joining a point (which
we take as the origin) to a point of the boundary of Bx(R)× Bξ (R) has a length

≥C′−1Rδ , with δ > 0 and C′ independent of R. Here,

Bx(R) =
{

x
∣∣ |x| ≤ R/Φ(0)

}
, Bξ (R) =

{
ξ
∣∣ |ξ | ≤ R/ϕ(0)

}
.

The result is evident if R ≤ R0: in that case, one has gX ≥ Cstg0 for X ∈ Bx(R)×
Bξ (R) (with a constant depending on R0). Thus, we will assume R ≥ R0. We may
assume that T is the first instant when X(t) reaches the boundary. Exchanging if nec-
essary x and ξ , we may assume that Φ(0) |x(T )|= R. Set R′ = maxt∈[0,T ] ϕ(0) |ξ (t)|
and let T ′ be the first instant when R′ is reached.

We distinguish two cases.

• Case I: R′ ≤ Rκ . — Set Y (t) = (0,ξ (t)). By temperance, one has Φ(Y (t)) ≥
C′−1R−Nκ Φ(0) and, using (2.3),

(1+Φ(X(t)) |x(t)|)≥C′−1
(1+Φ(Y(t)) |x(t)|)1/N .
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Let us consider the length L of the curve between the last instant θ when
Φ(0) |x(t)| = R/2 and T . For t ≥ θ , one has then Φ(X(t))/Φ(0) ≥ C′−1

R−1+1/N−κ , and

L ≥
∫ T

θ
Φ(X(t))

∣∣x′(t)∣∣dt ≥C′−1R−1+1/N−κ
∫ T

θ
Φ(0)

∣∣x′(t)∣∣dt ≥C′′R1/N−κ

We may now fix κ = 1/(2N) and the result is proved, with δ = 1/(2N), in the
first case.

• Case II: R′ ≥ Rκ . We distinguish three subcases.

Subcase (IIa). Φ(X)/Φ(0)≥R−1+ε everywhere in Bx(R)×Bξ (R
′). Then, the length

of the curve is greater than
∫ T

0
Φ(X(t))

∣∣x′(t)∣∣dt ≥ R−1+ε
∫ T

0
Φ(0)

∣∣x′(t)∣∣dt ≥ Rε ,

which ends the proof, with δ = ε , in this subcase.

Subcase (IIb). ϕ(X)/ϕ(0)≥ R′−1+ε everywhere in Bx(R)×Bξ (R
′). This is similar;

the length is larger than
∫ T ′

0
ϕ(X(t))

∣∣ξ ′(t)
∣∣dt ≥ R′ε ≥ Rεκ ,

and the theorem is proved with δ = κε , in this subcase.

Subcase (IIc). It is the remaining case and we will prove that it cannot occur
provided that ε and R0 be conveniently chosen. There should exist Y1 = (x1,ξ1)
and Y2 = (x2,ξ2) in Bx(R)×Bξ (R

′) such that

Φ(Y1)/Φ(0)≤ R−1+ε and ϕ(Y2)/ϕ(0)≤ R′−1+ε
.

Let us consider the point Z = (x2,ξ1). One has Φ(Y1) |x2 − x1| ≤ 2Rε and thus

Φ(Z) ≤C′RNε Φ(Y1)≤C′R−1+(N+1)εΦ(0) . (2.11)

Then, assuming (N + 1)ε < 1,

Φ(Z) |x2| ≤C′
(

Φ(0)|x2|
R

)1−(N+1)ε
(Φ(0) |x2|)(N+1)ε ≤C′ (Φ(0) |x2|)(N+1)ε .

The same computation, where R is replaced by R′, shows that

ϕ(Z) |ξ1| ≤C′ (ϕ(0) |ξ1|)(N+1)ε .

Applying (2.10) between 0 and Z, we get

(1+Φ(0) |x2|+ϕ(0) |ξ1|) ≤ C(1+Φ(Z) |x2|+ϕ(Z) |ξ1|)N

≤ C′(1+Φ(0) |x2|+ϕ(0) |ξ1|)N(N+1)ε .
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Now, fix ε = 1
2N(N+1) . The inequality implies the existence of a constant C1 such

that (1+Φ(0) |x2|+ϕ(0) |ξ1|) ≤ C1. By temperance, one has Φ(0)/Φ(Z) ≤ C2,
which is to compare with (2.11). One gets

R1−(N+1)ε ≤C′ Φ(0)
Φ(Z)

≤C′C2 ,

which is impossible for R ≥ R0 if we choose, for instance, R0 = 2(C′C2)
2.

2.4.2 Proof of Theorem 2.5 (ii)

The proof of part (i) is also the proof of the case p = 2 (and also of course p = 1).
As remarked above, the symplectic structure plays no role. Thus, Rn

x , Rn
ξ and their

canonical quadratic forms can be replaced by X1, X2, Γ1 and Γ2.
For p > 2, the theorem is a consequence, by induction, of the following lemma.

Lemma 2.1. Assume X =Y ⊕Z and let Gσ be a Riemannian metric on X of the
following form

Gσ (X ,dX) = gσ (Y,dY )+ a(Y,Z)Γ (dZ),

where gσ is a Riemannian metric on Y , a is a positive function on X and Γ is
a positive definite quadratic form on Z . Assume the temperance of Gσ and the
geodesic temperance of gσ . Then the geodesic temperance is valid for Gσ .

If we denote by dσ the geodesic distance for gσ on Y and by Dσ the geodesic
distance for Gσ on X , there exists thus constants C and N such that

(
Gσ

X1
/Gσ

X2

)±1 ≤ C
(
1+Gσ

X1
(X2 −X1)

)N
, (2.12)(

gσ
Y1
/gσ

Y2

)±1 ≤ C
(
1+ gσ

Y1
(Y2 −Y1)

)N
, (2.13)

C−1 (1+ dσ(Y1,Y2))
1/N ≤ (1+ gσ

Y (Y1 −Y2))≤C (1+ dσ(Y1,Y2))
N . (2.14)

Let us consider two points X0 and X1 and a curve [0,1] � t �→ X(t) = (Y (t),Z(t))
joining these two points. Let us denote by L the Gσ -length of this curve and set
R2 = Gσ

X0
(X1 −X0). We want to prove that there exist C′ and δ > 0, depending just

on C and N above, such that L ≥ C′−1Rδ . We will assume, as we may, that R ≥ 1.
The value of κ , 0 < κ < 1, will be fixed later, and we distinguish two cases.

• Case I: ∀t, gσ
Y0
(Y (t)−Y0)

1/2 ≤ Rκ/2. One has then (a(X0)Γ (Z1−Z0))
1/2 ≥ R/2.

Let us consider the curve t �→ P(t) = (Y0,Z(t)). We can apply the case p = 1 of
the theorem to the metric a(Y0,Z)Γ (dZ) on the affine space {Y0}×Z . These
metrics depend on Y0, but they are tempered with the same constants C and N,
and thus, they are geodesically tempered with uniform constants. One has thus

∫ 1

0

(
a(P(t))Γ (Ż(t))

)1/2
dt ≥C′−1Rα

with α > 0 and C′ depending just on C and N.
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The temperance of Gσ imply a(X(t))1/2 ≥C′−1R−Nκ a(P(t))1/2 and thus

L ≥
∫ 1

0

(
a(X(t))Γ (Ż(t))

)1/2
dt ≥C′−1R−Nκ

∫ 1

0

(
a(P(t))Γ (Ż(t))

)1/2
dt

≥C′′−1Rα−Nκ .

Fix now κ = α/(2N) and the lemma is proved with δ = α/2 in this first case.
• Case II: ∃t0, gσ

Y0
(Y (t0)−Y0)

1/2 ≥ Rκ/2. Let us consider the curve [0, t0] � t �→
Y (t) in Y . By (2.14), one gets

L ≥
∫ t0

0

(
gσ

Y(t)(Ẏ (t))
)1/2

dt ≥C−1(1+ gσ
Y0
(Y (t0)−Y0))

1/N ≥C′−1R2κ/N ,

which ends the proof of the lemma and of Theorem 2.5.
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Chapter 3
Improved Multipolar Hardy Inequalities

Cristian Cazacu and Enrique Zuazua

Abstract In this paper we prove optimal Hardy-type inequalities for Schrödinger
operators with positive multi-singular inverse square potentials of the form

Aλ := −Δ −λ ∑
1≤i< j≤n

|xi − x j|2
|x− xi|2|x− x j|2 , λ > 0.

More precisely, we show that Aλ is nonnegative in the sense of L2 quadratic forms
in R

N , if and only if λ ≤ (N − 2)2/n2, independently of the number n and loca-
tion of the singularities xi ∈ R

N , where N ≥ 3 denotes the space dimension. This
aims to complement some of the results in Bosi et al. (Comm. Pure Appl. Anal.
7:533–562, 2008) obtained by the “expansion of the square” method. Due to the
interaction of poles, our optimal result provides a singular quadratic potential be-
having like (n− 1)(N − 2)2/(n2|x− xi|2) at each pole xi. Besides, the authors in
Bosi et al. (Comm. Pure Appl. Anal. 7:533–562, 2008) showed optimal Hardy in-
equalities for Schrödinger operators with a finite number of singular poles of the
type Bλ := −Δ −∑n

i=1 λ/|x− xi|2, up to lower order L2-reminder terms. By means
of the optimal results obtained for Aλ , we also build some examples of bounded
domains Ω in which these lower order terms can be removed in H1

0 (Ω). In this way
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we obtain new lower bounds for the optimal constant in the standard multi-singular
Hardy inequality for the operator Bλ in bounded domains. The best lower bounds
are obtained when the singularities xi are located on the boundary of the domain.

Key words: Hardy inequalities, Multipolar potentials, Schrödinger operators

2010 Mathematics Subject Classification: 35J10, 26D10, 46E35, 35Q40, 35J75.

3.1 Introduction

This paper is concerned with a class of Schrödinger operators of the form−Δ +V (x)
with multipolar Hardy-type singular potentials like V ∼ ∑i αi/|x− xi|2, αi ∈R, xi ∈
R

N , N ≥ 3.
The study of such singular potentials is motivated by applications to vari-

ous fields as molecular physics [26], quantum cosmological models such as the
Wheeler–DeWitt equation (see, e.g., [6]), and combustion models [21].

The singularity of inverse square potentials cannot be considered as a lower
perturbation of the Laplacian since it has homogeneity -2, being critical from both
a mathematical and a physical viewpoint.

Potentials of type 1/|x|2 arise, for instance, in Frank et al. [20], where a classi-
fication of singular spherical potentials is given in terms of the limit limr→0 r2V (r).
When the limit is finite and nontrivial, V is said to be a transition potential. This
potential also arises in point-dipole interactions in molecular physics (see Lévy-
Leblond [26]), where the interaction among the poles depends on their relative par-
titions and the intensity of the singularity in each of them.

Multipolar potentials of type V = ∑n
i=1 αi/|x − xi|2 are associated with the

interaction of a finite number of electric dipoles. They describe molecular systems
consisting of n nuclei of unit charge located at a finite number of points x1, . . . ,xn

and of n electrons. This type of systems is described by the Hartree-Fock model,
where Coulomb multi-singular potentials arise in correspondence to the interactions
between the electrons and the fixed nuclei; see Catto et al. [10].

Throughout this paper we study the qualitative properties of Schrödinger
operators with inverse square potentials V , improving some results already known
in the literature. The positivity and coercivity (in the L2 norm) of such operators are
strongly related to Hardy-type inequalities. The first well-known result relies on a
1-d inequality due to Hardy [22] which claims that

∀u ∈ H1
0 (0,∞),

∫ ∞

0
u2

xdx >
1
4

∫ ∞

0

u2

x2 dx, (3.1)

where the constant 1/4 is optimal and not attained. Later on, this inequality was
generalized to the multi-d case by Hardy–Littlewood–Polya [23] showing that for
any Ω an open subset of RN , containing the origin, it holds that
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∀u ∈ H1
0 (Ω),

∫
Ω
|∇u|2dx ≥ (N − 2)2

4

∫
Ω

u2

|x|2 dx, (3.2)

and the constant (N −2)2/4 is optimal and not attained. The reader interested in the
existing literature on the extensions of the classical Hardy inequality (3.2) with a
singular potential is referred, in particular, to the following papers and the references
therein: [2, 4, 5, 8, 9, 12–14, 19, 25, 29–31].

In the case of a multi-singular potential V (x) = ∑n
i=1 αi/|x− xi|2 with αi ∈ R,

where xi ∈ R
N are the singular poles assumed to be fixed; the study of positivity of

the quadratic functional

D [u] = Sα1,...,αn,x1,...,xn [u] :=
∫

Ω
|∇u|2dx−

n

∑
i=1

αi

∫
Ω

u2

|x− xi|2 dx (3.3)

is much more intricate since the interaction among the poles and their configuration
matters.

Among other results, in [17] it was proven that when Ω = R
N , D is positive

if and only if ∑n
i=1 α+

i ≤ (N − 2)2/4 for any configuration of the poles x1, . . . ,xn,
where α+ = max{α,0}. Conversely, if ∑n

i=1 α+
i > (N − 2)2/4, there exist configu-

rations x1, . . . ,xn for which D is negative. These results have been improved later on
by Bosi, Dolbeault, and Esteban [7] when deriving lower bounds of the spectrum of
the operator −Δ − μ ∑n

i=1 1/|x− xi|2, μ ∈ (0,(N − 2)2/4], with x1,x2, . . . ,xn ∈ R
N .

Roughly speaking, they showed that for any μ ∈ (0,(N −2)2/4] and any configura-
tion x1,x2, . . . ,xn ∈R

N , n ≥ 2, there is a nonnegative constant Kn < π2 such that

u ∈C∞
0 (R

N),
Kn +(n+ 1)μ

d2

∫
RN

u2dx+
∫
RN

|∇u|2dx−μ
n

∑
i=1

∫
RN

u2

|x−xi|2 dx ≥ 0,

(3.4)

where d denotes d := mini�= j |xi − x j|/2. The original proof of (3.4) in [7] employs
a partition of unity technique, the so-called IMS (for Ismagilov, Morgan-Simon,
Sigal, see [27, 28]), localizing the singular Schrödinger operator. Inequality (3.4)
emphasizes that we can reach the critical singular mass (N −2)2/(4|x− xi|2) at any
singular pole xi to the price of adding a lower order term in L2-norm.

To simplify the notations, here and throughout the paper when writing
∫ ·dx we

denote the integral over RN . Besides, using the so-called “expansion of the square”
method, the authors in [7] proved the following inequality without lower order terms
∫

|∇u|2dx ≥ (N − 2)2

4n

n

∑
i=1

∫
u2

|x−xi|2 dx+
(N−2)2

4n2 ∑
1≤i< j≤n

∫ |xi−x j|2
|x−xi|2|x−x j|2 u2dx,

(3.5)

for any u ∈ H1(RN) and any set of poles x1,x2, . . . ,xn ∈ R
N , n ≥ 2. Let us denote

the singular potentials in (3.5) by

Vi(x) :=
1

|x− xi|2 , Vi j(x) :=
|xi − x j|2

|x− xi|2|x− x j|2 , ∀i, j ∈ {1, . . . ,n}, i �= j. (3.6)
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Observe that both potentials in (3.6) have a quadratic singularity at each pole xi, i.e.

lim
x→xi

Vi(x)|x−xi|2 = 1, lim
x→xi

Vi j(x)|x−xi|2 = 1, ∀i, j ∈ {1, . . . ,n}, i �= j. (3.7)

Moreover, due to the symmetry we notice that for any i ∈ {1, . . . ,n} we have the
asymptotic formula as x → xi:

∑
1≤i< j≤n

Vi j(x) =
1

|x− xi|2
[ n

∑
j=1
j�=i

|xi − x j|2
|x− x j|2 +O(|x− xi|2)

]
∼ n− 1

|x− xi|2 , as x → xi.

(3.8)

Therefore, due to (3.8) we remark that the total mass arising at a singular pole xi in
(3.5) is proportional to

(N − 2)2

4n

n

∑
i=1

Vi(x)+
(N − 2)2

4n2 ∑
1≤i< j≤n

Vi j(x)∼ (N − 2)2

4
2n− 1

n2

1
|x− xi|2 ,

as x → xi, ∀i ∈ {1, . . . ,n}.
(3.9)

Note however that the multiplicative factor in each singularity in (3.9) is smaller
than the optimal one that (3.4) yields for μ = (N−2)2/4. This is so because in (3.5)
no other corrected terms are added.

We also mention the articles [1, 7, 16–18] and the references therein for other
inequalities with multipolar singularities.

It is also worth mentioning the literature on Hardy-type inequalities of different
nature than those studied in this paper. In particular, in [24] (see also the references
therein) the authors investigated the so-called Hardy inequalities for m-dimensional
particles of the form

N

∑
j=1

∫
RmN

|∇ ju|2dx ≥ C (m,N) ∑
1≤i< j≤N

∫
RmN

|u|2
r2

i j

dx, (3.10)

giving explicit lower bounds for the best constant C (m,N) when applied to test
functions u ∈ H1(RmN). In (3.10), we have denoted x = (x1, . . . ,xN) with xi =
(xi,1, . . . ,xi,m) ∈R

m, ri j =
√

∑m
k=1(xi,k − x j,k)2 for all i, j ∈ {1, . . . ,N} and ∇ j for the

gradient associated to the j-th particle. Roughly speaking, the singularities in (3.10)
occur in uncountable sets given by the diagonals xi = x j. The optimality of (3.10) is
still an open question excepting the case m = 1 for which C (1,N) = 1/2 provided
the test functions u vanish on diagonals xi = x j.

In this paper we develop new optimal Hardy-type inequalities with multipolar
potentials.

In Sect. 3.2 we present some general strategies to handle the Hardy inequalities.
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In Sect. 3.3 we complement and improve some results in [7] related to inequality
(3.5). Our proofs use convenient transformations involving the product of the
fundamental solutions Ei of the Laplacian at the poles xi, i ∈ {1, . . . ,n}. In Theorem
3.1 of Sect. 3.3, we give an optimal inequality for the operator Aλ = −Δ −
λ ∑1≤i< j≤nVi j(x), λ > 0, showing a better singular behavior of the potential at each
pole xi than pointed out in (3.5)–(3.9). This allows to show the existence of bounded
domains in which, for the bipolar Hardy inequality, the L2-reminder term in (3.4)
can be removed. For this to be done, the best situation seems to be the case in which
the singularities are localized on the boundary of the domain, as emphasized in
Sect. 3.4, Proposition 3.1.

In Sect. 3.5 we end up with some further comments and open questions.

3.2 Preliminaries: Some Strategies to Prove
Hardy-Type Inequalities

There are several techniques for proving Hardy inequalities in smooth domains
(including the whole space) which are all interlinked by the following integral
identity.

Assume Ω ⊂ R
N , N ≥ 2, is an open set and let x1, . . . ,xn ∈ Ω . We also consider

a distribution ϕ ∈ D′(Ω) such that ϕ(x) > 0 in Ω \ {x1, . . . ,xn} and ϕ ∈ C2(Ω \
{x1,x2, . . .xn}). Then it holds that

∫
Ω

[
|∇u|2 + Δϕ

ϕ
u2
]
dx =

∫
Ω

∣∣∣∇u− ∇ϕ
ϕ

u
∣∣∣2dx =

∫
Ω

ϕ2|∇(uϕ−1)|2dx,

∀u ∈C1
0(Ω \ {x1,x2, . . .xn}). (3.11)

The proof of (3.11) can be done using integration by parts. In particular, (3.11)
can be extended to test functions u ∈ H1

0 (Ω) since C1
0(Ω \ {x1, . . . ,xn}) is dense in

H1
0 (Ω), see, e.g., [15].
The identity (3.11) could be extended to more general classes of distributions

ϕ depending on the applications that we have in mind. Here we are interested in
applications to Hardy inequalities with multipolar potentials located at the poles
x1, . . . ,xn, with xi �= x j for all i �= j and i, j ∈ {1, . . . ,n}.

Various aspects of the identities involved in (3.11) have been used in the literature
to prove and analyze Hardy inequalities in different contexts. But, as far as we know,
(3.11) has not been stated explicitly as it stands before.

Identity (3.11) could be directly applied to obtain Hardy inequalities with poten-
tials of the form −Δϕ/ϕ , i.e.

∫
Ω
|∇u|2dx ≥

∫
Ω

(
− Δϕ

ϕ

)
u2dx, ∀u ∈ H1

0 (Ω). (3.12)
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In order to derive inequalities for a concrete potential V = V (x) ∈ L1
loc(Ω), one

needs to look for a corresponding ϕ such that

− Δϕ
ϕ

≥V (x), ∀x ∈ Ω . (3.13)

Some of the existing techniques to prove Hardy-type inequalities use “the expan-
sion of the square” method (e.g., [7]) or suitable functional transformations (e.g.,
[3, 8]). In view of (3.11), all these techniques are actually equivalent, and the prob-
lem can always be reduced to checking pointwise inequalities for a potential V and
a corresponding ϕ as in (3.13).

Optimality. For a general ϕ satisfying (3.11), we cannot say anything about the
optimality of (3.12). To argue in that sense, next we give a counterexample by means
of the standard Hardy inequality. Assume Ω = R

N , N ≥ 3 and let λ < λ� := (N −
2)2/4. Then we consider

ϕ = |x|−(N−2)/2+
√

λ�−λ

and observe that ϕ > 0 in R
N , ϕ ∈C∞(RN \{0}) and therefore ϕ satisfies the iden-

tity (3.11) before. Then for such ϕ , inequality (3.12) becomes

∫
|∇u|2dx ≥ λ

∫
u2

|x|2 dx, ∀u ∈ H1(RN),

which is not optimal as follows from (3.2).

3.3 Multipolar Hardy Inequalities

Assume N ≥ 3 and consider n poles x1, . . .xn ∈ R
N , n ≥ 2, such that xi �= x j for any

i �= j, and i, j ∈ {1,2, . . . ,n}. In the sequel we improve the result (3.5) by Bosi et al.
[7]. The main result of this section is as follows:

Theorem 3.1. It holds that

∫
|∇u|2dx ≥ (N − 2)2

n2 ∑
1≤i< j≤n

∫ ∣∣∣ x− xi

|x− xi|2 − x− x j

|x− x j|2
∣∣∣2u2dx, ∀u ∈ H1(RN),

(3.14)
or equivalently

∫
|∇u|2dx ≥ (N − 2)2

n2 ∑
1≤i< j≤n

∫ |xi − x j|2
|x− xi|2|x− x j|2 u2dx, ∀u ∈ H1(RN). (3.15)

Moreover, the constant (N − 2)2/n2 is optimal.

In the sequel, we prove Theorem 3.1 applying identity (3.11) before.
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Proof of Theorem 3.1.

By density arguments it is sufficient to prove (3.14) for any function u ∈
C1

0(R
N \{x1, . . . ,xn}). Then, according to (3.11)–(3.13), it is enough to find a proper

ϕ satisfying

−Δϕ
ϕ

≥ (N − 2)2

n2 ∑
1≤i< j≤n

∣∣∣ x− xi

|x− xi|2 − x− x j

|x− x j|2
∣∣∣2, ∀x ∈ R

N \ {x1, . . . ,xn}.

Let us choose

ϕ = E1/n =
n

∏
i=1

E1/n
i , (3.16)

where E = ∏n
i=1 Ei and Ei is the fundamental solution of the Laplacian at the singu-

lar pole xi, i ∈ {1, . . . ,n}, i.e.

Ei =
|x− xi|2−N

ωN(N − 2)
. (3.17)

Here ωN denotes the (N − 1)-Hausdorff measure of the unit sphere SN−1 in R
N .

Note that ϕ chosen in (3.16) verifies the integrability conditions to validate the iden-
tity (3.11). On the other hand, we have

∇E =
( n

∑
i=1

∇Ei

Ei

)
E, ∀x ∈ R

N \ {x1, . . . ,xn}. (3.18)

Due to the fact that −ΔEi = δxi for all i ∈ {1, . . . ,n} we obtain

ΔE =
(

∑
i=1

ΔEi

Ei
+ 2 ∑

1≤i< j≤n

∇Ei ·∇E j

EiE j

)
E

= 2
(

∑
1≤i< j≤n

∇Ei ·∇E j

EiE j

)
E, ∀x ∈ R

N \ {x1, . . . ,xn}. (3.19)

Combining (3.16)–(3.19) we notice that ϕ satisfies precisely the equation

−Δϕ − (N − 2)2

n2 ∑
1≤i< j≤n

∣∣∣ x− xi

|x− xi|2 − x− x j

|x− x j|2
∣∣∣2ϕ = 0, ∀x ∈R

N \ {x1, . . . ,xn}.

(3.20)

Then, identity (3.11) becomes

∫ [
|∇u|2 − (N − 2)2

n2 ∑
1≤i< j≤n

∣∣∣ x− xi

|x− xi|2 − x− x j

|x− x j|2
∣∣∣2u2

]
dx

=

∫ ∣∣∣∇u− ∇(E1/n)

E1/n
u
∣∣∣2dx =

∫
|∇(uE−1/n)|2E2/ndx ≥ 0.

(3.21)

This concludes the proof of (3.14).
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Optimality of the constant.

Next we complete the proof of Theorem 3.1 by showing the optimality of the
constant (N − 2)2/n2 in (3.14).

According to (3.21), we actually showed that for all u ∈ H1(RN) we have

∫
|∇u|2dx− (N − 2)2

n2 ∑
1≤i< j≤n

∫ ∣∣∣ x− xi

|x− xi|2 − x− x j

|x− x j|2
∣∣∣2u2dx

=
∫
|∇(uE−1/n)|2E2/ndx. (3.22)

Here Br(x) ⊂ R
N , for some fixed r > 0 and x ∈ R

N , denotes the ball of radius r
centered at x.

For ε > 0 aimed to be small (ε < min{1,d/2}), we consider the cutoff functions
θε ∈C0(R

N) defined by

θε (x) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

0, |x− xi| ≤ ε2, ∀i ∈ {1, . . . ,n},
log |x−xi |/ε2

log1/ε , ε2 ≤ |x− xi| ≤ ε, ∀i ∈ {1, . . . ,n},
1, x ∈ B1/ε(0)\∪n

i=1Bε(xi),

ε
(

2
ε −|x|), 1/ε ≤ |x| ≤ 2/ε,

0, |x| ≥ 2/ε.

(3.23)

Then we consider the sequence {uε}ε>0 defined by

uε := E1/nθε , ε > 0,

which belongs to C0(R
N) (⊂ H1(RN)) since θε belongs to C0(R

N) and is supported
far from the poles xi.

In the sequel we show that {uε}ε>0 is an approximating sequence for (N −
2)2/n2, that is,

lim
ε↘0

∫ |∇uε |2dx

∑1≤i< j≤n
∫ ∣∣∣ x−xi

|x−xi|2 −
x−x j

|x−x j |2
∣∣∣2u2

ε dx
=

(N − 2)2

n2 . (3.24)

Firstly, we can easily notice that there exists a constant C > 0 depending on d
(uniformly in ε) such that

∑
1≤i< j≤n

∫ ∣∣∣ x− xi

|x− xi|2 − x− x j

|x− x j|2
∣∣∣2u2

εdx >C, ∀ε > 0. (3.25)

On the other hand, taking into account where ∇θε is supported, we split in two parts
the right-hand side of (3.22) as
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∫
|∇(uε E−1/n)|2E2/ndx

=
n

∑
i=1

∫
Bε (xi)\Bε2(xi)

|∇θε |2E2/ndx+
∫

B2/ε (0)\B1/ε(0)
|∇θε |2E2/ndx

:= I1 + I2. (3.26)

Next we obtain

I1 =
1

ω2
N(N − 2)2

n

∑
i=1

∫
Bε (xi)\Bε2(xi)

1

log2(1/ε)
1

|x− xi|2
n

∏
j=1

|x− x j|2(2−N)/ndx.

(3.27)

Since

|x− x j| ≥ d
2
, ∀x ∈ Bε(xi), ∀ j �= i, ∀i, j ∈ {1, . . . ,n}, (3.28)

from (3.27) we deduce that

I1 ≤
(

d
2

)2(n−1)(2−N)/n

ω2
N(N − 2)2

1

log2(1/ε)

n

∑
i=1

∫
Bε (xi)\Bε2(xi)

|x− xi|2(2−N)/n−2dx

=
n
(

d
2

)2(n−1)(2−N)/n

ω2
N(N − 2)2

1

log2(1/ε)

∫ ε

ε2
rN−1

∫
SN−1

r2(2−N)/n−2dσdr

=
n
(

d
2

)2(n−1)(2−N)/n

ωN(N − 2)2

1

log2(1/ε)

∫ ε

ε2
r(N−2)(1−2/n)−1dr. (3.29)

From (3.27) and (3.29) we obtain that

I1 =

{
O
(

1
log(1/ε)

)
, n = 2,

O(ε(N−2)(1−2/n)), n ≥ 3.
(3.30)

Taking ε > 0 small enough such that ε < 1/2m, where m = maxi=1,...,n |xi|, it
holds

|x− xi| ≥ 1
2ε

, ∀x ∈ B2/ε(0)\B1/ε(0), ∀i ∈ {1, . . . ,n}. (3.31)

Due to (3.31) we obtain

I2 =
1

ω2
N(N − 2)2

∫
B2/ε (0)\B1/ε(0)

ε2
n

∏
i=1

|x− xi|2(2−N)/ndx

≤ 1

ω2
N(N − 2)2

∫
B2/ε (0)\B1/ε(0)

ε2
n

∏
i=1

( 1
2ε

)2(2−N)/n
dx

=
1

ω2
N(N − 2)2

(1
2

)2(2−N)
∫

B2/ε (0)\B1/ε(0)
ε2(N−1)dx
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=
22(N−2)

ωN(N − 2)2 ε2(N−1)
∫ 2/ε

1/ε
rN−1dr

= O(εN−2), as ε → 0. (3.32)

In conclusion, according to (3.26), (3.30), and (3.32) we get

lim
ε↘0

∫
|∇(uε E−1/n)|2E2/ndx = 0, ∀n ≥ 2. (3.33)

Combining (3.22), (3.25), and (3.33) we end up with the optimality of (N − 2)2/n2

as in (3.24), and the proof of Theorem 3.1 is complete.

�

Remark 3.1.
Our optimal result in Theorem 3.1 provides an inequality with a positive singular
quadratic potential which behaves asymptotically like

(N − 2)2

n2 ∑
1≤i< j≤n

Vi j(x)∼ (N − 2)2

4
4n− 4

n2

1
|x− xi|2 as x → xi, ∀i ∈ {1, . . . ,n},

(3.34)
at each pole xi. In particular, for any n ≥ 2, Theorem 3.1 represents an improvement
of (3.5), in the sense that the multiplication factor in (3.34) which corresponds
to the quadratic singularity is larger than that one obtained in inequality (3.5) as
emphasized in (3.9).

Remark 3.2.
The proof of (3.5) in [7] was obtained by expanding the square

∫ ∣∣∣∇u+α
n

∑
i=1

x− xi

|x− xi|2 u
∣∣∣2dx ≥ 0, α ∈R, (3.35)

which gives

0 ≤
∫

|∇u|2dx+[nα2 − (N − 2)α]
n

∑
i=1

∫
u2

|x− xi|2 dx

−α2 ∑
1≤i< j≤n

∫ |xi − x j|2
|x− xi|2|x− x j|2 u2dx. (3.36)

More precisely, (3.5) is a consequence of (3.36) when α = (N−2)/(2n). Moreover,
we remark that the expansion (3.36) also applies to derive the inequality of Theorem
3.1 with a different choice of α , that is, α = (N − 2)/n.

The quadratic term in (3.21) is given by the formula

∫ ∣∣∣∇u− ∇(E1/n)

E1/n
u
∣∣∣2dx =

∫ ∣∣∣∇u+
N − 2

n

n

∑
i=1

x− x0

|x− x0|2 u
∣∣∣2dx,
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which motivates the use of the “expansion of the square” emphasized above for
α = (N − 2)/n. This was not observed in [7]. In fact we got to this point indirectly
as a consequence of the direct application of identity (3.11).

Remark 3.3.
Adimurthi et al. proved in particular in [3] that, whenever E satisfies −ΔE =

∑1≤i≤n δxi for some given poles x1, . . . ,xn ∈ R
N , the following inequality holds

∫
|∇u|2dx ≥ 1

4

∫ ∣∣∣∇E
E

∣∣∣2u2dx, ∀u ∈C∞
0 (R

N). (3.37)

A direct application of (3.37) in the context of multipolar Hardy inequalities would
consist on taking E = E1 + . . .+En. If N ≥ 3, we then get (cf. [1])

∫
|∇u|2dx ≥ (N − 2)2

4

∫ ∣∣∣∑n
i=1(x− xi)|x− xi|−N

∑n
i=1 |x− xi|2−N

∣∣∣2u2dx, ∀u ∈ H1(RN). (3.38)

Observe that the potential V in (3.38), given by

VN,n,x1,...,xn(x) :=
∣∣∣∑n

i=1(x− xi)|x− xi|−N

∑n
i=1 |x− xi|2−N

∣∣∣2, (3.39)

is nonnegative and moreover has a quadratic singularity at each pole xi. More pre-
cisely, VN,n,x1,...,xn satisfies

VN,n,x1,...,xn(x) =
1

|x− xi|2 +O(|x− xi|N−4), as x → xi, ∀i ∈ {1, . . . ,n}, (3.40)

respectively

VN,n,x1,...,xn(x) = O(
1
|x|2 ), as |x| → ∞. (3.41)

From (3.40) and (3.41) we can easily deduce that

VN,n,x1,...,xn(x) =
n

∑
i=1

1
|x− xi|2 +O(1), ∀x ∈R

N , (3.42)

where O(1) denotes a changing sign quantity, uniformly bounded in R
N . For N ≥ 4,

the identification (3.42) shows that inequality (3.38) allows to deduce an inequality
in the spirit of (3.4) in which the same critical singular potential is obtained, paying
the prize of adding a lower order term in L2-norm. The multiplication factor of the
lower order term obtained through (3.38) remains to be compared with that one
which corresponds to (3.4).

On the contrary, inequality (3.38) does not allow to get optimal results as in
Theorem 3.1 when removing the corrected lower order terms in L2-norm.

We point out that the key role for showing Theorem 3.1 was played by identity
(3.11) applying for suitable distributions involving the product of the fundamental
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solutions of the Laplacian at each singular pole xi. This allows to prove optimal
Hardy inequalities for singular quadratic potentials of the form

W (x) =
n

∑
i=1

λi(x)
|x− xi|2 , ∀x ∈R

N ,

where

λi(x)> 0 in R
N , lim

x→xi
λi(x) = (n− 1)

(N− 2)2

2n2 , ∀i ∈ {1, . . . ,n}.

The weights λi in Theorem 3.1 are given by λi(x) = (N − 2)2/(2n2)∑n
j=1
j�=i

|xi −
x j|2/|x− x j|2.

As we mentioned before, the potential VN,n,x1,...xn cannot be compared with W on
any bounded connected domain Ω with x1, . . . ,xn ∈ Ω . Indeed, next we emphasize
this in two concrete examples.

Firstly, for N = 3, n = 2, we consider the singular poles 0,x0 ∈ Ω ⊂ R
3, and we

obtain V3,2,0,x0(x0/2) = 0 while W (x0/2)> 0.
Secondly, let us consider a configuration with three singular poles x1,x2,x3 ∈R

3

determining an equilateral triangle such that

|x1|= |x2|= |x3|> 0, x1 + x2 + x3 = 0

and let Ω ⊂ R
3 be a connected bounded open set with x1,x2,x3 ∈ Ω .

Then V3,3,x1,x2,x3(0) = 0 while W (0)> 0.

3.4 New Bounds for the Bipolar Hardy Inequality
in Bounded Domains

We now present some consequences of the previous multipolar Hardy inequality in
Theorem 3.1 to bounded domains in H1

0 (Ω).
In this subsection we present some applications of Theorem 3.1 to bounded do-

mains in the case of a bipolar potential

V (x) =
1

|x− x1|2 +
1

|x− x2|2 , (3.43)

for some x1,x2 ∈ R
N , N ≥ 3 with x1 �= x2. In consequence, we derive new lower

bounds for the bipolar Hardy inequality, which turn out to be optimal in the case
where the poles are located on the boundary of the domain.

We have seen that Theorem 3.1 provides an inequality involving a bipolar poten-
tial which behaves asymptotically like
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(N − 2)2

4
V12(x)∼ (N − 2)2

4
1

|x− xi|2 , as x → xi, ∀i ∈ {1,2}. (3.44)

On the other hand, inequality (3.5) provides a bipolar potential with a weaker
quadratic singularity which is asymptotically given by

(N − 2)2

8
(V1 +V2)+

(N − 2)2

16
V12(x)∼ 3(N − 2)2

16
1

|x− xi|2 ,

as x → xi, ∀i ∈ {1,2}.
(3.45)

Theorem 3.1 may give better lower bounds than inequality (3.5) for the Hardy
inequality with the bipolar potential V as in (3.43). The main results of this section
are as follows:

As a consequence of Theorem 3.1, we have

Proposition 3.1. Assume 0 ≤ α,β ≤ 1.
For any x1 �= x2 and for all u ∈C∞

0 (Br(x1,x2)(C(x1,x2))), we have

∫
Br(x1 ,x2)

(C(x1,x2))
|∇u|2dx ≥ (N − 2)2

4

∫
Br(x1 ,x2)

(C(x1,x2))

[ α
|x− x1|2 +

β
|x− x2|2

]
u2dx,

(3.46)

where Br(x1,x2)(C(x1,x2)) is the ball centered at the point

C(x1,x2) =
β

α +β
x1 +

α
α +β

x2,

of radius

r(x1,x2) =

√
α +β −αβ

α +β
|x1 − x2|,

as shown in Fig. 3.1.

The case 0< ; < 1

x=x1 x=x2

r(x1;x2)

The case = = 1

x1+x2

2

2
x1-x2

C(x1;x2)

x=x1 x=x2

Fig. 3.1 Domains where improved bipolar inequalities hold. The best results are obtained when
both singularities are located on the boundary, case which corresponds to α = β = 1
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As a consequence of inequality (3.5) and Proposition 3.1 we have

Proposition 3.2. Assume 0 ≤ α,β ≤ 1.
For any x1 �= x2 and for all u ∈C∞

0 (Br(x1,x2)(C(x1,x2))), we have

∫
Br(x1,x2)

(C(x1,x2))
|∇u|2dx ≥

[ (N − 2)2

8
+

(N − 2)2

16
α
]∫

Br(x1,x2)
(C(x1,x2))

u2

|x− x1|2 dx

+
[ (N − 2)2

8
+

(N − 2)2

16
β
]∫

Br(x1 ,x2)
(C(x1,x2))

u2

|x− x2|2 dx,

(3.47)

where Br(x1,x2)(C(x1,x2)) is the ball centered at the point

C(x1,x2) =
β

α +β
x1 +

α
α +β

x2,

of radius

r(x1,x2) =

√
α +β −αβ

α +β
|x1 − x2|,

as shown in Fig. 3.1.

Remark 3.4. The constraints α,β ≤ 1 impose to the singular poles x1,x2 to belong
to ∈ Br(x1,x2)(C(x1,x2)).

Remark 3.5. We observe that for α,β getting closer to 1, the result of Proposi-
tion 3.1 is better than the one of Proposition 3.2.

Next we prove only Proposition 3.1 since the proof of Proposition 3.2 follows the
same steps.

Proof of Proposition 3.1.

Let us consider an open bounded subset Ω ⊂R
N , N ≥ 3. Applying Theorem 3.1

we have that

∫
Ω
|∇u|2dx ≥ (N − 2)2

4

∫
Ω

∣∣∣ x− x1

|x− x1|2 − x− x2

|x− x2|2
∣∣∣2u2dx, ∀u ∈ H1

0 (Ω). (3.48)

In the sequel, we are seeking for domains Ω ⊂ R
N such that x1,x2 ∈ Ω and

∣∣∣ x− x1

|x− x1|2 − (x− x2)

|x− x2|2
∣∣∣2 ≥ α

|x− x1|2 +
β

|x− x2|2 , ∀x ∈ Ω . (3.49)

Using the identity 2(x− x1)(x− x2) = |x− x1|2 + |x− x2|2 − |x1 − x2|2, then (3.49)
is equivalent to

|x1 − x2|2 ≥ α|x− x2|2 +β |x− x1|2, ∀x ∈ Ω . (3.50)
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Expanding the squares in (3.50) and dividing by α +β we obtain

1−β
α +β

|x1|2 + 1−α
α +β

|x2|2 − 2
α +β

x1 · x2 ≥ |x|2 − 2x ·
( α

α +β
x2 +

β
α +β

x1

)
.

(3.51)

Coupling the squares we rewrite (3.51) as

1−β
α +β

|x1|2 + 1−α
α +β

|x2|2 − 2
α +β

x1 · x2 +
∣∣∣ α
α +β

x2 +
β

α +β
x1

∣∣∣2

≥
∣∣∣x−

( α
α +β

x2 +
β

α +β
x1

)∣∣∣2.
(3.52)

After some computations on the left-hand side of (3.52) we get

α +β −αβ
(α +β )2 |x1 − x2|2 ≥

∣∣∣x−
( α

α +β
x2 +

β
α +β

x1

)∣∣∣2, ∀x ∈ Ω . (3.53)

Due to this, the proof is finished by identifying properly the set Ω . �
We notice that, as far as α and β get closer to 1, the poles x = x1, respectively,

x = x2, are pushed to the boundary of the domain as drawn in Fig. 3.1. Indeed, if
α = β = 1, then x1 and x2 are located on the boundary of Br(x1,x2)(C(x1,x2)) =
B|x1−x2|/2((x1 + x2)/2). Moreover, we will have the nontrivial inequality

∫
B |x1−x2|

2

(
x1+x2

2

) |∇u|2dx ≥ (N − 2)2

4

∫
B |x1−x2|

2

(
x1+x2

2

) [ 1
|x− x1|2 +

1
|x− x2|2

]
u2dx

(3.54)
for all u ∈C1

0(B|x1−x2|/2((x1 + x2)/2)).
As we said before, inequality (3.54) is new and not trivial. In fact, it provides an

improved result in higher dimensions as follows.
Applying Hardy inequalities with boundary singularities (see, e.g., [11]), we have

that ∫
B |x1−x2|

2

(
x1+x2

2

) |∇u|2dx ≥ N2

4

∫
B |x1−x2|

2

(
x1+x2

2

) u2

|x− x1|2 dx

and ∫
B |x1−x2|

2

(
x1+x2

2

) |∇u|2dx ≥ N2

4

∫
B |x1−x2|

2

(
x1+x2

2

) u2

|x− x2|2 dx,

the constant N2/4 being optimal in both cases. Thus
∫

B |x1−x2|
2

(
x1+x2

2

) |∇u|2dx ≥ N2

8

∫
B |x1−x2|

2

(
x1+x2

2

) [ 1
|x− x1|2 +

1
|x− x2|2

]
u2dx.

Note that inequality (3.54) is better for N ≥ 7 since



50 C. Cazacu and E. Zuazua

(N − 2)2

4
≥ N2

8
, ∀ N ≥ 7.

3.5 Further Comments and Open Problems

• In the spirit of (3.11) we may look for potentials V with an infinite number of
singularities for which the Hardy inequality holds true. Besides, as such V are
given as an infinite series one needs to make sure that they are well-defined. For
instance, a potential of the form

V (x) = ∑
(i, j,k)∈Z3

1
|x1 − i|2 + |x2 − j|2 + |x3 − k|2 , x = (x1,x2,x3) ∈R

3,

diverges at every point x ∈ R
3 and therefore the corresponding Hardy inequality

does not make sense.
The issue of potentials with an infinite number of singularities will be the subject
of a forthcoming work.

• The optimality of the result in Proposition 3.1 remains to be analyzed.
• Identity (3.11) could be also applied for other choices of ϕ that we performed in

Theorem 3.1. In particular, if we choose ϕ = E1/2 = ∏n
i=1 E1/2

i , then we deduce
the following inequality

∫
|∇u|2dx

≥ (N − 2)2

4

n

∑
i=1

∫
u2

|x− xi|2 dx− (N − 2)2

2 ∑
1≤i< j≤n

∫
(x− xi)(x− x j)

|x− xi|2|x− x j|2 u2dx,

(3.55)
for all u ∈ C∞

0 (R
N). Next we may wonder the question if we can reprove

inequality (3.4) through (3.55) since the potential in (3.55) has a critical quadratic
singularity at any pole xi ∈ R

N . Firstly, we note that this is possible for the sub-
critical case μ < (N − 2)2/4 which allows to get lower order terms in L2-norm.
However, (3.55) does not provide better L2 lower order term than (3.4) does.
In the critical case μ = (N − 2)2/4 we cannot obtain L2-reminder terms from
(3.55) unless the lower order term in inequality (3.55) has positive sign in a small
neighborhood of the singular poles xi. More precisely, the question to answer is
whether for any configuration of the poles x1, . . . ,xn, there exists ε > 0 small
enough such that

− ∑
1≤i< j≤n

(x− xi)(x− x j)

|x− xi|2|x− x j|2 ≥ 0, ∀x ∈ ∪n
i=1Bε(xi)? (3.56)

Unfortunately, (3.56) is not true. We give a counterexample below (Fig. 3.2).
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Let us consider a configuration of three poles x1,x2, and x3 determining an equi-
lateral triangle with the vertices at xi, i ∈ {1,2,3} such that

|xi − x j|= l > 0, ∀i �= j, ∀i, j ∈ {1,2,3}.
Given ε > 0, we also consider xε ∈ R

3 located on the line determined by x1 and
x3 such that |xε − x1|= ε , |xε − x3|= ε + l (as in Fig. 3.2). Then we have

|xε − x2|2 = ε2 + l2 + εl, |xε − x3|= (ε + l)2.

In view of this, we can easily obtain that

− ∑
1≤i< j≤3

(xε − xi)(xε − x j)

|xε − xi|2|xε − x j|2 < 0,

for ε > 0 small enough, fact which contradicts (3.56).

xe x2

x3

l

l

l
2π/3

π/3x1

e

Fig. 3.2 Counterexample to (3.56)

More general, one can show that there is no configuration x1, . . . ,xn for which
(3.56) is true. The condition (3.56) is violated at the singular poles xki , with {ki | i ∈
{1, . . . ,n}} ⊂ {1, . . . ,n}, which are located on the boundary of the smallest convex
set containing all the poles x1, . . . ,xn.
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Chapter 4
The Role of Spectral Anisotropy
in the Resolution of the Three-Dimensional
Navier–Stokes Equations

Jean-Yves Chemin, Isabelle Gallagher, and Chloé Mullaert

Abstract We present different classes of initial data to the three-dimensional,
incompressible Navier–Stokes equations, which generate a global in time, unique
solution though they may be arbitrarily large in the endpoint function space in
which a fixed-point argument may be used to solve the equation locally in time.
The main feature of these initial data is an anisotropic distribution of their frequen-
cies. One of those classes is taken from Chemin and Gallagher (Trans. Am. Math.
Soc. 362(6):2859–2873, 2010) and Chemin et al. (J. für die reine und angewandte
Mathematik, to appear), and another one is new.

Key words: Anisotropy, Navier–Stokes equations

2010 Mathematics Subject Classification: 35Q30, 76D03.

4.1 Introduction

In this article, we are interested in the construction of global smooth solutions
which cannot be obtained in the framework of small data. Let us recall what the
incompressible Navier–Stokes (with constant density) is:
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(NS)

⎧
⎪⎨

⎪⎩

∂t u+ u ·∇u−Δu=−∇p in R
+×R

3

divu = 0

u|t=0 = u0.

In all this paper x = (xh,x3) = (x1,x2,x3) will denote a generic point of R3, and we
shall write u = (uh,u3) = (u1,u2,u3) for a vector field on R

3 = R
2
h ×Rv. We also

define the horizontal differentiation operators ∇h def
= (∂1,∂2) and divh

def
= ∇h ·, as

well as Δh
def
= ∂ 2

1 + ∂ 2
2 .

First, let us recall the history of global existence results for small data. In his
seminal work [13], J. Leray proved in 1934 that if ‖u0‖L2‖∇u0‖L2 is small enough,
then there exists a global regular solution of (NS). Then in [6], H. Fujita and T. Kato
proved in 1964 that if

‖u0‖
Ḣ

1
2

def
=

(∫

R
3
|ξ | |û0(ξ )|2dξ

) 1
2

is small enough, then there exists a unique global solution in the space

Cb(R
+;Ḣ

1
2 )∩L4(R+;Ḣ1).

After works of many authors on this question (see in particular [2, 9, 11, 15]), the
optimal norm to express the smallness of the initial data was found on 2001 by Koch
and Tataru in [12]. This is the BMO−1 norm. We are not going to define precisely
this norm here. Let us simply notice that this norm is in between two Besov norms
which can be easily defined. More precisely we have

‖u0‖Ḃ−1
∞,∞

� ‖u0‖BMO−1 � ‖u0‖Ḃ−1
∞,2

with

‖u0‖Ḃ−1
∞,∞

def
= sup

t>0
t

1
2 ‖etΔ u0‖L∞ and ‖u0‖Ḃ−1

∞,2

def
= ‖etΔ u0‖L2(R+;L∞).

First of all, let us mention that Ḣ
1
2 is continuously embedded in Ḃ−1

∞,2. To have a

more precise idea of what these spaces mean, let us observe that the space Ḃ−1
∞,∞ we

shall denote by Ċ−1 from now on, contains all the derivatives of order 1 of bounded
functions. Let us give some examples. If we consider a divergence-free vector field
of the type

uε,0(x) =
1
ε

cos
(x3

ε

)(−∂2ϕ(x),∂1ϕ(x),0
)

for some given function ϕ in the Schwartz class of R3, then we have

‖uε,0‖Ḃ−1
∞,2

∼ ‖uε,0‖Ċ−1 ∼ 1 and ‖uε,0‖
Ḣ

1
2
∼ ε−

3
2 .

Another example which will be a great interest for this paper is the case when

uε,0(x) = ϕ0(εx3)
(−∂2ϕ(xh),∂1ϕ(xh),0

)
.
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As claimed by Proposition 1.1 of [4], we have, for small enough ε ,

‖uε,0‖Ċ−1 ≥ 1
2
‖ϕ‖Ċ−1(R2)‖ϕ0‖L∞(R). (4.1)

In this paper, we are going to consider the initial data, the regularity of which will
be (at least) Ḣ

1
2 . Our interest is focused on the size of the initial data measured in

the Ċ−1 norm.
Let us define G the set of divergence-free vector fields in Ḣ

1
2 (R3) generating

global smooth solutions to (NS) and let us recall some known results about the
geometry of G .

First of all, Fujita-Kato’ theorem [6] can be interpreted as follows: the set G
contains a ball of positive radius. Next let us assume that G is not the whole
space Ḣ

1
2 (in other words, we assume that an initial data exists which generates

singularities in finite time). Then there exists a critical radius ρc such that if u0 is
an initial data such that ‖u0‖

Ḣ
1
2
< ρc, then u0 generates a global regular solution

and for any ρ > ρc, there exists an initial data of Ḣ
1
2 norm ρ which generates a

singularity at finite time. Using the theory of profiles introduced in the context of
Navier–Stokes equations by the second author (see [7]), Rusin and Sverak prove
in [14] that the set (where G c denotes the complement of G in Ḣ

1
2 )

G c ∩{
u0 ∈ Ḣ

1
2 / ‖u0‖

Ḣ
1
2
= ρc

}

is nonempty and compact up to dilations and translations.
In collaboration with P. Zhang, the first two authors prove in [5] that any point u0

of G is at the center of an interval I included in G and such that the length of I
measured in the Ċ−1 norm is arbitrary large. In other words for any u0 in G , there
exist arbitrary large (in Ċ−1) perturbations of this initial data that generate global
solutions. As we shall see, the perturbations are strongly anisotropic.

Our aim is to give a new point of view about the important role played by
anisotropy in the resolution of the Cauchy problem for (NS).

The first result we shall present shows that as soon as enough anisotropy is
present in the initial data (where the degree of anisotropy is given by the norm
of the data only), then it generates a global unique solution. A similar result can be
found in [1, Theorem 1].

Theorem 4.1. A constant c0 exists which satisfies the following. If (uε,0)ε>0 is a

family of divergence-free vector fields in Ḣ
1
2 satisfying

∀ξ ∈ Supp ûε,0 , either |ξh| ≤ ε|ξ3| or |ξ3| ≤ ε|ξh| , (4.2)

then, if ε4‖uε,0‖
Ḣ

1
2

is less than c0, uε,0 belongs to G .

Let us remark that this result has little to do with the precise structure of the
equations: as will appear clearly in its proof in Sect. 4.2, it can actually easily be
recast as a small data theorem, the smallness being measured in anisotropic Sobolev
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spaces. It is therefore of a different nature than the next Theorems 4.2 and 4.3,
whose proofs on the contrary rely heavily on the structure of the nonlinearity (more
precisely on the fact that the two-dimensional equations are globally well-posed).

The next theorem shows that as soon as the initial data has slow variations in one
direction, then it generates a global solution, which, roughly speaking, corresponds
to the case when the support in Fourier space of the initial data lies in the region
where |ξ3| ≤ ε|ξh|. Furthermore, one can add to any initial data in G any such
slowly varying data, and the superposition still generates a global solution (provided
the variation is slow enough and the profile vanishes at zero).

Theorem 4.2 ([4, 5]). Let vh
0 = (v1

0,v
2
0) be a horizontal, smooth divergence-free

vector field on R
3 (i.e., vh

0 is in L2(R3) as well as all its derivatives), belonging,
as well as all its derivatives, to L2(Rx3 ;Ḣ−1(R2)); let w0 be a smooth divergence-
free vector field on R

3. Then, there exists a positive ε0 depending on norms of vh
0

and w0 such that, if ε ≤ ε0, then the following initial data belongs to G :

vε,0(x)
def
= (vh

0 + εwh
0,w

3
0)(x1,x2,εx3) .

If moreover vh
0(x1,x2,0) = w3

0(x1,x2,0) = 0 for all (x1,x2) ∈ R
2 and if u0 belongs

to G , then there exists a positive number ε ′0 depending on u0 and on norms of vh
0

and w0 such that if ε ≤ ε ′0, the following initial data belongs to G :

uε,0
def
= u0 + vε,0 .

One can assume that vh
0 and w3

0 have frequency supports in a given ring of R3, so
that (4.2) holds. Nevertheless, Theorem 4.1 does not apply since vε,0 is of the order

of ε−
1
2 in Ḣ

1
2 . Actually the proof of Theorem 4.2 is deeper than that of Theorem 4.1,

as it uses the structure of the quadratic term in (NS). The proof of Theorem 4.2
may be found in [4, 5], we shall not give it here. Note that Inequality (4.1) implies
that vε,0 may be chosen arbitrarily large in Ċ−1.

One formal way to translate the above result is that the vertical frequencies of the
initial data vε,0 are actually very small, compared with the horizontal frequencies.
The following theorem gives a statement in terms of frequency sizes, in the spirit
of Theorem 4.1. However as already pointed out, Theorem 4.1 again does not apply
because the initial data is too large in Ḣ

1
2 . Notice also that the assumption made in

the statement of Theorem 4.2 that the profile should vanish at x3 = 0 is replaced
here by a smallness assumption in L2(R2).

Theorem 4.3. Let (vε,0)ε be a family of smooth divergence-free vector field,
uniformly bounded in the space L∞(R;Ḣs(R2)) for all s ≥−1, such that (

√
ε vε,0)ε

is uniformly bounded in the space L2(Rx3 ;Ḣs(R2)) for s ≥−1 and satisfying

∀ε ∈]0,1[ , ∀ξ ∈ Supp v̂ε,0 , |ξ3| ≤ ε|ξh| .

Then there exists a positive number ε0 such that for all ε ≤ ε0, the data vε,0
belongs to G .
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Moreover if u0 belongs to G , then there are positive constants c0 and ε ′0 such
that if

‖vε,0(·,0)‖L2(R2
h)
≤ c0,

then for all ε ≤ ε ′0, the following initial data belongs to G :

uε,0
def
= u0 + vε,0 .

Let us remark that as in [4], the data vε,0 may be arbitrarily large in Ċ−1. Note
that Theorems 4.2 and 4.3, though of similar type, are not comparable (unless one
imposes the spectrum of the initial profiles in Theorem 4.2 to be included in a ring
of R3, in which case the result follows from Theorem 4.3).

The paper is organized as follows. In the second section, we introduce anisotropic
Sobolev spaces, and as a warm up, we prove Theorem 4.1.

The rest of the paper is devoted to the proof of Theorem 4.3. In the third section,
we define an (global) approximated solution and prove estimates on this approxi-
mated solutions and prove Theorem 4.3.

The last section is devoted to the proof of a propagation result for a linear
transport-diffusion equation we admit in the preceding section. Let us point out that
we make the choice not to use the technology anisotropic paradifferential calculus
and to present an elementary proof.

4.2 Preliminaries: Notation and Anisotropic Function Spaces

In this section we recall the definition of the various function spaces we shall be
using in this paper, namely, anisotropic Lebesgue and Sobolev spaces.

We denote by Lp
h Lq

v (resp. Lq
v(L

p
h )) the space Lp(R2

h;Lq(Rv)) (resp. Lq(Rv;Lp(R2
h))

equipped with the norm

‖ f‖Lp
h Lq

v

def
=

(∫

R
2
h

(∫

Rv

| f (xh,x3)|q dx3

) p
q

dxh

) 1
p

and similarly Ḣs,σ is the space Ḣs(R2;Ḣσ (R)) with

‖ f‖Ḣs,σ
def
=

(∫

R
3
|ξh|2s|ξ3|2σ | f̂ (ξh,ξ3)|2 dξhdξ3

) 1
2

where f̂ = F f is the Fourier transform of f . Note that Ḣs,σ is a Hilbert space as
soon as s < 1 and σ < 1/2. We define also

‖ f‖Ḣs1 ,s2,s3
def
=

(∫

R
3
|ξ1|2s1 |ξ2|2s2 |ξ3|2s3 | f̂ (ξ1,ξ2,ξ3)|2 dξ1dξ2dξ3

) 1
2

.
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This is a Hilbert space if all s j are less than 1/2. Finally we shall often use the
spaces Lp

v Ḣs
h = Lp(Rv;Ḣs(R2

h)). Let us notice that L2
v Ḣs

h = Ḣs,0. The following
result, proved by D. Iftimie in [10], is the basis of the proof of Theorem 4.1.

Theorem 4.4. There is a constant ε0 such that the following result holds.
Let (si)1≤i≤3 be such that s1 + s2 + s3 = 1/2 and −1/2 < si < 1/2. Then any
divergence-free vector field of norm smaller than ε0 in Ḣs1,s2,s3 generates a global
smooth solution to (NS).

This theorem implies obviously the following corollary, since Ḣs, 1
2−s is continu-

ously embedded in Ḣ
s
2 ,

s
2 ,

1
2−s as soon as 0 < s < 1/2. More precisely, we have that

the space Ḣs, 1
2−s is the space Ḣs,0, 1

2−s ∩ Ḣ0,s, 1
2−s.

Corollary 4.1. There is a constant ε0 such that the following result holds. Let s be
given in ]0,1/2[ . Then any divergence-free vector field of norm smaller than ε0

in Ḣs, 1
2−s generates a global smooth solution to (NS).

Proof (Proof of Theorem 4.1). Let us decompose u0 into two parts, namely, we
write u0 = v0 +w0, with

v0
def
= F−1(1|ξh|≤ε|ξ3|û0(ξ )

)
and w0

def
= F−1(1|ξ3|≤ε|ξh|û0(ξ )

)
.

Let 0 < s < 1/2 be given. On the one hand we have

‖v0‖2

Ḣs, 1
2 −s

=

∫

|ξ3|≤ε|ξh|
|ξh|2s|ξ3|1−2s|û0(ξ )|2 dξ

hence, since s < 1/2,

‖v0‖2

Ḣs, 1
2 −s

≤ ε1−2s
∫

|ξh| |û0(ξ )|2 dξ

≤ ε1−2s‖u0‖2

Ḣ
1
2
.

Identical computations give, since s > 0,

‖w0‖2

Ḣs, 1
2 −s

=

∫

|ξh|≤ε|ξ3|
|ξh|2s|ξ3|1−2s|û0(ξ )|2 dξ

≤ ε2s
∫

|ξ3| |û0(ξ )|2 dξ

≤ ε2s‖u0‖2

Ḣ
1
2
.

To conclude we can choose s = 1/4, which gives

‖u0‖
Ḣ

1
4 , 1

4
≤ ε

1
4 ‖u0‖

Ḣ
1
2
.

Then, the result follows by the well-posedness of (NS) in Ḣ
1
4 ,

1
4 given by

Corollary 4.1.
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Remark 4.1. The proof of Theorem 4.1 does not use the special structure of the
nonlinear term in (NS) as it reduces to checking that the initial data is small in an
adequate scale-invariant space.

4.3 Proof of Theorem 4.3

In this section we shall prove the second part of Theorem 4.3: we consider an initial
data u0 + vε,0 satisfying the assumptions of the theorem and we prove that for ε > 0
small enough, it generates a global, unique solution to (NS). It will be clear from the
proof that in the case when u0 ≡ 0 (which amounts to the first part of Theorem 4.3),
the assumption that vε,0(xh,0) is small in L2(R2) is not necessary. Thus the proof of
the whole of Theorem 4.3 will be obtained.

4.3.1 Decomposition of the Initial Data

The first step of the proof consists in decomposing the initial data as follows.

Proposition 4.1. Let vε,0 be a divergence-free vector field satisfying

∀ε ∈]0,1[ , ∀ξ ∈ Supp v̂ε,0 , |ξ3| ≤ ε|ξh| .

Then there exist two divergence-free vector fields
(
vh

ε,0,0
)
, and wε,0 the spectrum

of which is included in that of vε,0, and such that

vε,0 = (vh
ε,0,0)+wε,0 with

∣
∣ŵh

ε,0
∣
∣≤ ε

∣
∣ŵ3

ε,0
∣
∣ .

Proof. Let Ph
def
= Id−∇hΔ−1

h divh be the Leray projector onto horizontal divergence-
free vector fields and define

vh
ε,0

def
= Ph vh

ε,0 and wε,0
def
= vε,0 − (vh

ε,0,0) . (4.3)

The estimate on wε,0 simply comes from the fact that obviously

ŵh
ε,0(ξ ) =

ξh · v̂h
ε,0

|ξh|2 ξh ,

and therefore since vε,0 is divergence free and using the spectral assumption we find

|ŵh
ε,0(ξ )| ≤

|ξh · v̂h
ε,0|

|ξh| =
|ξ3v̂3

ε,0|
|ξh| ≤ ε|v̂3

ε,0|= ε|ŵ3
ε,0(ξ )| .

That proves the proposition.
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4.3.2 Construction of an Approximate Solution and End
of the Proof of Theorem 4.3

The construction of the approximate solution follows closely the ideas of [4, 5].
We write indeed

vapp
ε

def
= (vh

ε ,0)+wε and uapp
ε

def
= u+ vapp

ε ,

where u is the global unique solution associated with u0 and vh
ε solves the two-

dimensional Navier–Stokes equations for each given x3:

(NS2D)x3

⎧
⎪⎪⎨

⎪⎪⎩

∂t vh
ε + vh

ε ·∇hvh
ε −Δhvh

ε =−∇h pε in R
+×R

2

divh vh
ε = 0

vh
ε|t=0 = vh

ε,0(·,x3) ,

while wε solves the linear transport-diffusion-type equation

(T)

⎧
⎪⎨

⎪⎩

∂twε + vh
ε ·∇hwε −Δwε =−∇qε in R

+×R
3

divwε = 0

wε|t=0 = wε,0 .

Those vector fields satisfy the following bounds (see Paragraph 4.3.3 for a proof).

Lemma 4.1. Under the assumptions of Theorem 4.3, the family uapp
ε is uniformly

bounded in L2(R+;L∞(R3)), and ∇uapp
ε is uniformly bounded in L2(R+;L∞

v L2
h).

Now define uε the solution associated with the initial data u0 + vε,0, which a priori
has a finite life span, depending on ε . Consider

Rε
def
= uε − uapp

ε ,

which satisfies the following property (see Paragraph 4.3.4 for a proof).

Lemma 4.2. For any positive δ there exists ε(δ ) and c(δ ) such that if

ε ≤ ε(δ ) and if ‖vε,0(·,0)‖L2
h
≤ c(δ ),

then the vector field Rε def
= uε − uapp

ε satisfies the equation

(Eε )

⎧
⎪⎨

⎪⎩

∂tRε +Rε ·∇Rε −ΔRε + uapp
ε ·∇Rε +Rε ·∇uapp

ε = Fε −∇q̃ε

divRε = 0

Rε|t=0 = 0

with ‖Fε‖
L2(R+;Ḣ− 1

2 (R3))
≤ δ .
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Assuming those two lemmas to be true, the end of the proof of Theorem 4.3 follows
very easily using the method given in [4, Sect. 2]: an energy estimate in Ḣ

1
2 (R3)

on (Eε), using the fact that the forcing term is as small as needed and that the

initial data is zero, gives that Rε is unique, and uniformly bounded in L∞(R+;Ḣ
1
2 )∩

L2(R+;Ḣ
3
2 ). Since the approximate solution is also unique and globally defined,

Theorem 4.3 is proved.

4.3.3 Proof of the Estimates on the Approximate
Solution (Lemma 4.1)

As noted in [5, Appendix B], the global solution u associated with u0 ∈ Ḣ
1
2 belongs

to L2(R+;L∞(R3)), and ∇u belongs to L2(R+;L∞
v L2

h). So we just need to study vapp
ε ,

which we shall do in two steps: first vh
ε , then wε .

4.3.3.1 Estimates on vh
ε

Due to the spectral assumption on vh
ε,0, it is easy to see that

∀α = (αh,α3) ∈ N
2×N , ε

1
2−α3∂ α vh

ε,0 is uniformly bounded in L2
vḢs

h ,

and ε−α3∂ α vh
ε,0 is uniformly bounded in L∞

v Ḣs
h .

Indeed the definition of vh
ε,0 given in (4.3) and the spectral assumption as well as the

a priori bounds on vε,0 give directly the first result. To prove the second result one
uses first the Gagliardo-Nirenberg inequality:

‖∂ α vh
ε,0‖2

L∞
v Ḣs

h
≤ ‖∂ α vh

ε,0‖L2
v Ḣs

h
‖∂3∂ α vh

ε,0‖L2
v Ḣs

h

and then the same arguments. The proof of [4, Lemma 3.1 and Corollary 3.1]
enables us to infer from those bounds the following result.

Proposition 4.2. Under the assumptions of Theorem 4.3, for all real numbers s >
−1 and all α = (αh,α3) ∈N

2×N, there is a constant C such that the vector field vh
ε

satisfies the following bounds:

‖∂ α vh
ε(t)‖2

L∞
v Ḣs

h
+ sup

x3∈R

∫ t

0
‖∂ α ∇hvh

ε(t
′)‖2

Ḣs
h

dt ′

+ ε
(
‖∂ α ∇hvh

ε(t)‖2
L2

v Ḣs
h
+

∫ t

0
‖∂ α vh

ε (t
′)‖2

L2(R3)
dt ′

)
≤C ε2α3 .
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4.3.3.2 Estimates on wε

The definition of wε,0 given in (4.3), along with the spectral assumption on (vε,0)ε>0,
leads to

∀ε ∈]0,1[ , ∀ξ ∈ Supp ŵε,0 , |ξ3| ≤ ε|ξh| and
∣
∣ŵh

ε,0 (ξ )
∣
∣≤ ε

∣
∣ŵ3

ε,0 (ξ )
∣
∣ .

The proof of the following result is technical and postponed to Sect. 4.4.

Proposition 4.3. Under the assumptions of Theorem 4.3, w3
ε and ε−1wh

ε are
uniformly bounded in the space L∞(R+; L∞

v L2
h)∩L2(R+; L∞

v Ḣs
h) for all s ≥ 0. More-

over ε 1
2−α3∂ α wε is uniformly bounded in L∞(R+; L2

v Ḣs
h)∩ L2(R+; L2

vḢs
h) for all

s ≥ 0 and all α = (αh,α3) ∈ N
2×N.

The Gagliardo-Nirenberg inequality and Sobolev embeddings lead to Lemma 4.1.

4.3.4 Proof of the Estimates on the Remainder (Lemma 4.2)

Subtracting the equation on uapp
ε from the equation on u, one finds directly that

Fε = (∂ 2
3 vh

ε ,∂3 pε)+wε ·∇vapp
ε + u ·∇vapp

ε + vapp
ε ·∇u ,

which we decompose into Fε = Gε +Hε with

Gε
def
= (∂ 2

3 vh
ε ,∂3 pε)+wε ·∇vapp

ε and Hε
def
= u ·∇vapp

ε + vapp
ε ·∇u .

Lemma 4.2 follows from the two following propositions.

Proposition 4.4. There is a positive constant C such that for all ε in ]0,1[,

‖Gε‖
L2(R+;Ḣ− 1

2 (R3))
≤Cε

1
2 .

Proof. Let us start by splitting Gε in three parts: Gε = G1
ε +G2

ε +G3
ε with

G1
ε

def
= (∂ 2

3 vh
ε ,0) , G2

ε
def
= (0,∂3 pε) , and G3

ε
def
= wε ·∇vapp

ε .

On the one hand we have obviously

‖G1
ε‖

L2(R+;Ḣ− 1
2 (R3))

≤ ‖∂3vh
ε‖

L2(R+;Ḣ
1
2 (R3))

.

Proposition 4.2 applied with α = (0,1), α = (0,2), and α = (αh,1) with |αh| = 1
gives

∫ t

0
‖∂3vε(t

′, ·)‖2
L2 dt ′ � ε and

∫ t

0
‖∂3∇vε (t

′, ·)‖2
L2 dt ′ � ε.
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By interpolation, we infer that

‖G1
ε‖

L2(R+;Ḣ− 1
2 (R3))

� ε
1
2 . (4.4)

To estimate G2
ε we use the fact that

−Δh pε =
2

∑
j,k=1

∂ j∂k(v
j
ε vk

ε),

and since (−Δh)
−1∂ j∂k is a Fourier multiplier of order 0 for each ( j,k) in {1,2}2,

we get

‖G2
ε‖

L2(R+;Ḣ− 1
2 (R3))

�
2

∑
j,k=1

∥
∥v j

ε ∂3vk
ε
∥
∥

L2(R+;Ḣ− 1
2 (R3))

.

As L2
vḢ

− 1
2

h ↪→ Ḣ− 1
2 (R3), we get

‖G2
ε‖

L2(R+;Ḣ− 1
2 (R3))

�
2

∑
j,k=1

∥
∥v j

ε ∂3vk
ε
∥
∥

L2(R+;L2
v Ḣ

− 1
2

h )
.

Using the Sobolev embedding L
4
3
h ↪→ Ḣ

− 1
2

h and Hölder’s inequality gives

‖G2
ε‖

L2(R+;Ḣ− 1
2 (R3))

�
2

∑
j,k=1

∥
∥v j

ε ∂3vk
ε
∥
∥

L2(R+;L2
vL

4
3
h )

≤C‖vh
ε‖

L∞(R+;L∞
v L

8
3
h )
‖∂3vh

ε‖
L2(R+;L2

v L
8
3
h )

,

so the Sobolev embedding Ḣ
1
4

h ↪→ L
8
3
h gives finally

‖G2
ε‖

L2(R+;Ḣ− 1
2 (R3))

�C‖vh
ε‖

L∞(R+;L∞
v Ḣ

1
4

h )
‖∂3vh

ε‖
L2(R+;L2

v Ḣ
1
4

h )
.

The result follows again from Proposition 4.2: choosing s = 1/4 and α = 0 we get

that vh
ε is uniformly bounded in L∞(R+;L∞

v Ḣ
1
4

h ), while s = −3/4 and α = (αh,1)
with |αh|= 1 gives

‖∂3vh
ε‖

L2(R+;L2
v Ḣ

1
4

h )
� ε

1
2 .

We infer finally that

‖G2
ε‖

L2(R+;Ḣ− 1
2 (R3))

� ε
1
2 . (4.5)
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To end the proof of the proposition let us estimate G3
ε . We simply use two-

dimensional product laws, which gives

‖G3
ε‖

L2(R+;Ḣ− 1
2 (R3))

= ‖wε ·∇vapp
ε ‖

L2(R+;Ḣ− 1
2 (R3))

� ‖wh
ε‖

L∞(R+;L∞
v Ḣ

1
4

h )
‖∇hvapp

ε ‖
L2(R+;L2

v Ḣ
1
4

h )

+ ‖w3
ε‖

L∞(R+;L∞
v Ḣ

1
4

h )
‖∂3vapp

ε ‖
L2(R+;L2

v Ḣ
1
4

h )
� ε

1
2 ,

due to Propositions 4.2 and 4.3. Together with Inequalities (4.4) and (4.5) that
proves Proposition 4.4.

Proposition 4.5. Let δ > 0 be given. There are positive constants ε(δ ) and c(δ )
such that if ε ≤ ε(δ ) and if ‖vε,0(·,0)‖L2

h
≤ c(δ ), then

‖Hε‖
L2(R+;Ḣ− 1

2 (R3))
≤ δ .

Proof. First, we approximate Hε , and then we estimate this approximation.
Using [8, Theorem 2.1] we get

lim
t→∞

‖u(t, .)‖
Ḣ

1
2 (R3)

= 0

so we can approximate u in L∞(R+, Ḣ
1
2 ): for all η > 0, there exists an integer N,

real numbers (t j)0≤ j≤N and smooth, compactly supported, divergence-free func-
tions (ϕ j)1≤ j≤N such that

ũη(t)
def
=

N

∑
j=1

1[t j−1,t j] (t)ϕ j

is uniformly bounded in L∞(R+, Ḣ
1
2 )∩L2(R+, Ḣ

3
2 ) and satisfies

‖u− ũη‖
L∞(R+,Ḣ

1
2 (R3))

≤ η . (4.6)

We split Hε into two contributions

Hε = Hε,η +(ũη − u) ·∇vapp
ε + vapp

ε ·∇(ũη − u)

with Hε,η
def
= ũη ·∇vapp

ε + vapp
ε ·∇ũη .

As vapp
ε and ũη − u are divergence-free vector fields,

Hε −Hε,η = div
(
(ũη − u)⊗ vapp

ε + vapp
ε ⊗ (ũη − u)

)
.

Thanks to [5, Lemma 3.3] we get

‖Hε −Hε,η‖
Ḣ− 1

2
� ‖ũη − u‖

Ḣ
1
2

(‖∇hvapp
ε ‖L∞

v L2
h
+ ‖vapp

ε ‖L∞ + ‖∂3vapp
ε ‖

L2
v Ḣ

1
2

h

)
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and Proposition 4.2 along with (4.6) lead to

‖Hε −Hε,η‖
L2(R+,Ḣ− 1

2 (R3))
� η .

It remains to estimate Hε,η = ũη ·∇vapp
ε +vapp

ε ·∇ũη . By Propositions 4.2 and 4.3
we have

‖ũ3
η∂3vapp

ε ‖
L2(R+,Ḣ− 1

2 (R3))
� ‖ũ3

η‖
L∞(R+,Ḣ

1
2 (R3))

‖∂3vapp
ε ‖

L2(R+,Ḣ
1
2 (R3))

� ‖ũ3
η‖

L∞(R+,Ḣ
1
2 (R3))

ε
1
2 .

Since ũη is uniformly bounded in L∞(R+, Ḣ
1
2 (R3)), we infer that

lim
ε→0

‖ũ3
η∂3vapp

ε ‖
L2(R+,Ḣ− 1

2 (R3))
= 0 .

Lemma 3.4 of [5] claims that

‖ab‖
Ḣ− 1

2
≤C‖a‖

L2
vḢ

1
2

h

‖b(·,0)‖L2
h
+C‖x3a‖L2‖∂3b‖

L∞
v Ḣ

1
2

h

.

So we get

‖ũh
η ·∇hvapp

ε ‖
Ḣ− 1

2
� ‖ũh

η‖
L2

v Ḣ
1
2

h

‖∇hvapp
ε (·,0)‖L2

h
+ ‖x3ũh

η‖L2‖∂3∇hvapp
ε ‖

L∞
v Ḣ

1
2

h

and

‖vapp
ε ·∇ũη‖

Ḣ− 1
2
� ‖∇ũη‖

L2
vḢ

1
2

h

‖vapp
ε (·,0)‖L2

h
+ ‖x3∇ũη‖L2‖∂3vapp

ε ‖
L∞

v Ḣ
1
2

h

.

Propositions 4.2 and 4.3 lead to

lim
ε→0

∫

R+
‖x3ũh

η(t)‖2
L2(R3)‖∂3∇hvapp

ε (t)‖2

L∞
v Ḣ

1
2

h (R3)
dt = 0

and

lim
ε→0

∫

R+
‖x3∇ũη(t)‖2

L2(R3)‖∂3vapp
ε (t)‖2

L∞
v Ḣ

1
2

h (R3)
dt = 0 .

Now we recall that ũη is uniformly bounded in L∞(R+, Ḣ
1
2 )∩L2(R+, Ḣ

3
2 ); hence, ũη

is uniformly bounded in L∞(R+,L2
vḢ

1
2

h ) and ∇ũη is uniformly bounded in L2(R+,

L2
vḢ

1
2

h ). So in order to conclude we just have to estimate

‖vapp
ε (·,0)‖L∞(R+,L2

h(R
2)) + ‖∇hvapp

ε (·,0)‖L2(R+,L2
h(R

2)) .

This is done in the following proposition, which concludes the proof of
Proposition 4.5.
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Proposition 4.6. For all δ > 0 there are positive constants ε(δ ) and c(δ ) such that
for all 0 < ε ≤ ε(δ ), if ‖uε,0(·,0)‖L2

h
≤ c(δ ) then

‖vapp
ε (·,0)‖L∞(R+,L2

h(R
2)) + ‖∇hvapp

ε (·,0)‖L2(R+,L2
h(R

2)) ≤ δ .

Proof. First, we estimate vh
ε and wh

ε . For all ε > 0, an energy estimate in L2
h gives

1
2
‖vh

ε(t, ·,0)‖2
L2

h
+

∫ t

0
‖∇hvh

ε(t
′, ·,0)‖2

L2
h
dt ′ =

1
2
‖vε,0(·,0)‖2

L2
h
. (4.7)

Then, for all δ > 0 there is a constant c(δ ) such that if ‖vε,0(·,0)‖L2
h
≤ c(δ ) then

‖vh
ε (·,0)‖L∞(R+,L2

h(R
2)) + ‖∇hvh

ε(·,0)‖L2(R+,L2
h(R

2)) ≤ δ .

Moreover, by Proposition 4.3 we have

‖wh
ε (·,0)‖L∞(R+,L2

h)
+ ‖∇hwh

ε(·,0)‖L2(R+ ,L2
h)
� ε .

It remains to estimate w3
ε . According to Proposition 4.3, wε and ∇hwε are uniformly

bounded respectively in L∞(R+,L∞
v Ḣ

− 1
2

h ) and L2(R+,L∞
v Ḣ

− 1
2

h ), so we shall get the
result by proving that for all δ > 0 there are positive constants ε(δ ) and c(δ ) such
that if ε ≤ ε(δ ) and ‖uε,0(·,0)‖L2

h
≤ c(δ ) then

‖w3
ε(·,0)‖

L∞(R+,Ḣ
1
2

h )
+ ‖∇hw3

ε (·,0)‖
L2(R+,Ḣ

1
2

h )
≤ δ .

Recall that w3
ε satisfies

{
∂tw3

ε + vh
ε ·∇hw3

ε −Δhw3
ε = ∂ 2

3 w3
ε − ∂3qε

w3
ε|t=0 = w3

ε,0 .

Define Tε
def
= ∂ 2

3 w3
ε − ∂3qε . An energy estimate in Ḣ

1
2

h gives

‖w3
ε (t,0)‖2

Ḣ
1
2

h

+

∫ t

0
‖∇hw3

ε
(
t ′,0

)‖2

Ḣ
1
2

h

dt ′

� ‖w3
ε,0(·,0)‖2

Ḣ
1
2

h

+ ‖Tε(·,0)‖2

L2(R+,Ḣ
− 1

2
h )

+
∫ t

0

∣
∣〈vh

ε ·∇hw3
ε ,w

3
ε〉

Ḣ
1
2

h

∣
∣(t ′,0)dt ′ .

(4.8)

Using [3, Lemma 1.1] we get for each fixed x3

∣
∣〈vh

ε ·∇hw3
ε ,w

3
ε 〉

Ḣ
1
2

h

(x3)
∣
∣� ‖∇hvh

ε(x3)‖L2
h
‖∇hw3

ε (x3)‖
Ḣ

1
2

h

‖w3
ε(x3)‖

Ḣ
1
2

h

.

In particular, using (4.7), we get
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∫ t

0

∣
∣〈vh

ε ·∇hw3
ε ,w

3
ε〉

Ḣ
1
2

h

(
t ′,0

)∣
∣dt ′

� ‖∇hvh
ε(·,0)‖L2(R+,L2

h)
‖∇hw3

ε (·,0)‖
L2(R+,Ḣ

1
2

h )
‖w3

ε(·,0)‖
L∞(R+,Ḣ

1
2

h )

� ‖vh
ε,0(·,0)‖L2

h
‖∇hw3

ε(·,0)‖
L2(R+,Ḣ

1
2

h )
‖w3

ε(·,0)‖
L∞(R+,Ḣ

1
2

h )

Then we infer that
∫ t

0

∣
∣〈vh

ε ·∇hw3
ε ,w

3
ε 〉

Ḣ
1
2

h

(
t ′, ·,0)∣∣dt ′ � ‖uε,0(·,0)‖Lh

×
(
‖∇hw3

ε (·,0)‖2

L2(R+,Ḣ
1
2

h )
+ ‖w3

ε(·,0)‖2

L∞(R+,Ḣ
1
2

h )

)
.

Plugging this inequality into (4.8) we obtain that there is a constant C such that

‖w3
ε(·,0)‖2

L∞(R+ ,Ḣ
1
2

h )

+
(
1−C‖uε,0(·,0)‖L2

h

)‖∇hw3
ε(·,0)‖2

L2(R+,Ḣ
1
2

h )

� ‖w3
ε,0(·,0)‖2

Ḣ
1
2

h

+ ‖Tε(·,0)‖2

L2(R+,Ḣ
− 1

2
h )

� ‖w3
ε,0(·,0)‖L2

h
‖w3

ε,0(·,0)‖Ḣ1
h
+ ‖Tε(·,0)‖2

L2(R+,Ḣ
− 1

2
h )

.

As wε,0 is uniformly bounded in L∞
v Ḣ1

h , it remains to prove that

lim
ε→0

‖Tε(·,0)‖
L2(R+,Ḣ

− 1
2

h )
= 0 .

As ∂ 2
3 w3

ε =−∂3divhwh
ε , we get

‖∂ 2
3 w3

ε (·,0)‖
L2(R+,Ḣ

− 1
2

h )
≤ ‖∂3∇hwh

ε (·,0)‖
L2(R+,Ḣ

− 1
2

h )
≤ ‖∂3∇hwh

ε‖
L2(R+,L∞

v Ḣ
− 1

2
h )

.

The bounds on wε given in Proposition 4.3 along with the Gagliardo-Nirenberg
inequality lead to

‖∂ 2
3 w3

ε(·,0)‖
L2(R+,Ḣ

− 1
2

h )
≤ ‖∂3∇hwh

ε‖
1
2

L2(R+,L2
v Ḣ

− 1
2

h )

‖∂ 2
3 ∇hwh

ε‖
1
2

L2(R+,L2
v Ḣ

− 1
2

h )

� ε2 .

Now let us turn to the pressure term. Recall that

−Δqε = divNε , with Nε
def
= vh

ε ·∇hwε = divh (v
h
ε ⊗wε)

since vh
ε is divergence free. To estimate ∂3qε(·,0) we use Gagliardo-Nirenberg

inequality, according to which it suffices to estimate ∂3qε in L2
v and in Ḣ1

v .
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Since (−Δ)−1divh div is a zero-order Fourier multiplier, we have

‖∂3qε‖
L2(R+,H− 1

2 ,1)
� ‖∂3(v

h
ε ⊗wε)‖

L2(R+,H− 1
2 ,1)

.

On the one hand we write

‖wε ∂3vh
ε‖

L2(R+,L2
v Ḣ

− 1
2

h )
� ‖wε‖

L2(R+,L2
v Ḣ

1
2

h )
‖∂3vh

ε‖L∞(R+,L∞
v L2

h)
� ε

1
2

by Propositions 4.2 and 4.3, and similarly,

‖vh
ε ∂3wε‖

L2(R+,L2
v Ḣ

− 1
2

h )
� ‖∂3wε‖

L2(R+,L2
v Ḣ

1
2

h )
‖vh

ε‖L∞(R+,L∞
v L2

h)
� ε

1
2 .

In the same way we find that

‖∂3(v
h
ε ⊗wε)‖

L2(R+,Ḣ− 1
2 ,1)

� ε
3
2 .

This ends the proof of Proposition 4.6.

4.4 Estimates on the Linear Transport-Diffusion Equation

In this appendix we shall prove Proposition 4.3. It turns out to be convenient to
rescale wε . Thus we define the vector field

Wε(t,x)
def
=

(wh
ε

ε
,w3

ε
)
(t,xh,ε−1x3)

which satisfies
⎧
⎪⎪⎨

⎪⎪⎩

∂tWε +V
h
ε ·∇hWε −ΔhWε − ε2 ∂ 2

3 Wε =−(
∇hQε ,ε2 ∂3Qε

)

divWε = 0

Wε (0, .) =Wε,0

where

V
h
ε (t,x)

def
= vh

ε(t,xh,ε−1x3) and Qε(t,x)
def
= ε−1qε(t,xh,ε−1x3) .

Note that thanks to Proposition 4.2, the vector field ∂ αV
h
ε is uniformly bounded in

the space L∞(R+,L2
v Ḣs

h)∩ L2(R+,L2
v Ḣs+1

h ) for each α ∈ N
3 and any s > −1 and

hence also in L∞(R+,L∞
v Ḣs

h)∩L2(R+,L∞
v Ḣs+1

h ).
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Similarly we have defined

Wε,0(x)
def
=

(wh
ε,0
ε

,w3
ε,0

)
(xh,ε−1x3),

and by construction it is bounded in Ḣs(R3) for all s ≥−1.
Proposition 4.3 is a corollary of the next statement.

Proposition 4.7. Under the assumptions of Theorem 4.3, the following results hold.

1. For all s > −1 and all α ∈ N
3, ∂ αWε is bounded in L∞(R+,

L2
v Ḣs

h) ∩ L2(R+,L2
v Ḣs+1

h ); in particular ∂ αWε is bounded in L∞(R+,L∞
v Ḣs

h)∩
L2(R+,L∞

v Ḣs+1
h ).

2. For all α ∈ N
3, ∂ αWε is bounded in L2(R+,L2), hence in particular in

L2(R+,L∞
v L2

h).

Proof. Let us start by proving the first statement of the proposition. We notice that
it is enough to prove the result for s ∈]−1,1[, and we shall argue by induction on α .

• Let us start by considering the case α = 0. An energy estimate in L2
vḢs

h on the
equation satisfied by Wε gives

1
2

d
dt
‖Wε‖2

L2
v Ḣs

h
+ ‖∇hWε‖2

L2
v Ḣs

h
+ ε2‖∂3Wε‖2

L2
v Ḣs

h

=−〈V h
ε ·∇hWε ,Wε 〉L2

v Ḣs
h
−〈∇hQε ,W h

ε 〉L2
v Ḣs

h
−〈ε2 ∂3Qε ,W 3

ε 〉L2
v Ḣs

h
.

For the nonlinear term we have, by [3, Lemma 1.1], and for each given t and x3,

∣
∣〈V h

ε ·∇hWε ,Wε〉Ḣs
h
(t,x3)

∣
∣� ‖∇hV

h
ε (t,x3)‖L2

h
‖∇hWε(t,x3)‖Ḣs

h
‖Wε(t,x3)‖Ḣs

h

≤ 1
4
‖∇hWε(t,x3)‖2

Ḣs
h
+C‖∇hV

h
ε(t,x3)‖2

L2
h
‖Wε(t,x3)‖2

Ḣs
h

so after integration over x3, we find

1
2

d
dt
‖Wε‖2

L2
v Ḣs

h
+

3
4
‖∇hWε‖2

L2
v Ḣs

h
+ ε2‖∂3Wε‖2

L2
v Ḣs

h

≤C‖∇hV
h
ε‖2

L∞
v L2

h
‖Wε‖2

L2
v Ḣs

h
−〈∇hQε ,W h

ε 〉L2
v Ḣs

h
−〈ε2 ∂3Qε ,W 3

ε 〉L2
v Ḣs

h
.

Now let us study the pressure term. As Wε is a divergence-free vector field we have

−〈∇hQε ,W
h
ε 〉L2

v Ḣs
h
−〈ε2 ∂3Qε ,W

3
ε 〉L2

v Ḣs
h
= (ε2 − 1)〈∇hQε ,W

h
ε 〉L2

v Ḣs
h
.

We claim that

∣
∣〈∇hQε(t),W

h
ε (t)〉L2

v Ḣs
h

∣
∣≤ 1

4
‖∇hWε(t)‖2

L2
v Ḣs

h
+Cε(t)‖Wε(t)‖2

L2
v Ḣs

h
(4.9)
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where Cε is uniformly bounded in L1(R+). Assuming that claim to be true, we infer
(up to changing Cε ) that

d
dt
‖Wε(t)‖2

L2
v Ḣs

h
+ ‖∇hWε(t)‖2

L2
v Ḣs

h
+ ε2‖∂3Wε(t)‖2

L2
v Ḣs

h
�Cε(t)‖Wε(t)‖2

L2
v Ḣs

h
.

Thanks to Gronwall’s lemma this gives

‖Wε(t)‖2
L2

v Ḣs
h
+

∫ t

0
‖∇hWε(t

′)‖2
L2

v Ḣs
h

dt ′ � ‖Wε,0‖2
L2

v Ḣs
h
,

and the conclusion of Proposition 4.7 (4.7), for α = 0 and −1 < s < 1, comes from
the a priori bounds on Wε,0. It remains to prove the claim (4.9). For all real num-
bers r, we have

∣
∣〈∇hQε(t),W

h
ε (t)〉L2

v Ḣs
h

∣
∣≤ ‖∇hQε(t)‖L2

v Ḣr
h
‖W h

ε (t)‖L2
v Ḣ2s−r

h
.

As Wε is a divergence-free vector field we can write

div(V h
ε ·∇hWε) =−ΔhQε − ε2 ∂ 2

3 Qε .

Then we define

Mh
ε

def
= V

h
ε ·∇hW h

ε + ∂3(W
3
ε V

h
ε ),

and using the fact that V
h
ε is divergence free, we have

div(V h
ε ·∇hWε) = divh Mh

ε .

It follows that

Qε = (−Δh − ε2 ∂ 2
3 )

−1divh Mh
ε , (4.10)

and since ∇h(−Δh − ε2 ∂ 2
3 )

−1divh is a zero-order Fourier multiplier mapping L2
vḢr

h
to itself with norm 1, we infer that for all real numbers r,

‖∇hQε‖L2
v Ḣr

h
≤ ‖Mh

ε ‖L2
v Ḣr

h
,

and therefore,

|〈∇hQε(t),W
h
ε (t)〉L2

v Ḣs
h
| ≤ ‖Mh

ε (t)‖L2
v Ḣr

h
‖W h

ε (t)‖L2
v Ḣ2s−r

h
. (4.11)

We can estimate ‖Mh
ε ‖L2

v Ḣr
h

as follows, thanks to the divergence-free condition
on Wε :

‖Mh
ε ‖L2

v Ḣr
h
≤ ‖V

h
ε ·∇hWε‖L2

v Ḣr
h
+ ‖∂3(W 3

ε V
h
ε)‖L2

v Ḣr
h

≤ ‖V
h
ε ·∇hWε‖L2

v Ḣr
h
+ ‖W3

ε ∂3V
h
ε‖L2

v Ḣr
h
+ ‖V

h
ε divhW h

ε ‖L2
v Ḣr

h
.
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Thanks to two-dimensional product laws, if −1 < r < 0, then we get

‖V
h
ε ·∇hWε‖L2

v Ḣr
h
+ ‖V

h
ε divhW h

ε ‖L2
v Ḣr

h
� ‖V

h
ε‖

L∞
v Ḣ

1
2

h

‖∇hWε‖
L2

v Ḣ
r+ 1

2
h

and

‖W 3
ε ∂3V

h
ε‖L2

v Ḣr
h
� ‖∇V

h
ε‖L∞

v L2
h
‖W3

ε ‖L2
v Ḣr+1

h
.

So if −1 < r < 0, then

‖Mh
ε ‖L2

v Ḣr
h
� ‖V

h
ε‖

L∞
v Ḣ

1
2

h

‖∇hWε‖
L2

vḢ
r+ 1

2
h

+ ‖∇V
h
ε‖L∞

v L2
h
‖W 3

ε ‖L2
v Ḣr+1

h
, (4.12)

and this leads to (4.9) for −1 < s < 1, due to the following computations.

◦ If 0 < s < 1, we choose r = s− 1 to get

‖Mh
ε ‖L2

v Ḣs−1
h

� ‖V
h
ε‖

L∞
v Ḣ

1
2

h

‖∇hWε‖
L2

v Ḣ
s− 1

2
h

+ ‖∇V
h
ε‖L∞

v L2
h
‖W3

ε ‖L2
v Ḣs

h
,

so by (4.11) with r = s− 1, we infer that

∣
∣〈∇hQε ,W

h
ε 〉L2

v Ḣs
h

∣
∣� ‖V

h
ε‖

L∞
v Ḣ

1
2

h

‖∇hWε‖
L2

v Ḣ
s− 1

2
h

‖∇hW h
ε ‖L2

v Ḣs
h

+
1
8
‖∇hW h

ε ‖2
L2

v Ḣs
h
+C‖∇V

h
ε‖2

L∞
v L2

h
‖W3

ε ‖2
L2

v Ḣs
h
.

(4.13)

We then use the interpolation inequality

‖V
h
ε‖

L∞
v Ḣ

1
2

h

‖∇hWε‖
L2

v Ḣ
s− 1

2
h

� ‖V
h
ε‖

1
2
L∞

v L2
h
‖∇hV

h
ε‖

1
2
L∞

v L2
h
‖Wε‖

1
2
L2

v Ḣs
h
‖∇hWε‖

1
2
L2

v Ḣs
h

along with the convexity inequality ab ≤ 3
4 a4/3 + 1

4 b4, to get

‖∇hWε‖L2
v Ḣs

h
‖V

h
ε‖

L∞
v Ḣ

1
2

h

‖∇hWε‖
L2

v Ḣ
s− 1

2
h

≤ 1
8
‖∇hWε‖2

L2
v Ḣs

h

+C‖V
h
ε‖2

L∞
v L2

h
‖∇V

h
ε‖2

L∞
v L2

h
‖Wε‖2

L2
v Ḣs

h
.

It remains to define

Cε(t)
def
= C‖∇V

h
ε (t)‖2

L∞
v L2

h

(
1+ ‖V

h
ε(t)‖2

L∞
v L2

h

)
(4.14)

to obtain from (4.13) that

∣
∣〈∇hQε(t),W

h
ε (t)〉L2

v Ḣs
h

∣
∣≤ 1

4
‖∇hWε(t)‖2

L2
v Ḣs

h
+Cε(t)‖Wε(t)‖2

L2
vḢs

h
.
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Notice that Cε belongs to L1(R+) thanks to the uniform bounds on V
h
ε derived

above from Proposition 4.2.
◦ If s = 0, we choose r =− 1

2 and hence by (4.11) and (4.12),

∣
∣
∣〈∇hQε ,W

h
ε 〉L2

∣
∣
∣� ‖W h

ε ‖
L2

v Ḣ
1
2

h

(‖V
h
ε‖

L∞
v Ḣ

1
2

h

‖∇hWε‖L2 + ‖∇V
h
ε‖L∞

v L2
h
‖W 3

ε ‖
L2

v Ḣ
1
2

h

)
.

By interpolation we infer that

∣
∣〈∇hQε ,W

h
ε 〉L2

∣
∣� ‖W h

ε ‖
1
2
L2 ‖∇hW h

ε ‖3/2
L2 ‖V

h
ε‖

1
2
L∞

v L2
h
‖∇V

h
ε‖

1
2
L∞

v L2
h

+‖Wε‖L2‖∇hWε‖L2‖∇V
h
ε‖L∞

v L2
h
.

The convexity inequality ab ≤ 3
4 a4/3 + 1

4 b4 implies that

‖W h
ε ‖

1
2
L2 ‖∇hW h

ε ‖3/2
L2 ‖V

h
ε‖

1
2
L∞

v L2
h
‖∇V

h
ε‖

1
2
L∞

v L2
h

≤ 1
8
‖∇hWε‖2

L2 +C‖Wh
ε ‖2

L2‖V
h
ε‖2

L∞
v L2

h
‖∇V

h
ε‖2

L∞
v L2

h

(4.15)

and

‖Wε‖L2‖∇hWε‖L2‖∇V
h
ε‖L∞

v L2
h
≤ 1

8
‖∇hWε‖2

L2 +C‖Wε‖2
L2‖∇V

h
ε‖2

L∞
v L2

h
. (4.16)

With the above choice (4.14) for Cε we obtain

∣
∣〈∇hQε(t),W

h
ε (t)〉L2

∣
∣≤ 1

4
‖∇hWε(t)‖2

L2 +Cε(t)‖Wε(t)‖2
L2 .

◦ Finally if −1 < s < 0, we proceed slightly differently. We recall that

divh Mh
ε =−ΔhQε − ε2 ∂ 2

3 Qε ,

and as Wε is divergence free, we have

Mh
ε =V

h
ε ·∇hW h

ε −V
h
ε divhW h

ε +W3
ε ∂3V

h
ε .

Defining

Mh
ε,1

def
= divh (V

h
ε ⊗Wh

ε −W h
ε ⊗V

h
ε) and Mh

ε,2
def
= Wε ·∇V

h
ε ,

we can split Mh
ε = Mh

ε,1 +Mh
ε,2 and estimate each term differently.

Since ∇h(−Δh − ε2∂ 2
3 )divh is a zero-order Fourier multiplier mapping L2

vḢs
h to

itself with norm 1,
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∣
∣〈∇hQε ,W

h
ε 〉L2

v Ḣs
h

∣
∣≤ ‖Mh

ε,1‖L2
v Ḣs−1

h
‖Wh

ε ‖L2
v Ḣs+1

h
+ ‖Mh

ε,2‖L2
v Ḣs

h
‖W h

ε ‖L2
v Ḣs

h
.

Using two-dimensional product laws we obtain

‖Mh
ε,1‖L2

v Ḣs−1
h

� ‖V
h
ε Wε‖L2

v Ḣs
h
� ‖V

h
ε‖

L∞
v Ḣ

1
2

h

‖Wε‖
L2

v Ḣ
s+ 1

2
h

and

‖Mh
ε,2‖L2

v Ḣs
h
� ‖Wε ·∇V

h
ε‖L2

v Ḣs
h
� ‖∇V

h
ε‖L∞

v L2‖Wε‖L2
v Ḣs+1

h
.

Therefore, we get

|〈∇hQε ,W
h
ε 〉L2

v Ḣs
h
| ≤ ‖V

h
ε‖

L∞
v Ḣ

1
2

h

‖Wε‖
L2

v Ḣ
s+ 1

2
h

‖∇hW h
ε ‖L2

v Ḣs
h

+‖∇V
h
ε‖L∞

v L2‖∇hWε‖L2
v Ḣs

h
‖Wh

ε ‖L2
v Ḣs

h
.

(4.17)

Then we use the interpolation inequality

‖Wε‖
L2

v Ḣ
s+ 1

2
h

‖∇hW h
ε ‖L2

v Ḣs
h
� ‖Wε‖

1
2
L2

v Ḣs
h
‖∇hW h

ε ‖3/2
L2

v Ḣs
h

along with the convexity inequalities ab ≤ 3
4 a4/3+ 1

4 b4 and ab≤ 1
2 a2+ 1

2 b2, to infer
that again with the choice (4.14) for Cε ,

∣
∣〈∇hQε(t),W

h
ε (t)〉L2

v Ḣs
h

∣
∣≤ 1

4
‖∇hWε(t)‖2

L2
v Ḣs

h
+Cε(t)‖Wε(t)‖2

L2
v Ḣs

h
.

The first result of the proposition is therefore proved in the case when α = 0
and −1 < s < 1.

• To go further in the induction process, let k ∈ N be given and suppose the result
proved for all α ∈N

3 such that |α| ≤ k, still for −1< s< 1. Now consider α ∈N
3

such that |α|= k+ 1. The vector field ∂ αWε solves

∂t∂ αWε + ∂ α(V
h
ε ·∇hWε)−Δh∂ αWε − ε2∂ 2

3 ∂ αWε =−(∇h∂ α Qε ,ε2∂3∂ α Qε ) .

An energy estimate in L2
vḢs

h gives

1
2

d
dt
‖∂ αWε‖2

L2
v Ḣs

h
+ 〈∂ α(V

h
ε ·∇hWε),∂ αWε〉L2

v Ḣs
h
+ ‖∇h∂ αWε‖2

L2
v Ḣs

h

=−〈∇h∂ α Qε ,∂ αW h
ε 〉L2

v Ḣs
h
− ε2〈∂3∂ α Qε ,∂ αW 3

ε 〉L2
v Ḣs

h
.

We split 〈∂ α (V
h
ε ·∇hWε),∂ αWε〉L2

v Ḣs
h

into two contributions:

〈V h
ε ·∇h∂ αWε ,∂ αWε〉L2

v Ḣs
h
+ ∑

0<β≤α
Cβ 〈∂ βV

h
ε ·∇h∂ α−βWε ,∂ αWε〉L2

v Ḣs
h
. (4.18)
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The first term in (4.18) satisfies, as in [3, Lemma 1.1]

|〈V h
ε ·∇h∂ αWε ,∂ αWε〉Ḣs

h
|� ‖∇hV

h
ε‖L2

h
‖∇h∂ αWε‖Ḣs

h
‖∂ αWε‖Ḣs

h

≤ 1
4
‖∇h∂ αWε‖2

Ḣs
h
+C‖∇hV

h
ε‖2

L2
h
‖∂ αWε‖2

Ḣs
h

so

|〈V h
ε ·∇h∂ αWε ,∂ αWε〉L2

v Ḣs
h
| ≤ 1

4
‖∇h∂ αWε‖2

L2
v Ḣs

h
+C‖∇hV

h
ε‖2

L∞
v L2

h
‖∂ αWε‖2

L2
vḢs

h
.

For the remaining terms in (4.18), as V
h
ε is a horizontal, divergence-free vector field,

two-dimensional product laws give

|〈∂ βV
h
ε ·∇h∂ α−βWε ,∂ αWε〉Ḣs

h
|= ∣

∣〈divh
(
∂ βV

h
ε ⊗ ∂ α−βWε

)
,∂ αWε〉Ḣs

h

∣
∣

� ‖∂ βV
h
ε ⊗ ∂ α−βWε‖Ḣs

h
‖∇h∂ αWε‖Ḣs

h

� ‖∂ βV
h
ε‖

Ḣ
s+1

2
h

‖∂ α−βWε‖
Ḣ

s+1
2

h

‖∇h∂ αWε‖Ḣs
h

so

|〈∂ βV
h
ε ·∇h∂ α−βWε ,∂ αWε〉L2

v Ḣs
h
|

≤ 1
4
‖∇h∂ αWε‖2

L2
v Ḣs

h
+C‖∂ βV

h
ε‖2

L∞
v Ḣ

s+1
2

h

‖∂ α−βWε‖2

L2
v Ḣ

s+1
2

h

.

Then we get

1
2

d
dt
‖∂ αWε‖2

L2
v Ḣs

h
+

1
2
‖∇h∂ αWε‖2

L2
v Ḣs

h
+ ε2‖∂3∂ αWε‖2

L2
v Ḣs

h

� ‖∇hV
h
ε‖2

L∞
v L2

h
‖∂ αWε‖2

L2
v Ḣs

h
+
∣
∣〈∇h∂ αQε ,∂ αW h

ε 〉L2
v Ḣs

h
−ε2〈∂3∂ α Qε ,∂ αW 3

ε 〉L2
v Ḣs

h

∣
∣

+C ∑
0<β≤α

‖∂ βV
h
ε‖2

L∞
v Ḣ

s+1
2

h

‖∂ α−βWε‖2

L2
v Ḣ

s+1
2

h

.

Now let us estimate the pressure term. We recall that

−〈∇h∂ α Qε ,∂ αW h
ε 〉L2

v Ḣs
h
−〈ε2 ∂3∂ α Qε ,∂ αW 3

ε 〉L2
v Ḣs

h
=(ε2−1)〈∇h∂ α Qε ,∂ αW h

ε 〉L2
v Ḣs

h

and we claim that

∣
∣〈∇h∂ α Qε ,∂ αW h

ε 〉L2
v Ḣs

h
(t)

∣
∣≤ 1

4
‖∇h∂ αWε (t)‖2

L2
v Ḣs

h
+C1,ε (t)+C2,ε (t)‖∂ αWε (t)‖2

L2
v Ḣs

h

(4.19)
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with C1,ε and C2,ε uniformly bounded in L1(R
+). By the induction assumption

(noticing that (s+ 1)/2+α− 1 < α), we deduce that

∑
0<β≤α

‖∂ βV
h
ε‖2

L∞
v Ḣ

s+1
2

h

‖∂ α−βWε‖2

L2
v Ḣ

s+1
2

h

is uniformly bounded in L1(R+) so up to changing C1,ε and C2,ε we get

d
dt
‖∂ αWε(t)‖2

L2
v Ḣs

h
+ ‖∇h∂ αWε(t)‖2

L2
v Ḣs

h
≤C1,ε(t)+C2,ε(t)‖∂ αWε(t)‖2

L2
v Ḣs

h
.

Using Gronwall’s lemma in turn this implies that

‖∂ αWε(t)‖2
L2

v Ḣs
h
+

∫ t

0
‖∇h∂ αWε(t

′)‖2
L2

v Ḣs
h
dt ′ � ‖∂ αWε,0‖2

L2
v Ḣs

h
,

and the bounds on Wε,0 conclude the proof if −1< s< 1. It remains to prove the esti-
mate (4.19) on the pressure term. We shall adapt the computations of the case α = 0.
We define

Nε,α ,β
def
= ∂ βV

h
ε ·∇h∂ α−βW h

ε + ∂3(∂ α−βW 3
ε ∂ βV

h
ε),

and recalling (4.10) we get, since ∇h(−Δh − ε2∂ 2
3 )

−1divh is a Fourier multiplier of
order 0 mapping L2

v Ḣr
h to itself with norm 1,

〈∇h∂ α Qε ,∂ αW h
ε 〉L2

v Ḣs
h
� ∑

0≤β≤α
‖Nε,α ,β‖L2

v Ḣ
rβ
h
‖∂ αW h

ε (t, ·)‖
L2

v Ḣ
2s−rβ
h

where rβ is any real number. Then we define

(∗)α ,β := ‖Nε,α ,β‖L2
v Ḣ

rβ
h
‖∂ αW h

ε (t, ·)‖
L2

v Ḣ
2s−rβ
h

.

The term (∗)α ,0 can be treated as was done for α = 0, changing W h
ε into ∂ αW h

ε . So
we have, as in the proof of (4.9),

|(∗)α ,0| ≤ 1
8
‖∇h∂ αWε‖2

L2
v Ḣs

h
+C‖∂ αWε‖2

L2
v Ḣs

h
‖∇h∂ αV

h
ε‖2

L∞
v L2

h

(
1+ ‖∂ αV

h
ε‖2

L∞
v L2

h

)
.

(4.20)

For the others terms we have the following estimates.

◦ If 0 < s < 1, we choose rβ = s− 1 like in the case α = 0, and as in (4.13) we
obtain

∑
0<β≤α

∣
∣(∗)α ,β

∣
∣≤ 1

8
‖∇h∂ αWε‖2

L2
vḢs

h
+C ∑

0<β≤α
‖∂ βV

h
ε‖2

L∞
v Ḣ

1
2

h

‖∇h∂ α−βWε‖2

L2
v Ḣ

s− 1
2

h

+C ∑
0<β≤α

‖∇∂ βV
h
ε‖2

L∞
v L2

h
‖∂ α−βW 3

ε ‖2
L2

vḢs
h
.
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Then we define, recalling (4.20),

C1,ε
def
= C ∑

0<β≤α
‖∂ βV

h
ε‖2

L∞
v Ḣ

1
2

h

‖∇h∂ α−βWε‖2

L2
v Ḣ

s− 1
2

h

+C ∑
0<β≤α

‖∇∂ βV
h
ε‖2

L∞
v L2

h
‖∂ α−βW 3

ε ‖2
L2

v Ḣs
h

and
C2,ε

def
= C‖∇h∂ αV

h
ε‖2

L∞
v L2

h

(
1+ ‖∂ αV

h
ε‖2

L∞
v L2

h

)

to get

∑
0≤β≤α

∣
∣(∗)α ,β

∣
∣≤ 1

4
‖∇h∂ αWε‖2

L2
v Ḣs

h
+C1,ε +C2,ε‖∂ αWε‖2

L2
v Ḣs

h
.

Note that the families (C1,ε)ε>0 and (C2,ε)ε>0 are bounded in L1(R+) thanks to
the induction assumption and Proposition 4.2.

◦ If s = 0 then following the steps leading to (4.15), (4.16) we choose rβ = −1/2
and write
∣
∣(∗)α ,β

∣
∣ � ‖∂ αW h

ε ‖
L2

v Ḣ
1
2

h

(‖∂ βV
h
ε‖

L∞
v Ḣ

1
2

h

‖∇h∂ α−βWε‖L2

+ ‖∇∂ βV
h
ε‖L∞

v L2
h
‖∂ α−βW 3

ε ‖
L2

v Ḣ
1
2

h

)

so, by interpolation, we get

∣
∣(∗)α ,β

∣
∣� ‖∂ αW h

ε ‖
1
2
L2 ‖∂ α ∇hW h

ε ‖
1
2
L2 ‖∂ βV
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ε‖
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1
2

h
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1
2
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1
2
L2 ‖∇∂ βV

h
ε‖L∞

v L2
h
‖∂ α−βW 3

ε ‖
L2

v Ḣ
1
2

h

.

When β > 0, the convexity inequality abc ≤ 1
4 a4 + 1

4 b4 + 1
2 c2 leads to

∑
0<β≤α

∣
∣(∗)α ,β

∣
∣≤ 1

8
‖∇h∂ αWε‖2

L2

+C ∑
0<β≤α

‖∂ αW h
ε ‖2

L2

(‖∂ βV
h
ε‖4

L∞
v Ḣ

1
2

h

+ ‖∇∂ βV
h
ε‖4

L∞
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h

)

+C ∑
0<β≤α

(‖∇h∂ α−βWε‖2
L2 + ‖∇h∂ α−βW 3

ε ‖2

L2
v Ḣ

− 1
2

h

)
.

We define

C1,ε
def
= C ∑

0<β≤α

(‖∇h∂ α−βWε‖2
L2 + ‖∇h∂ α−βW 3

ε ‖2

L2
v Ḣ

− 1
2

h

)
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and

C2,ε
def
= C‖∇h∂ αV

h
ε‖2

L∞
v L2

h

(
1+ ‖∂ αV

h
ε‖2

L∞
v L2

h

)

+C ∑
0<β≤α

(‖∂ βV
h
ε‖4

L∞
v Ḣ

1
2

h

+ ‖∇∂ βV
h
ε‖4

L∞
v L2

h

)

to get when s = 0 and recalling (4.20),

∑
0<β≤α

∣
∣(∗)α ,β

∣
∣≤ 1

4
‖∇h∂ αWε‖2

L2 +C1,ε +C2,ε‖∂ αWε‖2
L2 .

Again note that the families (C1,ε)ε>0 and (C2,ε)ε>0 are bounded in L1(R+)
thanks to the induction assumption and Proposition 4.2.

◦ If −1 < s < 0 then following the computations leading to (4.17), we write

∣
∣(∗)α ,β
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h
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h
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h
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v Ḣs

h
‖∂ αW h

ε ‖L2
v Ḣs

h

so

∑
0<β≤α

∣
∣(∗)α ,β

∣
∣≤ 1

4
‖∇h∂ αWε‖2

L2
v Ḣs

h
+ ∑

β<α
‖∂ βV

h
ε‖2

L∞
v Ḣ

1
2

h

‖∂ α−βWε‖2

L2
v Ḣ

s+ 1
2

h

+ ∑
β<α

‖∇∂ βV
h
ε‖L∞

v L2‖∇∂ α−βWε‖L2
v Ḣs

h
‖∂ αW h

ε ‖L2
v Ḣs

h
.

In this case, we define

C1,ε
def
= C ∑

0<β≤α
‖∂ βV

h
ε‖2

L∞
v Ḣ

1
2

h

‖∂ α−βWε‖2

L2
v Ḣ

s+ 1
2

h

and

C2,ε
def
= C‖∇h∂ αV

h
ε‖2

L∞
v L2

h

(
1+ ‖∂ αV

h
ε‖2

L∞
v L2

h

)

+C ∑
0<β≤α

‖∇∂ βV
h
ε‖L∞

v L2‖∇∂ α−βWε‖L2
v Ḣs

h

which as before are bounded in L1(R+), and we obtain, recalling (4.20),

∑
0≤β≤α

(∗)α ,β ≤ 1
4
‖∇h∂ αWε‖2

L2
v Ḣs

h
+C1,ε +C2,ε‖∂ αWε‖2

L2
v Ḣs

h
.

The first part of the proposition is proved.
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Now let us turn to the second part. As noted above, for all α ∈N
3, ∂ αWε satisfies

∂t∂ αWε + ∂ α(V
h
ε ·∇hWε )−Δh∂ αWε − ε2 ∂ 2

3 ∂ αWε =−∂ α(∇hQε ,ε2 ∂3Qε) .

Defining

gε
def
= V

h
ε ·∇hWε +(∇hQε ,ε2 ∂3Qε) ,

an energy estimate in L2
vḢ−1

h gives

1
2
‖∂ αWε(t)‖2

L2
v Ḣ−1

h
+

∫ t

0
‖∂ αWε(t

′)‖2
L2dt ′ ≤ 1

2
‖∂ αWε,0‖2

L2
v Ḣ−1

h

+

∫ t

0

∣
∣〈∂ α gε ,∂ αWε〉L2

v Ḣ−1
h

(t ′)
∣
∣dt ′ . (4.21)

We define Kε(t)
def
= sup

0≤t′≤t
‖∂ αWε(t

′)‖Ḣ−1
h

, so that

1
2

K2
ε (t)≤

1
2
‖∂ αWε,0‖2

L2
v Ḣ−1

h
+Kε(t)

∫ t

0
‖∂ α gε(t

′)‖L2
v Ḣ−1

h
dt ′ .

This implies that

1
4

K2
ε (t)≤

1
2
‖∂ αWε,0‖2

L2
v Ḣ−1

h
+ ‖∂ αgε‖2

L1(R+,L2
v Ḣ−1

h )
. (4.22)

But according to (4.21) we know that
∫ t

0
‖∂ αWε(t

′)‖2
L2 dt ′ ≤ 1

2
‖∂ αWε,0‖2

L2
v Ḣ−1

h
+Kε(t)

∫ t

0
‖∂ α gε(t

′)‖L2
v Ḣ−1

h
dt ′ ,

so with (4.22) we infer that
∫ t

0
‖∂ αWε(t

′)‖2
L2dt ′ � ‖∂ αWε,0‖2

L2
v Ḣ−1

h
+ ‖∂ αgε‖2

L1(R+,L2
v Ḣ−1

h )
.

It remains to estimate ‖∂ α gε‖L1(R+,L2
v Ḣ−1

h ). As V
h
ε is a divergence-free vector field,

we have

‖∂ α(V
h
ε ·∇hWε)‖L1(R+,L2

v Ḣ−1
h ) ≤ ‖∂ α(V

h
ε ⊗Wε )‖L1(R+,L2)

� ∑
0≤β≤α

‖∂ βV
h
ε‖L2(R+;L2

v Ḣ1/2
h )

‖∂ α−βWε‖L2(R+;L∞
v Ḣ1/2

h )

(4.23)

which gives the expected bound due to Proposition 4.7 (4.7) proved above. On the
other hand, we recall that as computed in (4.10),

ΔhQε − ε2 ∂ 2
3 Qε = divh

(
V

h
ε ·∇hW h

ε + ∂3(W
3
ε V

h
ε)
)
.
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So since (Δh − ε2 ∂ 2
3 )

−1∇hdivh and (Δh − ε2 ∂ 2
3 )

−1ε∂3divh are zero-order Fourier
multipliers, the same estimates give the expected a priori bound on (∇hQε ,ε2 ∂3Qε),
and the result follows.
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Chapter 5
Schrödinger Equations in Modulation Spaces

Elena Cordero, Fabio Nicola, and Luigi Rodino

Abstract We consider the linear propagator for Schrödinger equations with variable
coefficients in R

d . We show that it is bounded on some spaces arising in time–
frequency analysis, known as modulation spaces. This generalizes recent results
where the case of constant coefficients was considered.

Key words: Fourier integral operators, Modulation spaces, Schrödinger equations,
Short-time Fourier transform
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5.1 Introduction

Modulation spaces, denoted by M p,q, 1 ≤ p,q ≤ ∞, were introduced by Feichtinger
in 1983 and nowadays used in many fields of analysis [20–22, 27, 44]. For heuristic
purposes, functions in M p,q may be regarded as functions which are locally in FLq,
i.e., Fourier transforms of functions in Lq, and decay at infinity-like functions in Lp.
One writes M p for M p,p, 1 ≤ p ≤ ∞, and we have M 2 = L2. We address to the
next Sect. 5.1 for definitions, given in terms of the short-time Fourier transform, and
related properties. For a comprehensive presentation, see [20, 27].
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Modulation spaces turned out to be the appropriate function spaces for many
problems in time–frequency analysis, with relevant applications to the theory of
signals and related issues in numerical analysis. Besides the above-mentioned con-
tributions, see, for example, [9, 13, 17, 23–26].

More recently, modulation spaces have been used in different problems for partial
differential equations, cf. [2–4, 10–12, 16, 45, 46], and pseudodifferential operators
[28, 29, 34, 35, 37, 40–42]. Our attention will be here limited to linear equations
of Schrödinger type, with emphases on boundedness properties of the propagators.
Consider as a basic example the free particle Cauchy problem{

i∂t u+Δu = 0

u(0,x) = u0(x),
(5.1)

with x ∈R
d , d ≥ 1. The solution u(t,x) is given by the propagator

u(t,x) = eitΔ u0(x)

=

∫
Rd

e2π i(xη−2πt|η|2)û0(η)dη , (5.2)

where we normalize the Fourier transform as û0(η) =
∫
Rd e−2π ixηu0(x)dx. From

[3, Theorem 1] we have for every fixed t ∈ R

eitΔ : M p,q → M p,q, 1 ≤ p,q ≤ ∞. (5.3)

So, in modulation spaces there is no loss of regularity of u(t,x), t �= 0, with respect
to the initial datum u0(x), whereas in the Lebesgue spaces Lp, p �= 2, the initial
regularity is lost because of the strong oscillations of the Fourier multiplier e4π2it|η|2 .

Beside other possible applications, the continuity of the map (5.3) provides a
good frame to numerical computation of the solutions; cf. [16].

In this paper we shall give a version of (5.3) for more general Schrödinger equa-
tions. Consider the Cauchy problem{

i∂t u+Au = 0

u(0,x) = u0(x),
(5.4)

where A = a(x,D) is a second-order pseudodifferential operator, acting on the vari-
ables x ∈R

d . In the Kohn-Nirenberg quantization,

a(x,D) f (x) =
∫
Rd

e2π ixξ a(x,ξ ) f̂ (ξ )dξ . (5.5)

We assume that a(x,D) is self-adjoint, with poly-homogeneous symbol a(x,ξ ) be-
longing to the classes of Shubin [39] and Helffer [32]. Namely we have

a(x,ξ )∼
∞

∑
j=0

a2−2 j(x,ξ ), (5.6)
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where a2−2 j ∈ C ∞(R2d \ {0}) is (positively) homogeneous of order 2− 2 j with
respect to (x,ξ ), i.e. a2−2 j(λ x,λ ξ ) = λ 2−2 ja2−2 j(x,ξ ), for λ > 0. The principal
symbol a2(x,ξ ) is real-valued since A is self-adjoint. The problem (5.4) is forward
and backward well posed. In fact, the corresponding evolution operator eitA, acting
from S (Rd) into S (Rd), extends to L2-isometries [32].

Theorem 5.1. Under the preceding assumptions, for every fixed t ∈R, the operator
eitA extends to a continuous map

eitA : M p → M p, 1 ≤ p ≤ ∞. (5.7)

For p�= q, boundedness in M p,q fails in general, as will be seen below. The proof of
Theorem 5.1 and related properties will be given in what follows by combining two
kinds of results. In fact, on the one hand, we may represent eitA, t ∈]−T,T [, T > 0
sufficiently small, as a Fourier integral operator (FIO), see, for example, [32, 33]:

(eitAu0)(t,x) = (Ftu0)(t,x)

=

∫
Rd

e2π iΦ(t,x,η)σ(t,x,η)û0(η)dη +(Rtu0)(t,x), (5.8)

where σ is in the same class of symbols as a of order 0, depending smoothly on t and
Φ ∈ C ∞(]−T,T [×(R2d \{0})) is real-valued, smooth for (x,η)�= (0,0), satisfying
Φ(t,λ x,λ η) = λ 2Φ(t,x,η) for λ > 0, |det∂ 2

x,η Φ(x,η)| > 0. The operator Rt in
(5.8) is regularizing, i.e., Rt : S ′(Rd)→S (Rd). For the sake of clarity and for later
reference in this paper, we shall outline the standard construction of Ft in Sect. 5.3.

On the other hand, previous results of the authors [11, 15] show that the FIOs in
the right-hand side of (5.8), for fixed t, map continuously Mp to Mp, 1 ≤ p ≤ ∞.
This will be recalled in Sect. 5.4, where we shall also review some more general
continuity properties of FIOs. A combination of the results of Sects. 5.3 and 5.4
gives therefore Theorem 5.1.

In Sect. 5.5, a further analysis of the eikonal equation of Sect. 5.3, relating a(x,ξ )
and Φ(t,x,η), will allow to give sufficient condition on a(x,ξ ), granting continuity
of eitA on M p,q, p �= q, and on Wiener amalgam spaces. In particular, we shall
recapture (5.3).

To end this introduction, we would like to outline the study of a more general
situation, namely, the case when the symbol a(x,ξ ) satisfies the S0

0,0-type estimates

|∂ α
x ∂ β

ξ a(x,ξ )| ≤ cα ,β , for |α|+ |β | ≥ 2. (5.9)

If we assume that A = a(x,D) is self-adjoint, the operator eitA is still defined as an
L2-isometry, for any t ∈ R. The classical procedure in Sect. 5.3 cannot be applied
in this general case, because there is no symbolic calculus for S0

0,0-type operators.

However, alternative representations of eitA have been given by Tataru [43] and Bony
[5, 6]; see also Asada–Fujiwara [1]. In particular, a combination of the Bargman
representation of Tataru [43] and a result in the recent paper [14] allows us to write
eitA, t ∈]−T,T [ in the FIO form (5.8) for suitable Φ and σ of S0

0,0-type. Our results
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of Sect. 5.4 apply to this situation as well, and we may conclude that Theorem 5.1
remains valid for such general A = a(x,D). Details of the proof will be given in a
subsequent paper.

Notation. We write t2 = t · t, for t ∈ R
d and xy = x · y for the scalar product on R

d .

The Schwartz class is denoted by S (Rd) and the space of tempered distributions
by S ′(Rd). We use the brackets 〈 f ,g〉 to denote the extension to S (Rd)×S ′(Rd)
of the inner product 〈 f ,g〉 = ∫

f (t)g(t)dt on L2(Rd). The Fourier transform is nor-
malized to be f̂ (η) = F f (η) =

∫
f (t)e−2π itη dt.

Throughout this paper, we shall use the notation A � B to indicate A ≤ cB for a
suitable constant c > 0, whereas A � B if A ≤ cB and B ≤ kA for suitable c,k > 0.

5.2 Modulation Spaces and Time–Frequency Analysis

At the basis of the time–frequency analysis there are the linear operators of transla-
tion and modulation (so-called time–frequency shifts) given by

Tx f (t) = f (t − x) and Mη f (t) = e2π iηt f (t) . (5.10)

These occur in the following time–frequency representation: Let g be a nonzero win-
dow function in the Schwartz class S (Rd); then the short-time Fourier transform
(STFT) of a signal f ∈ L2(Rd) with respect to the window g is given by

Vg f (x,η) = 〈 f ,Mη Txg〉=
∫
Rd

f (t)g(t − x)e−2π iηt dt . (5.11)

We have Vg f ∈ L2(R2d). This definition can be extended to every pair of dual topo-
logical vector spaces, whose duality, denoted by 〈·, ·〉, extends the inner product on
L2(Rd). For instance, it may be adapted to the framework of tempered distributions.

We briefly explain the meaning of the “time–frequency” representation. If f (t)
represents a signal varying in time, its Fourier transform f̂ (η) shows the distribu-
tion of its frequency η , but its magnitude | f̂ (η)| alone does not give information
about “when” these frequencies appear. To overcome this problem, one may choose
a nonnegative window function g well localized around the origin. Then, the infor-
mation of the signal f at the instant x can be obtained by shifting the window g till
the instant x under consideration is reached and by computing the Fourier transform
of the product f (x)g(t − x) that localizes f around the instant time x.

The STFT Vg f is defined on many pairs of Banach spaces. For instance, it maps
L2(Rd)×L2(Rd) into L2(R2d) and S (Rd)×S (Rd) into S (R2d). Furthermore, it
can be extended to a map from S ′(Rd)×S (Rd) into S ′(R2d).

Once the analysis of the signal f is terminated, we can reconstruct the original
signal f by a suitable inversion procedure. Namely, the reproducing formula related
to the STFT, for every pairs of windows ϕ1,ϕ2 ∈S (Rd) with 〈ϕ1,ϕ2〉�= 0, becomes



5 Schrödinger Equations in Modulation Spaces 85∫
R2d

Vϕ1 f (x,ω)Mω Txϕ2 dxdω = 〈ϕ2,ϕ1〉 f . (5.12)

In this paper we shall mainly concerned with the discretized version of (5.11),
namely, the so-called Gabor frames. For α,β > 0, g ∈ L2(Rd), the set of time–
frequency shifts G (g,α,β ) = {gm,n := MnTmg}, with (m,n) ∈ αZ

d ×βZd , is a Ga-
bor frame if there exist positive constants A,B > 0, such that

A‖ f‖L2 ≤ ∑
m,n

|〈 f ,TmMng〉|2 ≤ B‖ f‖L2 , ∀ f ∈ L2(Rd). (5.13)

As a counterpart of (5.12), if condition (5.13) is satisfied, we may reconstruct the
original signal from the Gabor coefficients 〈 f ,gm,n〉 in terms of the so-called dual
window γ , using a discrete analog of (5.12).

5.2.1 Modulation Spaces

Modulation spaces were introduced by Feichtinger in [20] (for their basic properties
we also refer to [27, Chap. 11–13] and the original literature quoted there), and their
norms are a measure of the joint time–frequency distribution of f ∈ S ′.

For the quantitative description of decay properties, we use weight functions on
the time–frequency plane. In the sequel v will always be a continuous, strictly posi-
tive, even, submultiplicative weight function (in short, a submultiplicative weight);
hence, v(0) = 1 up to a multiplicative factor, v(z) = v(−z), and v(z1 + z2) ≤
v(z1)v(z2) for all z,z1,z2 ∈ R

2d . A positive weight function μ on R
2d belongs to

Mv, that is, is v-moderate if μ(z1 + z2)≤Cv(z1)μ(z2) for all z1,z2 ∈ R
2d .

For our investigation of FIOs we assume v ∈ S ′(R2d), and we shall mostly use
the polynomial weights defined by

vs(z) = vs(x,η) = 〈z〉s = (1+ |x|2 + |η |2)s/2, z = (x,η) ∈R
2d .

Given a nonzero window g ∈S (Rd), μ ∈Mv, and 0 < p,q ≤ ∞, the modulation
space Mp,q

μ (Rd) consists of all tempered distributions f ∈ S ′(Rd) such that Vg f ∈
Lp,q

μ (R2d) (weighted mixed-norm spaces). The norm on Mp,q
μ is

‖ f‖Mp,q
μ

= ‖Vg f‖Lp,q
μ

=

(∫
Rd

(∫
Rd

|Vg f (x,η)|pμ(x,η)p dx

)q/p

dη

)1/p

(5.14)

(with obvious changes when p=∞ or q=∞). If p= q, we write Mp
μ instead of Mp,p

μ ,
and if μ(z)≡ 1 on R

2d , then we write Mp,q and Mp for Mp,q
μ and Mp,p

μ , respectively.
Then Mp,q

μ (Rd) is a Banach space for 1 ≤ p,q ≤ ∞ whose definition is always
independent of the choice of the window g. Moreover, if μ ∈Mv, 1 ≤ p,q ≤ ∞, and
g ∈ M1

v \ {0}, then ‖Vg f‖Lp,q
μ

is an equivalent norm for Mp,q
μ (Rd) (see [27, Theo-

rem 11.3.7]):
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‖ f‖Mp,q
m

� ‖Vg f‖Lp,q
μ
.

The class of modulation spaces contains the following well-known function
spaces:
Weighted L2-spaces: M2

〈x〉s(Rd) = L2
s (R

d) = { f : f (x)〈x〉s ∈ L2(Rd)}, s ∈R

Sobolev spaces: M2
〈η〉s(Rd) = Hs(Rd) = { f : f̂ (η)〈η〉s ∈ L2(Rd)}, s ∈ R

Shubin–Sobolev spaces [7, 39]: M2
vs(x,η)(R

d) = L2
s (R

d)∩Hs(Rd) = Qs(R
d), s ≥ 0

Feichtinger’s algebra: M1(Rd) = S0(R
d)

The Schwartz class and the space of tempered distributions are characterized as
S (Rd) =

⋂
s≥0 M1

vs
(Rd) and S ′(Rd) =

⋃
s≥0 M∞

v−s
(Rd), respectively.

In the sequel we shall mainly work with the spaces denoted by M p,q
μ (Rd) that

are the closure of the Schwartz space S (Rd) with respect to the norm of Mp,q
μ (Rd).

Hence M p,q
μ (Rd) = Mp,q

μ (Rd) if p,q < ∞. Moreover we set M p
μ (R

d) = M p,p
μ (Rd).

Among the properties of modulation spaces, we list the following results:

Lemma 5.1. We have

(i) Mp1,q1 ↪→ Mp2,q2 , if p1 ≤ p2 and q1 ≤ q2.
(ii) If 1 ≤ p,q < ∞, then (Mp,q)′ = Mp′,q′ , where p′, q′ are dual exponents to p, q,

respectively.
(iii) For 1 ≤ p,q, pi,qi ≤ ∞, i = 1,2, with q1 < ∞ or q2 < ∞, and

1
p
=

1−θ
p1

+
θ
p2

,
1
q
=

1−θ
q1

+
θ
q2

,

we have

[Mp1,q1 ,Mp2,q2 ]θ = Mp,q,

where [·, ·]θ denotes the complex interpolation space.The same holds if every
modulation space is replaced by the closure of the Schwartz space into itself.

(iv) If 1 ≤ pi,qi ≤ ∞, i = 1,2,3, with

1
p1

+
1
p2

= 1+
1
p3

,
1
q1

+
1
q2

=
1
q3

then

Mp1,q1 ∗Mp2,q2 ↪→ Mp3,q3 .

Wiener Amalgam Spaces. We briefly recall the definition and the main properties
of Wiener amalgam spaces. We refer to [18, 19, 31] for details.

Let g ∈ C ∞
0 be a test function that satisfies ‖g‖L2 = 1. We will refer to g as a

window function. Let B one of the following Banach spaces: Lp,FLp, Lp,q, LpLq,
1 ≤ p,q ≤ ∞. Let C be one of the following Banach spaces: Lp, Lp,q, LpLq, 1 ≤
p,q ≤ ∞. For any given tempered distribution f which is locally in B (i.e., g f ∈ B,
∀g ∈ C ∞

0 ), we set fB(x) = ‖ f Txg‖B.
The Wiener amalgam space W (B,C) with local component B and global compo-

nent C is defined as the space of all tempered distributions f locally in B such that
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fB ∈ C. Endowed with the norm ‖ f‖W (B,C) = ‖ fB‖C, W (B,C) is a Banach space.
Moreover, different choices of g ∈ C ∞

0 generate the same space and yield equivalent
norms.

If B = FL1 (the Fourier algebra), the space of admissible windows for the
Wiener amalgam spaces W (FL1,C) can be enlarged to the so-called Feichtinger
algebra W (FL1,L1). Recall that the Schwartz class S is dense in W (FL1,L1).

The main properties of Wiener amalgam spaces are the following:

Lemma 5.2. Let Bi, Ci, i = 1,2,3 be Banach spaces such that W (Bi,Ci) are well
defined. Then,

(1) Convolution: If B1 ∗B2 ↪→ B3 and C1 ∗C2 ↪→C3, we have

W (B1,C1)∗W(B2,C2) ↪→W (B3,C3). (5.15)

(2) Inclusions: If B1 ↪→ B2 and C1 ↪→C2,

W (B1,C1) ↪→W (B2,C2).

Moreover, the inclusion of B1 into B2 need only hold "locally" and the inclusion
of C1 into C2 “globally.” In particular, for 1 ≤ pi,qi ≤ ∞, i = 1,2, we have

p1 ≥ p2 and q1 ≤ q2 =⇒W (Lp1 ,Lq1) ↪→W (Lp2 ,Lq2). (5.16)

(3) Complex interpolation: For 0 < θ < 1, we have

[W (B1,C1),W (B2,C2)][θ ] =W
(
[B1,B2][θ ], [C1,C2][θ ]

)
,

if C1 or C2 has absolutely continuous norm. The same holds if every Wiener
amalgam space is replaced by the closure of the Schwartz space into itself.

(4) Duality: If B′,C′ are the topological dual spaces of the Banach spaces B,C,
respectively, and the space of test functions C ∞

0 is dense in both B and C, then

W (B,C)′ =W (B′,C′). (5.17)

(5) Pointwise products: If B1 ·B2 ↪→ B3 and C1 ·C2 ↪→C3, we have

W (B1,C1) ·W (B2,C2) ↪→W (B3,C3). (5.18)

Modulation spaces and Wiener amalgam spaces are closely related: for p = q,
we have

‖ f‖W (FLp,Lp) =

(∫
Rd

∫
Rd

|Vg f (x,η)|p dxdη
)1/p

� ‖ f‖Mp . (5.19)

More generally, from comparing the definitions of Mp,q and W (FLp,Lq), it is ob-
vious that Mp,q = FW (FLp,Lq).
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5.2.2 Gabor Frames [23]

Fix a function g∈ L2(Rd) and a lattice Λ =αZ
d ×βZd for α,β > 0. For (m,n)∈Λ ,

define gm,n := MnTmg. The set of time–frequency shifts G (g,α,β ) = {gm,n,(m,n) ∈
Λ} is called Gabor system. Associated to G (g,α,β ), we define the coefficient op-
erator Cg, which maps functions to sequences as follows:

(Cg f )m,n = (Cα ,β
g f )m,n := 〈 f ,gm,n〉, (m,n) ∈ Λ , (5.20)

the synthesis operator

Dgc = Dα ,β
g c = ∑

(m,n)∈Λ
cm,nTmMng, c = {cm,n}(m,n)∈Λ

and the Gabor frame operator

Sg f = Sα ,β
g f := DgSg f = ∑

(m,n)∈Λ
〈 f ,gm,n〉gm,n. (5.21)

The set G (g,α,β ) is called a Gabor frame for the Hilbert space L2(Rd) if Sg

is a bounded and invertible operator on L2(Rd). Equivalently, Cg is bounded from
L2(Rd) to l2(αZ

d × βZd) with closed range, i.e., ‖ f‖L2 � ‖Cg f‖l2 , cf. (5.13). If
G (g,α,β ) is a Gabor frame for L2(Rd), then the so-called dual window γ = S−1

g g
is well defined and the set G (γ,α,β ) is a frame (the so-called canonical dual frame
of G (g,α,β )). Every f ∈ L2(Rd) possesses the frame expansion

f = ∑
(m,n)∈Λ

〈 f ,gm,n〉γm,n = ∑
(m,n)∈Λ

〈 f ,γm,n〉gm,n (5.22)

with unconditional convergence in L2(Rd) and norm equivalence:

‖ f‖L2 � ‖Cg f‖l2 � ‖Cγ f‖l2 .

This result is contained in [27, Proposition 5.2.1]. In particular, if γ = g and
‖g‖L2 = 1, the frame is called normalized tight Gabor frame, and the expan-
sion (5.22) reduces to

f = ∑
(m,n)∈Λ

〈 f ,gm,n〉gm,n. (5.23)

If we ask for more regularity on the window g, then the previous result can be
extended to modulation spaces, as shown below [23, 30].

Theorem 5.2. Let μ ∈ Mv, G (g,α,β ) be a frame for L2(Rd), with lattice Λ =
αZ

d ×βZd and g ∈ S . Define μ̃ = μ|Λ .

(i) For every 1 ≤ p,q ≤ ∞, Cg : Mp,q
μ → l p,q

μ̃ and Dg : l p,q
μ̃ → Mp,q

μ continuously,

and if f ∈ Mp,q
μ , then the Gabor expansions (5.22) converge unconditionally in

Mp,q
μ for 1 ≤ p,q < ∞ and weak∗-M∞

μ unconditionally if p = ∞ or q = ∞.
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(ii) The following norms are equivalent on Mp,q
μ :

‖ f‖Mp,q
μ

� ‖Cg f‖l p,q
μ̃
. (5.24)

5.3 Classical Fourier Integral Operators in R
d

As first step of the proof of Theorem 5.1, we write eitA in the form of FIO

(Ftu0)(t,x) =
∫
Rd

e2π iΦ(t,x,η)σ(t,x,η)û0(η)dη . (5.25)

Following Helffer [32, Chap. III], we assume that Ft is a classical FIO, which in
our context means

|∂ γ
t ∂ α

x ∂ β
η σ(t,x,η)| ≤ cα ,β ,γ , ∀(α,β ,γ) ∈N

d ×N
d ×N (5.26)

and σ ∼ ∑∞
j=0 σ−2 j, with σ−2 j(t,λ x,λ η) = λ−2 jσ−2 j(t,x,η).

As for Φ(t,x,η), we take it as solution of the eikonal equation [32, page 142]{
2π∂tΦ − a2(x,∇xΦ) = 0

Φ(0,x,η) = xη ,
(5.27)

the factor 2π depending on our normalization of Fourier transform. The motivation
of this choice of Φ in (5.25) will be clear in a moment. Because of the homogene-
ity of a2(x,ξ ) and Φ(0,x,η), the function Φ(t,x,η) is homogeneous of order 2
in (x,η), well-defined and smooth for (x,η)�= (0,0), t ∈]−T,T [, with T > 0 suffi-
ciently small. Moreover, Φ(t,x,η) is real-valued since the principal symbol a2(x,ξ )
is real-valued. In view of the initial condition in (5.27) we also have

|det∂ 2
x,η Φ(t,x,η)| ≥ c > 0, (t,x,η) ∈]−T,T [×(R2d \ {0}), (5.28)

after possibly shrinking T > 0.
Let us recall the following standard formula for composition of FIOs and pseu-

dodifferential operators A = a(x,D) adapted to our Situation:

Proposition 5.1. The composition AFt is again an FIO of the type (5.25), with the
same phase function Φ(t,x,η):

AFtu0(t,x) =
∫
Rd

e2π iΦ(t,x,η)b(t,x,η)û0(η)dη , (5.29)

where

b(t,x,η)∼ ∑
α∈Nd

bα(t,x,η) (5.30)
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with

bα(t,x,η) =
1

α!
∂ α

ξ a(x,∇xΦ(t,x,η))Dα
y

(
eiψσ(t,y,η)

)
|y=x

(5.31)

and

ψ = ψ(t,x,y,η) = Φ(t,y,η)−Φ(t,x,η)−〈y− x,∇xΦ(t,x,η)〉. (5.32)

In particular if a ∼ ∑∞
j=0 a2−2 j, σ ∼ ∑∞

j=0 σ−2 j, we may rearrange the asymptotic
expansion of b(t,x,η) according to the order of homogeneity of the terms: b ∼
∑∞

j=0 b2−2 j. We have in particular

b2(t,x,η) = a2(x,∇xΦ(t,x,η))σ0(t,x,η), (5.33)

b0(t,x,η) = a2(x,∇xΦ(t,x,η))σ−2(t,x,η)

+
d

∑
j=1

∂ξ j
a2(x,∂xΦ(t,x,η))∂x j σ0(t,x,η). (5.34)

With Φ(t,x,η) as in (5.27), we want to find σ(t,x,η) in (5.25) such that eitA =
Ft +Rt , with Rt regularizing. To this end, we try to verify

(i∂t +A)Ft = 0 for t ∈]−T,T [, F0 = I. (5.35)

The initial condition F0 = I is satisfied if in (5.25), we impose σ(0,x,η) = 1, taking
also into account the initial condition in (5.27). By applying Proposition 5.1 and
letting ∂t act under the integral sign, we have (i∂t +A)Ft = Gt , where Gt is an FIO
with same phase Φ and symbol

i∂tσ(t,x,η)− 2π∂tΦ(t,x,η)σ(t,x,η)+ b(t,x,η). (5.36)

Arguing first formally, we consider the asymptotic expansion of all the terms in
(5.36), we impose the sum vanishes, and we solve with respect to σ−2 j. In view of
(5.33) and (5.34), the first two equations, collecting the terms of order 2 and 0, are

(−2π∂tΦ + a2(x,∇xΦ))σ0(t,x,η) = 0 (5.37)

(−2π∂tΦ + a2(x,∇xΦ))σ−2(t,x,η)+Lσ0(t,x,η) = 0 (5.38)

with

L = ∂t +
d

∑
j=1

∂ξ j
a2(x,∇xΦ(t,x,η))∂x j . (5.39)

In view of our choice of Φ as solution of the eikonal equation (5.27), the identity
(5.37) is satisfied and (5.38) reduces to

Lσ0(t,x,η) = 0, (5.40)
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to which we add the initial condition σ0(0,x,η) = 1. Since the vector field L in
(5.39) is transversal to the manifold t = 0, we may solve and obtain a solution
σ0(t,x,η), homogeneous of order 0 with respect to (x,η). By using (5.30)–(5.32),
similar arguments allow to determine σ−2 j(t,x,η), j > 1, to which we impose the
initial condition σ−2 j(0,x,η) = 0. See Helffer [32, Chap. 3.1] for details.

In this way we solved formally (5.35). To pass to a true solution, we construct
σ(t,x,η) satisfying (5.26) with σ ∼ ∑∞

j=0 σ−2 j, according to standard proceedings.
We may as well obtain a smooth phase function, cutting off Φ in a neighborhood of
the origin in R

2d . This produces errors in the right-hand side of (5.35), which how-
ever are smooth families of regularizing operators. By a simple argument (see Helf-
fer [32, Proposition 3.1.1]), we may conclude eitA = Ft +Rt , with Rt regularizing,
for t ∈]−T,T [.

5.4 Boundedness of FIOs on Modulation Spaces and Wiener
Amalgam Spaces

Let us first recall the basic results in this framework, contained in [11, 15]. There
we focused on FIOs of the type

T f (x) =
∫
Rd

e2π iΦ(x,η)σ(x,η) f̂ (η)dη (5.41)

for f ∈ S (Rd).
The phase function Φ(x,η) fulfills the following properties:

(i) Φ ∈ C ∞(R2d).
(ii) There exist constants Cα > 0 such that

|∂ α Φ(x,η)| ≤Cα , ∀α ∈ N
2d , |α| ≥ 2. (5.42)

(iii) There exists δ > 0 such that∣∣∣∣det

(
∂ 2Φ
∂x∂η

∣∣∣
(x,η)

)∣∣∣∣≥ δ ∀(x,η) ∈ R
2d. (5.43)

If we set {
y = ∇η Φ(x,η)

ξ = ∇xΦ(x,η),
(5.44)

and solve with respect to (x,ξ ), we obtain a mapping χ , defined by (x,ξ ) = χ(y,η),
which is a smooth bi-Lipschitz canonical transformation. This means that

– χ is a smooth diffeomorphism on R
2d .

– both χ and χ−1 are uniformly Lipschitz continuous.
– χ preserves the symplectic form, i.e.,
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dx∧dξ = dy∧dη .

Indeed, under the above assumptions, the global inversion function theorem (see,
e.g., [36]) allows us to solve the first equation in (5.44) with respect to x for fixed
η , and substituting in the second equation yields the smooth map χ . The bounds on
the derivatives of χ , which give the Lipschitz continuity, follow from the expression
for the derivatives of an inverse function combined with the bounds in (i) and (ii).
The symplectic nature of the map χ is classical; see, e.g. [8]. Similarly, solving
the second equation in (5.44) with respect to η , one obtains the map χ−1 with the
desired properties.

The main results concerning the boundedness of such operators on modulation
spaces are as follows (see [11, 15]): As symbol class we choose the so-called Sjös-
trand class M∞,1(R2d), which contains Hörmander’s class S0

0,0 and so allows us to
consider rougher symbols. For the sake of clarity, we present only the simplified
unweighted version of the issues.

Theorem 5.3. Consider a phase Φ satisfying (i), (ii), and (iii) and a symbol σ ∈
M∞,1(R2d):

(i) Then the corresponding Fourier integral operator T extends to a bounded op-
erator on M p(Rd), 1 ≤ p ≤ ∞.

(ii) If the phase Φ(x,η) satisfies in addition

sup
x,x′ ,η∈Rd

∣∣∇xΦ(x,η)−∇xΦ(x′,η)
∣∣< ∞, (5.45)

then the operator T extends to a bounded operator on M p,q(Rd) for every
1 ≤ p,q ≤ ∞.

(iii) If 1 ≤ q < p ≤ ∞ and the phase Φ(x,η) satisfies, for some δ > 0,∣∣∣∣det

(
∂ 2Φ
∂x∂x

∣∣∣
(x,η)

)∣∣∣∣≥ δ ∀(x,η) ∈ R
2d, (5.46)

then the operator T extends to a bounded operator from M p,q(Rd) into
M q,p(Rd).

Observe that, in general, without further assumptions on the phase or weights
on the symbol class (see below), if we simply choose σ ∈ M∞,1(R2d), then the
corresponding operator T may not be bounded on M p,q(Rd), with p �= q. A simple
example is provided by the pointwise multiplication operator

A f (x) = eiπ |x|2 f (x), x ∈ R
d

which is an FIO of the type above, having phase Φ(x,η) = xη + |x|2
2 and symbol

σ ≡ 1 ∈ M∞,1(R2d) which is bounded on M p,q(Rd) if and only if p = q; see [15,
Proposition 7.1].
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So, we add a further decay condition on the symbol, represented by suitable
weights on the symbol class. Namely, for s1,s2 ∈ R, we define the weight function
vs1,s2(x,η) := 〈x〉s1〈η〉s2 , (x,η) ∈ R

2d . Then,

Theorem 5.4. Consider a phase Φ satisfying (i), (ii), and (iii) and a symbol σ ∈
M∞,1

vs1 ,s2⊗1(R
2d), s1,s2 ∈ R.

(i) Let 1 ≤ q < p ≤ ∞. If s1 > d
(

1
q − 1

p

)
, s2 ≥ 0, T extends to a bounded operator

on M p,q(Rd).

(ii) Let 1 ≤ p < q ≤ ∞. If s1 ≥ 0, s2 > d
(

1
p − 1

q

)
, T extends to a bounded operator

on M p,q(Rd).

In all cases,

‖T f‖M p,q � ‖σ‖
M∞,1

vs1,s2⊗1
‖ f‖M p,q . (5.47)

Theorem 5.3 has the following counterpart in the framework of Wiener amalgam
spaces. The first item is trivial since W (FLp,Lp) = M p.

Theorem 5.5. Consider a phase Φ satisfying (i), (ii), and (iii) and a symbol σ ∈
M∞,1(R2d).

(i) Then the corresponding Fourier integral operator T extends to a bounded op-
erator on W (FLp,Lp)(Rd), 1 ≤ p ≤ ∞.

(ii) If the phase Φ(x,η) satisfies in addition

sup
x,η,η ′∈Rd

∣∣∇ηΦ(x,η)−∇η Φ(x,η ′)
∣∣< ∞, (5.48)

then the operator T extends to a bounded operator on W (FLp,Lq), for every
1 ≤ p,q ≤ ∞.

(iii) If 1 ≤ q < p ≤ ∞ and the phase Φ(x,η) satisfies, for some δ > 0,∣∣∣∣det

(
∂ 2Φ

∂η∂η

∣∣∣
(x,η)

)∣∣∣∣≥ δ ∀(x,η) ∈ R
2d, (5.49)

then the corresponding FIO T extends to a bounded operator W (FLp,Lq)→
W (FLq,Lp).

Similarly, the issues of Theorem 5.4 can be rephrased for amalgam spaces as
follows:

Theorem 5.6. Consider a phase Φ and a symbol σ as in Theorem 5.4.

(i) Let 1 ≤ q < p ≤ ∞. If s1 > d
(

1
q − 1

p

)
, s2 ≥ 0, T extends to a bounded operator

on W (FLp,Lq).

(ii) Let 1 ≤ p < q ≤ ∞. If s1 ≥ 0, s2 > d
(

1
p − 1

q

)
, T extends to a bounded operator

on W (FLp,Lq).
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In all cases,

‖T f‖W (FLp,Lq) � ‖σ‖
M∞,1

vs1,s2⊗1
‖ f‖W (FLp,Lq). (5.50)

For the benefit of the reader, we shall give a sketch of the proof of Theorem 5.3,
item (i), first appeared in [15], and of Theorem 5.5, item (ii), which is new. For
simplicity, we limit ourselves to σ ∈ S0

0,0.
First, let us recall the key issue for the proof: an almost diagonalization result for

FIOs as above, with respect to Gabor frames. For clarity, we shall only consider a
normalized tight frame G (g,α,β ), with g ∈ S (Rd).

Theorem 5.7. ([15, Thm. 3.3]) Consider a phase function Φ satisfying (i) and (ii),
a symbol σ in S0

0,0(R
2d), and a function g ∈ S (Rd). Then for every N ∈ N, there

exists a constant CN > 0 such that

|〈T gm,n,gm′,n′ 〉| ≤CN〈χ(m,n)− (m′,n′)〉−2N , (5.51)

where χ is the canonical transformation generated by Φ .

This result shows that the matrix representation of an FIO with respect a Gabor
frame is well organized. More precisely, if σ ∈ S0

0,0, then the Gabor matrix of T is
highly concentrated along the graph of χ .

Further, the continuity on modulation spaces uses the Schur’s test [15, Lemma
4.1]:

Lemma 5.3. Consider a lattice Λ and an operator K defined on sequences as

(Kc)λ = ∑
ν∈Λ

Kλ ,νcν ,

where

sup
ν∈Λ

∑
λ∈Λ

|Kλ ,ν |< ∞, sup
λ∈Λ

∑
ν∈Λ

|Kλ ,ν |< ∞.

Then K is continuous on l p(Λ) for every 1 ≤ p ≤ ∞ and moreover maps the space
c0(Λ) of sequences vanishing at infinity into itself.

We can now sketch the proof of Theorem 5.3, item (i).

Proof of Theorem 5.3 (i). We first prove the theorem in the case p < ∞.
For T =Cg ◦Tm′,n′,m,n ◦Dg, the following diagram is commutative:

M p M p

l p l p
�

Cg

�T

�
Tm′ ,n′,m,n

�
Dg
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where T is viewed as an operator with dense domain S (Rd). Whence, it is enough
to prove the continuity of the infinite matrix Tm′,n′,m,n from l p into l p.

This follows from Schur’s test if we prove that, upon setting

Km′,n′,m,n = Tm′,n′,m,n,

we have

Km′ ,n′,m,n ∈ l∞l1, (5.52)

and

Km′ ,n′,m,n ∈ l∞l1. (5.53)

In view of (5.51) we have

|Km′ ,n′,m,n|� 〈χ(m,n)− (m′,n′)〉−2N , (5.54)

for every integer N > 0. Now, the last quotient in (5.54) is bounded, so we deduce
(5.52).

Finally, since χ is a bi-Lipschitz function we have

|χ(m,n)− (m′,n′)| � |(m,n)− χ−1(m′,n′)| (5.55)

so that (5.53) follows as well.
The case p = ∞ follows analogously by using the last part of the statement of

Lemma 5.3.

Proof of Theorem 5.5 (ii). The result can be obtained from Theorem 5.3, item (ii)
as follows: Assume, for simplicity, that σ ∈ S0

0,0. Conjugating with the Fourier trans-
form yields the operator

T̃ f (x) = F ◦T ◦F−1 f (x)

Since M p,q = F−1W (FLp,Lq), it suffices to prove that T̃ extends to a bounded
operator on M p,q. By duality and an explicit computation, this is equivalent to
verifying that the operator

T̃ ∗ f (x) =
∫
Rd

e−2π iΦ(η,x)σ(η ,x) f̂ (η)dη

extends to a bounded operator on M p′,q′ . Since σ ∈ S0
0,0 implies that σ∗(x,η) =

σ(η ,x) ∈ S0
0,0, the operator T̃ ∗ has a phase satisfying (5.45) by the assump-

tion (5.48), and the desired conclusion follows.

To end this section, we shall prove the main result of this paper, which uses the
issues explained above.

Proof of Theorem 5.1. Using Sect. 5.3, we can write eitA = Ft +Rt , where the FIO
Ft is defined in (5.25) and Rt is regularizing.
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Observe that the phase Φ(t,x,η) trivially satisfies the assumptions (i), (ii), and
(iii) for every t ∈]− T,T [. Moreover the symbol σ satisfies (5.26), hence in par-
ticular is in S0

0,0(R
2d) ⊂ M∞,1(R2d) with respect to the variables (x,η), for every

t ∈]−T,T [. So Theorem 5.3, item (i), assures the continuity of Ft on M p for ev-
ery 1 ≤ p ≤ ∞. Since the remainder Rt is regularizing, it maps every M p(Rd) ⊂
S ′(Rd) into S (Rd) ⊂ M p(Rd); this gives the continuity of the operator eitA on
M p(Rd) for every t ∈]−T,T [. Next, we want to enlarge the time interval ]−T,T [.
We start with the right-hand side and take a time t0 < T , close to T . Then we set
ũ0(x) := eit0Au0(x) and take ũ0(x) as initial datum in (5.4) so that we can extend the
solution on the right-hand side to a time T ′ > T . By iterating this argument both on
the left- and on the right-hand side of the interval ]−T,T [, one obtains a solution
for every t ∈ R, being T independent of the initial datum.

5.5 Other Results

In order to apply the other issues in Sect. 5.4 to the propagator eitA, we have to
relate more precisely the properties of the principal symbol a2(x,ξ ) and the phase
function Φ(t,x,η).

Lemma 5.4. Let Φ(t,x,η) be the solution of the eikonal equation (5.27). We have

Φ(t,x,η) = xη +(2π)−1ta2(x,η)+ t2Φ̃(t,x,η), (5.56)

where Φ̃(t,x,η) ∈ C ∞(]−T,T [×(R2d \ {0})) is homogeneous of order 2 in (x,η).

Proof. From Taylor’s formula for Φ(t,x,η), with respect to the variable t at t = 0,
we have

Φ(t,x,η) = Φ(0,x,η)+ t∂tΦ(0,x,η)+ t2Φ̃(t,x,η),

for some function Φ̃ ∈ C ∞(]− T,T [×(R2d \ {0})). On the other hand, it follows
from (5.27) that Φ(0,x,η) = xη , ∇xΦ(0,x,η) = η ,

2π∂tΦ(0,x,η) = a2(x,∇xΦ(0,x,η)) = a2(x,η).

Moreover, since Φ(t,x,η) and a2(t,x,η) are homogeneous of order 2 with respect
to (x,η), so is Φ̃(t,x,η). The lemma is proved.

We observe that the phase condition (5.45) is satisfied when

Φ(t,x,η) = xη +(2π)−1ta2(η),

that is, the principal symbol a2 does not depend on x. One then has the following
result:
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Theorem 5.8. Assume that the symbol a(x,ξ ) enjoys (5.6) and its principal symbol

a2(x,ξ ) = a2(ξ ), for every (x,ξ ) ∈ R
2d . (5.57)

Then the propagator eitA is bounded on M p,q, for every 1 ≤ p,q ≤ ∞ and for every
t ∈ R.

Observe that if the total symbol a(x,ξ ) = a2(ξ ), then the propagator eitA re-
duces to a Fourier multiplier and the boundedness on M p,q was already proved
in [3, Theorem 11]; see also [38].

Similarly, using Lemma 5.4, we observe that, under the assumptions of the pre-
vious theorem and with the assumption (5.57) replaced by∣∣∣∣det

(
∂ 2a2

∂x∂x

∣∣∣
(x,η)

)∣∣∣∣≥ δ ∀(x,η) ∈ R
2d , (5.58)

we obtain the boundedness from M p,q(Rd) into M q,p(Rd). Similar assumptions
give the boundedness on Wiener amalgam spaces as well.
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Chapter 6
New Maximal Regularity Results for the Heat
Equation in Exterior Domains, and Applications

Raphaël Danchin and Piotr Bogusław Mucha

Abstract This paper is dedicated to the proof of new maximal regularity results
involving Besov spaces for the heat equation in the half-space or in bounded or ex-
terior domains of Rn. We strive for time independent, a priori estimates in regularity
spaces of type L1(0,T ;X) where X stands for some homogeneous Besov space. In
the case of bounded domains, the results that we get are similar to those of the whole
space or of the half-space. For exterior domains, we need to use mixed Besov norms
in order to get a control on the low frequencies. Those estimates are crucial for
proving global-in-time results for nonlinear heat equations in a critical functional
framework.

Key words: Besov spaces, Exterior domain, Heat equation, Maximal regularity,
L1 regularity
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We are concerned with the proof of maximal regularity estimates for the heat equa-
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ut −νΔu = f in (0,T )×Ω ,
u = 0 at (0,T )× ∂Ω ,
u = u0 on Ω

(6.1)

in various domains Ω of Rn (n ≥ 2).
We are interested in L1-in-time estimates for the solutions to (6.1) with a gain of

two full spatial derivatives with respect to the data, that is,

‖ut ,ν∇2u‖L1(0,T ;X) ≤C
(‖u0‖X + ‖ f‖L1(0,T ;X)

)
(6.2)

with a constant C independent of T.
Such time-independent estimates are of importance not only for the heat semi-

group theory but also in the applications. Typically, they are crucial for proving
global existence and uniqueness statements for nonlinear heat equations with small
data in a critical functional framework. Moreover, the fact that two full derivatives
may be gained with respect to the source term allows to consider not only the −Δ
operator but also small perturbations of it. In addition, we shall see below that it
is possible to choose X in such a way that the constructed solution u is L1 in time
with values in the set of Lipschitz functions. Hence, if the considered nonlinear heat
equation determines the velocity field of some fluid, then this velocity field admits a
unique Lipschitzian flow for all time. The model may thus be reformulated equiva-
lently in Lagrangian variables (see, e.g., our recent work [4] in the slightly different
context of incompressible flows). This is obviously of interest to investigate free
boundary problems.

Let us recall however that estimates such as (6.2) are false if X is any reflexive
Banach space, hence, in particular, if X is a Lebesgue or Sobolev space (see, e.g.,
[6]). On the other hand, it is well known that (6.2) holds true in the whole space Rn if
X is a homogeneous Besov space with third index 1. Let us be more specific. Let us
fix some homogeneous Littlewood–Paley decomposition (Δ̇ j) j∈Z (see the definition
in the next section) and denote by (eαΔ )α>0 the heat semigroup over Rn. Then it
is well known (see, e.g., [1]) that there exist two constants c and C such that for all
j ∈ Z and α ∈ R

+, one has

‖eαΔ Δ̇ jh‖Lp(Rn) ≤Ce−cα22 j‖Δ̇ jh‖Lp(Rn). (6.3)

Hence if u satisfies (6.1), then one may write

Δ̇ ju(t) = eνtΔ Δ̇ ju0 +

∫ t

0
eν(t−τ)Δ Δ̇ j f dτ.

Therefore, taking advantage of (6.3), we discover that

‖Δ̇ ju(t)‖Lp(Rn) ≤C

(
e−cνt22 j‖Δ̇ ju0‖Lp(Rn) +

∫ t

0
e−cν(t−τ)22 j‖Δ̇ j f‖Lp(Rn) dτ

)
,

whence

‖Δ̇ ju‖L∞(0,T ;Lp(Rn)) +ν22 j‖Δ̇ ju‖L1(0,T ;Lp(Rn))

≤C
(‖Δ̇ ju0‖Lp(Rn) + ‖Δ̇ j f‖L1(0,T ;Lp(Rn))

)
.
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Multiplying the inequality by 2 js and summing up over j, we thus eventually get for
some absolute constant C independent of ν and T :

‖u‖L∞(0,T ;Ḃs
p,1(R

n)) + ‖ut ,ν∇2u‖L1(0,T ;Ḃs
p,1(R

n))

≤C(‖ f‖L1(0,T ;Ḃs
p,1(R

n)) + ‖u0‖Ḃs
p,1(R

n)), (6.4)

where the homogeneous Besov semi-norm that is used in the above inequality is
defined by

‖u‖Ḃs
p,1(R

n) := ∑
j∈Z

2s j‖Δ̇ ju‖Lp(Rn).

From this and the definition of homogeneous Besov space Ḃs
p,1(R

n) (see Sect. 6.2),
we easily deduce the following classical result:

Theorem 6.1. Let p∈ [1,∞] and s∈R. Let f ∈L1(0,T ; Ḃs
p,1(R

n)) and u0 ∈ Ḃs
p,1(R

n).
Then (6.1) with Ω = R

n has a unique solution u in

C ([0,T ); Ḃs
p,1(R

n)) with ∂t u,∇2u ∈ L1(0,T ; Ḃs
p,1(R

n))

and (6.4) is satisfied.

The present paper is mainly devoted to generalizations of Theorem 6.1 to the
half-space, bounded or exterior domains (that is, the complement of bounded sim-
ply connected domains), and applications to the global solvability of nonlinear heat
equations.

Proving maximal regularity estimates for general domains essentially relies
on Theorem 6.1 and localization techniques. More precisely, after localizing the
equation, thanks to a suitable resolution of unity, one has to estimate “interior terms”
with support that do not intersect the boundary of Ω and “boundary terms” the sup-
port of which meets ∂Ω . In order to prove interior estimates, that is, bounds for the
interior terms, it suffices to resort to the theorem in the whole space, Theorem 6.1,
for those interior terms that satisfy (6.1) (with suitable data) once extended by zero
onto the whole space. In contrast, the extension of the boundary terms by zero does
not satisfy (6.1) on R

n. However, performing a change of variable reduces their
study to that of (6.1) on the half-space R

n
+. Therefore, proving maximal regularity

estimates in general domains mainly relies on such estimates on R
n and on R

n
+. As

a matter of fact, we shall see that the latter case stems from the former, by sym-
metrization, provided s is close enough to 0. In the case of a general domain, owing
to change of variables and localization, however, we shall obtain (6.4) either up to
low-order terms or with a time-dependent constant C. In a bounded domain, it turns
out that Poincaré inequality (or equivalently the fact that the Dirichlet Laplacian op-
erator has eigenvalues bounded away from 0) allows to prove an exponential decay
which is sufficient to cancel out those lower-order terms. In the case of an exterior
domain, that decay turns out to be only algebraic (at most t−n/2 in dimension n). As
a consequence, absorbing the lower-order terms will enforce us to use mixed Besov
norms and to assume that n ≥ 3.
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The paper unfolds as follows. The basic tools for our analysis (Besov spaces on
domains, product estimates, embedding results) are presented in the next section.
In Sect. 6.3 we prove maximal regularity estimates similar to those of Theorem 6.1
first in the half-space and next in exterior or bounded domains. As an application,
in the last section, we establish global existence results for nonlinear heat equations
with small data in a critical functional framework.

6.2 Tools

In this section, we introduce the main functional spaces and (harmonic analysis)
tools that will be needed in this paper.

6.2.1 Besov Spaces on the Whole Space

Throughout we fix a smooth nonincreasing radial function χ : Rn → [0,1] supported
in B(0,1) and such that χ ≡ 1 on B(0,1/2) and set ϕ(ξ ) := χ(ξ/2)− χ(ξ ). Note
that this implies that ϕ is valued in [0,1], supported in {1/2 ≤ r ≤ 2}, and that

∑
k∈Z

ϕ(2−kξ ) = 1 for all ξ �= 0. (6.5)

Then we introduce the homogeneous Littlewood–Paley decomposition (Δ̇k)k∈Z
over Rn by setting

Δ̇ku := ϕ(2−kD)u = F−1(ϕ(2−k·)Fu
)
.

Above F stands for the Fourier transform on R
n. We also define the low-frequency

cutoff Ṡk := χ(2−kD).
In order to define Besov spaces on R

n, we first introduce the following ho-
mogeneous semi-norms and nonhomogeneous Besov norms (for all s ∈ R and
(p,r) ∈ [1,∞]2):

‖u‖Ḃs
p,r(R

n) :=
∥
∥2sk‖Δ̇ku‖Lp(Rn)

∥
∥
�r(Z)

‖u‖Bs
p,r(R

n) :=
∥
∥2sk‖Δ̇ku‖Lp(Rn)

∥
∥
�r(N)

+ ‖Ṡ0u‖Lp(Rn).

The nonhomogeneous Besov space Bs
p,r(R

n) is the set of tempered distributions
u such that ‖u‖Bs

p,r(R
n) is finite. Following [1], we define the homogeneous Besov

space Ḃs
p,r(R

n) as

Ḃs
p,r(R

n) =
{

u ∈ S ′
h(R

n) : ‖u‖Ḃs
p,r(R

n) < ∞
}
,
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where S ′
h(R

n) stands for the set of tempered distributions u overRn such that for all
smooth compactly supported function θ over Rn, we have limλ→+∞ θ (λ D)u = 0 in
L∞(R

n). Note that any distribution u ∈ S ′
h(R

n) satisfies u = ∑k∈Z Δ̇ku in S ′
h(R

n).
We shall make an extensive use of the following result (see the proof in, e.g.,

[1, 5]):

Proposition 6.1. Let bs
p,r denote Ḃs

p,r(R
n) or Bs

p,r(R
n). Then the following a priori

estimates hold true:

• For any s > 0,
‖uv‖bs

p,r
� ‖u‖L∞‖v‖bs

p,r
+ ‖v‖L∞‖u‖bs

p,r
.

• For any s > 0 and t > 0,

‖uv‖bs
p,r

� ‖u‖L∞‖v‖bs
p,r
+ ‖v‖b−t

∞,r
‖u‖bs+t

p,∞
.

• For any t > 0 and s >−n/p′,

‖uv‖bs
p,r

� ‖u‖L∞‖v‖bs
p,r
+ ‖u‖

b
n/p′
p′,∞

‖v‖bs
p,r
+ ‖v‖b−t

∞,r
‖u‖bs+t

p,∞
.

• For any q > 1 and 1− n/q≤ s ≤ 1,

‖uv‖b0
q,1

� ‖u‖bs
n,1
‖v‖b1−s

q,1
.

As obviously a smooth compactly supported function belongs to any space

Ḃn/p
p,1 (R

n) with 1 ≤ p ≤ ∞, and to any Besov space Bσ
p,1(R

n), we deduce from the
previous proposition and embedding that (see the proof in [5]):

Corollary 6.1. Let θ be in C ∞
c (Rn). Then u 
→ θ u is a continuous mapping of

bs
p,r(R

n)

• For any s ∈ R and 1 ≤ p,r ≤ ∞, if bs
p,r(R

n) = Bs
p,r(R

n).
• For any s ∈ R and 1 ≤ p,r ≤ ∞ satisfying

−n/p′ < s < n/p
(−n/p < s ≤ n/p if r = 1, −n/p′ ≤ s < n/p if r = ∞

)

(6.6)

if bs
p,r(R

n) = Ḃs
p,r(R

n).

The following proposition allows us to compare the spaces Bs
p,r(R

n) and Ḃs
p,r(R

n)

for compactly supported functions1 (see the proof in [5]):

Proposition 6.2. Let 1 ≤ p,r ≤ ∞, and s >−n/p′ (or s ≥−n/p′ if r = ∞). Then for
any compactly supported distribution f , we have

f ∈ Bs
p,r(R

n)⇐⇒ f ∈ Ḃs
p,r(R

n)

1 Without any support assumption, it is obvious that if s > 0, then we have ‖·‖Ḃs
p,r(R

n) � ‖·‖Bs
p,r(R

n)

and that, if s < 0, then ‖ · ‖Ḃs
p,r(R

n) � ‖ · ‖Bs
p,r(R

n).
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and there exists a constant C =C(s, p,r,n,K) (with K = Supp f ) such that

C−1‖ f‖Ḃs
p,r(R

n) ≤ ‖ f‖Bs
p,r(R

n) ≤C‖ f‖Ḃs
p,r(R

n).

The following lemma will be useful for boundary estimates (see the proof in [5]):

Lemma 6.1. Let Z be a Lipschitz diffeomorphism onRn with DZ and DZ−1 bounded,
(p,r) ∈ [1,∞]2, and s a real number satisfying −1+ 1/p< s < 1/p.

• If in addition Z is measure preserving, then the linear map u
→ u◦Z is continuous
on Ḃs

p,r(R
n).

• In the general case, the map u 
→ u ◦ Z is continuous on Ḃs
p,r(R

n) provided in

addition JZ−1 ∈ Ḃn/p′
p′,∞ ∩L∞ with JZ−1 := |detDZ−1|.

6.2.2 Besov Spaces on Domains

We aim at extending the definition of homogeneous Besov spaces to general do-
mains. We proceed by restriction as follows2:

Definition 6.1. For s∈R and 1≤ p,q≤∞, we define the homogeneous Besov space
Ḃs

p,q(Ω) over Ω as the restriction (in the distributional sense) of Ḃs
p,q(R

n) on Ω ,
that is,

ϕ ∈ Ḃs
p,q(Ω)⇐⇒ ϕ = ψ|Ω for some ψ ∈ Ḃs

p,q(R
n).

We then set
‖ϕ‖Ḃs

p,q(Ω) := inf
ψ|Ω=ϕ

‖ψ‖Ḃs
p,q(R

n).

The embedding, duality, and interpolation properties of these Besov spaces may
be deduced from those on R

n. As regards duality, we shall use repeatedly the fol-
lowing result:

Proposition 6.3. If −1+1/p< s< 1/p (with 1≤ p,r <∞), then the space Ḃ−s
p′,r′(Ω)

may be identified with the dual space of Ḃs
p,r(Ω); in the limit case r = ∞, then

Ḃ−s
p′,1(Ω) may be identified with the dual space of the completion of C ∞

c (Rn) for
‖ · ‖Ḃs

p,∞(Ω). Furthermore, without any condition over (s, p,r), we have

∣
∣
∣
∣

∫

Ω
uvdx

∣
∣
∣
∣≤C‖u‖Ḃs

p,r(Ω)‖v‖Ḃ−s
p′,r′ (Ω).

Similarly, some product laws for Besov spaces on R
n may be extended to the domain

case. We shall use the last inequality of Proposition 6.1 and also the following result
that is proved in [5]:

2 Nonhomogeneous Besov spaces on domains may be defined by the same token.
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Proposition 6.4. Let bs
p,r(Ω) denote Ḃs

p,r(Ω) or Bs
p,r(Ω) and Ω be any domain of

R
n. Then for any p ∈ [1,∞], s such that −n/p′ < s < n/p (or −n/p′ < s ≤ n/p if

r = 1 or −n/p′ ≤ s < n/p if r = ∞), the following inequality holds true:

‖uv‖bs
p,r(Ω) ≤C‖u‖

b
n/q
q,1 (Ω)

‖v‖bs
p,r(Ω) with q = min(p, p′).

A very useful feature of Besov spaces is their interpolation properties. We refer
to the books [2, 14] for the proof of the following statement:

Proposition 6.5. Let bs
p,q denote Bs

p,q or Ḃs
p,q, s ∈ R, p ∈ [1,∞), and q ∈ [1,∞].

The real interpolation of Besov spaces gives the following statement if s1 �= s2:

(
bs1

p,q1
(Ω),bs2

p,q2
(Ω)

)
θ ,q = bs

p,q(Ω)

with s = θ s2 +(1−θ )s1 and 1
p = θ

p2
+ 1−θ

p1
·

Moreover, if s1 �= s2, t1 �= t2 and if T : bs1
p1,q1(Ω) + bs2

p2,q2(Ω) → bt1
k1,l1

(Ω) +

bt2
k2,l2

(Ω) is a linear map, bounded from bs1
p1,q1(Ω) to bt1

k1,l1
(Ω) and from bs2

p2,q2(Ω)

to bt2
k2,l2

(Ω), then for any θ ∈ (0,1), the map T is also bounded from bs
p,q(Ω) to

bt
k,q(Ω) with

s = θ s2 +(1−θ )s1, t = θ t2 +(1−θ )t1,
1
p
=

θ
p2

+
1−θ

p1
,

1
k
=

θ
k2

+
1−θ

k1
·

The following composition estimate will be of constant use in the last section of
this paper.

Proposition 6.6. Let f : Rr → R be a C1 function such that f (0) = 0 and, for some
m ≥ 1 and K ≥ 0,

|d f (u)| ≤ K|u|m−1 for all u ∈ R
r. (6.7)

Then for all s ∈ (0,1) and 1 ≤ p,q ≤ ∞, there exists a constant C so that

‖ f (u)‖Ḃs
p,q(Ω) ≤CK‖u‖m−1

L∞(Ω)‖u‖Ḃs
p,q(Ω). (6.8)

Proof. The proof relies on the characterization of the norm of Ḃs
p,q(Ω) by finite

differences, namely,3

‖ f (u)‖Ḃs
p,q(Ω) =

(∫

Ω

(∫

Ω

| f (u(y))− f (u(x))|p
|y− x|n+sp dy

) q
p

dx

) 1
q

. (6.9)

3 Here we just consider the case q < ∞ to shorten the presentation.



108 R. Danchin and P.B. Mucha

Now the mean value formula implies that

f (u(y))− f (u(x)) =
(∫ 1

0
d f (u(x)+ t(u(y)−u(x)))dt

)
· (u(y)−u(x)).

Hence using the growth assumption (6.7),

| f (u(y))− f (u(x))| ≤ K

(∫ 1

0
|u(x)+ t(u(y)−u(x))|m−1 dt

)
|u(y)−u(x)|. (6.10)

Therefore we get

| f (u(y))− f (u(x))| ≤ K‖u‖m−1
L∞(Ω)|u(y)−u(x)|.

Inserting this latter inequality in (6.9), we readily get (6.8). ��
In [3, 5], we proved that:

Proposition 6.7. Let Ω be the half-space or a bounded or exterior domain with C1

boundary. For all 1 ≤ p,q < ∞, and −1+ 1/p< s < 1/p, we have

Bs
p,q(Ω) = C ∞

c (Ω)
‖·‖Bs

p,q(Ω) . (6.11)

Remark 6.1. In any C1 domain Ω and for 0 < s < n/p the space Ḃs
p,q(Ω) embeds in

Ḃ0
m,q(Ω) with 1/m = 1/p− s/n. Therefore, if q ≤ min(2,m), it also embeds in the

Lebesgue space Lm(Ω). So finally if s ∈ (0, 1
p) and q ≤ min(2,m) with m as above,

then Proposition 6.7 allows us to redefine the space Ḃs
p,q(Ω) by

Ḃs
p,q(Ω) = C ∞

c (Ω)
‖·‖Ḃs

p,q(Ω) . (6.12)

Remark 6.2. In particular under the above hypotheses, both classes of Besov spaces
admit trivial extension by zero onto the whole space. Combining with Proposi-
tion 6.2, we deduce that

Bs
p,q(Ω) = Ḃs

p,q(Ω) if − 1+ 1/p< s < 1/p and Ω is bounded.

Note also that, for obvious reasons, the above density result does not hold true if
q = ∞, for the strong topology. However, it holds for the weak ∗ topology.

6.3 A Priori Estimates for the Heat Equation

This section is the core of the paper. Here we prove generalizations of Theorem 6.1
to more general domains. First we consider the half-space case, and then we con-
sider the exterior and bounded cases. We shall mainly focus on the unbounded case
which is more tricky and just indicate at the end of this section what has to be
changed in the bounded domain case.
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6.3.1 The Heat Equation in the Half-Space

The purpose of this paragraph is to extend Theorem 6.1 to the half-space case R
n
+,

namely,
ut −νΔu = f in (0,T )×R

n
+,

u|xn=0 = 0 on (0,T )× ∂Rn
+,

u|t=0 = u0 on R
n
+.

(6.13)

Theorem 6.2. Let p ∈ [1,∞) and s ∈ (−1+ 1/p,1/p). Assume that f belongs to
L1(0,T ; Ḃs

p,1(R
n
+)) and that u0 is in Ḃs

p,1(R
n
+). Then (6.13) has a unique solution u

satisfying

u ∈ C ([0,T ); Ḃs
p,1(R

n
+)), ut ,∇2u ∈ L1(0,T ; Ḃs

p,1(R
n
+))

and the following estimate is valid:

‖u‖L∞(0,T ;Ḃs
p,1(R

n
+))

+ ‖ut ,ν∇2u‖L1(0,T ;Ḃs
p,1(R

n
+))

≤C(‖ f‖L1(0,T ;Ḃs
p,1(R

n
+))

+ ‖u0‖Ḃs
p,1(R

n
+)
), (6.14)

where C is an absolute constant with no dependence on ν and T .

Proof. We argue by symmetrization. Let ũ0 and f̃ be the antisymmetric extensions
overRn to the data u0 and f . Then, given our assumptions over s and Proposition 6.7,
one may assert that ũ0 ∈ Ḃs

p,1(R
n), f̃ ∈ L1(0,T ; Ḃs

p,1(R
n)) and that, in addition,

‖ũ0‖Ḃs
p,1(R

n) ≈ ‖u0‖Ḃs
p,1(R

n
+)

and ‖ f̃‖L1(0,T ;Ḃs
p,1(R

n)) ≈ ‖ f‖L1(0,T ;Ḃs
p,1(R

n
+))

.

Let ũ be the solution given by Theorem 6.1. As this solution is unique in the cor-
responding functional framework, the symmetry properties of the data ensure that
ũ is antisymmetric with respect to {xn = 0}. As a consequence, it vanishes over
{xn = 0}. Hence the restriction u of ũ to the half-space satisfies (6.13). In addition:

• ũt coincides with the antisymmetric extension of ut .
• ∇2

x′ ũ coincides with the antisymmetric extension of ∇2
x′u.• ∇x′∂xn ũ coincides with the symmetric extension of ∇x′∂xn u.

• ∂ 2
xn,xn

ũ = (Δ −Δx′)ũ hence coincides with ũt − f̃ −Δx′ ũ.

Hence one may conclude that

‖u‖L∞(0,T ;Ḃs
p,1(R

n
+))

+ ‖ut ,ν∇2u‖L1(0,T ;Ḃs
p,1(R

n
+))

≤ ‖ũ‖L∞(0,T ;Ḃs
p,1(R

n)) + ‖ũt ,ν∇2ũ‖L1(0,T ;Ḃs
p,1(R

n)).

This implies (6.14). ��
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Remark 6.3. The case of nonhomogeneous boundary conditions, where u equals
some given h at the boundary, reduces to the homogeneous case: it is only a matter
of assuming that h admits some extension h̃ over (0,T )×R

n
+ so that h̃t − νΔ h̃ ∈

L1(0,T ; Ḃs
p,1(R

n
+)).

6.3.2 The Exterior Domain Case

Here we extend Theorem 6.1 to the case where Ω is an exterior domain (that is, the
complement of a bounded simply connected domain). Here is our main statement:

Theorem 6.3. Let Ω be a smooth exterior domain of R
n with n ≥ 3. Let 1 < q ≤

p < ∞ with q < n/2. Let −1+ 1/p< s < 1/p and −1+ 1/q< s′ < 1/q− 2/n. Let

u0 ∈ Ḃs
p,1 ∩ Ḃs′

q,1(Ω) and f ∈ L1(0,T ; Ḃs
p,1 ∩ Ḃs′

q,1(Ω)).

Then there exists a unique solution u to (6.1) such that

u ∈ C ([0,T ]; Ḃs
p,1 ∩ Ḃs′

q,1(Ω)), ut ,∇2u ∈ L1(0,T ; Ḃs
p,1 ∩Bs′

q,1(Ω))

and the following inequality is satisfied:

‖u‖
L∞(0,T ;Ḃs

p,1∩Ḃs′
q,1(Ω))

+‖ut ,ν∇2u‖
L1(0,T ;Ḃs

p,1∩Ḃs′
q,1(Ω))

≤C
(‖u0‖Ḃs

p,1∩Ḃs′
q,1(Ω)

+ ‖ f‖
L1(0,T ;Ḃs

p,1∩Ḃs′
q,1(Ω))

)
, (6.15)

where the constant C is independent of T and ν.

Proving this theorem relies on the following statement (that is of independent inter-
est and holds in any dimension n ≥ 2) and on lower-order estimates (see Lemma 6.2
below) which will enable us to remove the time dependency.

Theorem 6.4. Let Ω be a C2 exterior domain of Rn with n ≥ 2. Let 1 < p < ∞,
−1+ 1/p < s < 1/p, f ∈ L1(0,T ; Ḃs

p,1(Ω)), and u0 ∈ Ḃs
p,1(Ω). Then (6.1) has a

unique solution u such that

u ∈ C ([0,T ]; Ḃs
p,1(Ω)), ∂tu,∇2u ∈ L1(0,T ; Ḃs

p,1(Ω))

and the following estimate is valid:

‖u‖L∞(0,T ;Ḃs
p,1(Ω))+‖ut ,ν∇2u‖L1(0,T ;Ḃs

p,1(Ω))

≤CeCT ν(‖u0‖Ḃs
p,1(Ω) + ‖ f‖L1(0,T ;Ḃs

p,1(Ω))

)
, (6.16)

where the constant C depends only on s, p, and Ω .

Additionally if K is a compact subset of Ω such that dist(∂Ω ,Ω \K)> 0, there
holds
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‖u‖L∞(0,T ;Ḃs
p,1(Ω))+‖ut ,ν∇2u‖L1(0,T ;Ḃs

p,1(Ω))

≤C
(‖u0‖Ḃs

p,1(Ω) + ‖ f‖L1(0,T ;Ḃs
p,1(Ω)) +ν‖u‖L1(0,T ;Ḃs

p,1(K))

)
, (6.17)

where C is as above.

Proof. We suppose that we have a smooth enough solution and focus on the proof
of the estimates. We shall do it in three steps: first we prove interior estimates, next
boundary estimates and finally global estimates after summation.

Note that performing the following change of unknown and data:

unew(t,x) = νuold(ν−1t,x), u0,new(x) = νu0,old(x), fnew(t,x) = fold(ν−1t,x)

reduces the study to the case ν = 1. So we shall make this assumption in all that
follows.

Throughout we fix some covering (B(x�,λ ))1≤�≤L of K by balls of radius λ and
take some neighborhood Ω 0 ⊂ Ω of Rn \K such that d(Ω 0,∂Ω) > 0. We assume
in addition that the first M balls do not intersect K while the last L−M balls are
centered at some point of ∂Ω .

Let η0 : Rn → [0,1] be a smooth function supported in Ω 0 and with value 1 on a
neighborhood of Ω \K. Then we consider a subordinate partition of unity (η�)1≤�≤L

such that:

1. ∑0≤l≤L η� = 1 on Ω .
2. ‖∇kη�‖L∞(Rn) ≤Ckλ−k for k ∈N and 1 ≤ �≤ L.
3. Supp η� ⊂ B(x�,λ ).

We also introduce another smooth function η̃0 supported in K and with value 1 on
Supp ∇η0 and smooth functions η̃1, · · · , η̃L with compact support in B(x�,λ ) and
such that η̃� ≡ 1 on Supp η�.

Note that for � ∈ {1, · · · ,L}, the bounds for the derivatives of η� together with
the fact that

∣
∣Supp ∇η�

∣
∣≈ λ n and Proposition 6.5 implies that for k = 0,1 and any

q ∈ [1,∞], we have

‖∇η�‖
Ḃ

k+n/q
q,1 (Rn)

� λ−1−k. (6.18)

The same holds for the functions η̃�.

First Step: The Interior Estimate

The vector field U0 := uη0 satisfies the following modification of (6.1):

U0
t −ΔU0 = η0 f − 2∇η0 ·∇u− uΔη0 in (0,T )×R

n,

U0|t=0 = u0η0 on R
n.

(6.19)
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Theorem 6.1 thus yields the following estimate:

‖U0‖L∞(0,T ;Ḃs
p,1(R

n)) + ‖U0
t ,∇

2U0‖L1(0,T ;Ḃs
p,1(R

n)) � ‖η0 f‖L1(0,T ;Ḃs
p,1(R

n))

+‖∇η0 ·∇u‖L1(0,T ;Ḃs
p,1(R

n)) + ‖uΔη0‖L1(0,T ;Ḃs
p,1(R

n)) + ‖η0u0‖Ḃs
p,1(R

n).

Let us emphasize that as ∇η0 ·∇u and uΔη0 are compactly supported; we may
replace the homogeneous norms by nonhomogeneous ones in the first two terms. As
a consequence, because the function ∇η0 is in C ∞

c (Rn) and η̃0 ≡ 1 on Supp ∇η0,
Corollary 6.1 ensures that

‖U0‖L∞(0,T ;Ḃs
p,1(R

n)) + ‖U0
t ,∇

2U0‖L1(0,T ;Ḃs
p,1(R

n))

� ‖η0u0‖Ḃs
p,1(R

n)) + ‖η0 f‖L1(0,T ;Ḃs
p,1(R

n)) + ‖η̃0u‖L1(0,T ;Bs+1
p,1 (Rn)). (6.20)

Now, by interpolation,

‖η̃0u‖B1+s
p,1 (Ω) ≤C‖η̃0u‖

1
2

B2+s
p,1 (Ω)

‖η̃0u‖
1
2
Bs

p,1(Ω). (6.21)

As Supp η̃0 ⊂ K and as homogeneous and nonhomogeneous norms are equivalent
on K, one may thus conclude that

‖U0‖L∞(0,T ;Ḃs
p,1(R

n)) + ‖U0
t ,∇

2U0‖L1(0,T ;Ḃs
p,1(R

n)) � ‖ f‖L1(0,T ;Ḃs
p,1(Ω))

+T1/2‖u‖L1(0,T ;Ḃ2+s
p,1 (K))∩L∞(0,T ;Ḃs

p,1(K)) + ‖u0‖Ḃs
p,1(Ω). (6.22)

Note that starting from (6.21) and using Young’s inequality also yield, for all ε > 0,

‖U0‖L∞(0,T ;Ḃs
p,1(R

n)) + ‖U0
t ,∇2U0‖L1(0,T ;Ḃs

p,1(R
n)) ≤C

(‖u0‖Ḃs
p,1(Ω)

+ ‖ f‖L1(0,T ;Ḃs
p,1(Ω))

)
+ ε‖u‖L1(0,T ;Ḃ2+s

p,1 (K)) + c(ε)‖u‖L1(0,T ;Ḃs
p,1(K)). (6.23)

The terms U � with 1 ≤ �≤ M may be bounded exactly along the same lines because
their support do not meet ∂Ω ; hence, their extension by 0 over Rn satisfies

U �
t −ΔU � = f � in (0,T )×R

n,
U �|t=0 = u0η� on R

n

with

f � :=−2∇η� ·∇u− uΔη�+η� f . (6.24)

Arguing as above and taking advantage of the fact that the functions η� are localized
in balls of radius λ (that is, we use (6.18)), we now get

‖ f �‖L1(0,T ;Ḃs
p,1(Ω)) � ‖η� f‖L1(0,T ;Ḃs

p,1(Ω))

+λ−2‖η̃�u‖L1(0,T ;Ḃs
p,1(Ω)) +λ−1‖η̃�∇u‖L1(0,T ;Ḃs

p,1(Ω)). (6.25)
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Using again (6.21) (with η̃� instead of η̃0), we end up with

‖U �‖L∞(0,T ;Ḃs
p,1(R

n)) + ‖U �
t ,∇

2U �‖L1(0,T ;Ḃs
p,1(R

n)) � ‖η� f‖L1(0,T ;Ḃs
p,1(Ω))

+
(
λ−1T 1/2 +λ−2T

)‖u‖L1(0,T ;Ḃ2+s
p,1 (K))∩L∞(0,T ;Ḃs

p,1(K)) + ‖u0η�‖Ḃs
p,1(Ω), (6.26)

‖U �‖L∞(0,T ;Ḃs
p,1(R

n)) + ‖U �
t ,∇

2U �‖L1(0,T ;Ḃs
p,1(R

n)) ≤C
(‖u0η�‖Ḃs

p,1(Ω)

+ ‖η� f‖L1(0,T ;Ḃs
p,1(Ω))

)
+λ−1‖u‖1/2

L1(0,T ;Ḃ2+s
p,1 (K))

‖u‖1/2
L1(0,T ;Ḃs

p,1(K))
. (6.27)

Second Step: The Boundary Estimate

We now consider an index � ∈ {L+ 1, · · · ,M} so that B(x�,λ ) is centered at a point
of ∂Ω . The localization leads to the following system for U � := uη�:

U �
t −ΔU � = f � in (0,T )×Ω ,

U � = 0 on (0,T )× ∂Ω ,
U �

t |t=0 = u0η� on Ω ,
(6.28)

with f � defined by (6.24), hence satisfying (6.25).
Let us make a change of variables so as to recast (6.28) in the half-space. As ∂Ω

is C∞, if λ has been chosen small enough then for fixed �, we are able to find a map
Z� so that:

i) Z� is a C∞ diffeomorphism from B(x�,λ ) to Z�(B(x�,λ )).
ii) Z�(x�) = 0 and DxZ(x�) = Id.

iii) Z�(Ω ∩B(x�,λ ))⊂ R
n
+.

iv) Z�(∂Ω ∩B(x�,λ )) = ∂Rn
+∩Z�(B(x�,λ )).

Setting ∇xZ� = Id+A�, then one may assume in addition that there exist constants
Cj depending only on Ω and on j ∈ N such that

‖D jA�‖L∞(B(x�,λ )) ≤Cj, (6.29)

a property which implies (by the mean value formula) that

‖A�‖L∞(B(x�,λ )) ≤C1λ , (6.30)

hence by interpolation between the spaces Lq(B(x�,λ )) and W j
q (B(x�,λ )) (with j

being any positive integer),

‖A�‖
B

n
q
q,1(B(x

�,λ ))
≤Cλ for all 1 ≤ q < ∞ such that n/q < j. (6.31)

Let V � := Z∗
�U � :=U � ◦Z−1

� . The system satisfied by V � reads
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V �
t −ΔzV � = F� in (0,T )×R

n
+,

V �|zn=0 = 0 on (0,T )× ∂Rn
+,

V �|t=0 = Z∗
� (U

�|t=0) on ∂Rn
+,

(6.32)

with
F� := Z∗

� f �+(Δx −Δz)V
�.

According to Theorem 6.2, we thus get

‖V �‖L∞(0,T ;Ḃs
p,1(R

n
+))

+ ‖V �
t ,∇

2
zV �‖L1(0,T ;Ḃs

p,1(R
n
+))

� ‖Z∗
� f �‖L1(0,T ;Ḃs

p,1(R
n
+))

+ ‖(Δx−Δz)V
�)‖L1(0,T ;Ḃs

p,1(R
n
+))

+ ‖Z∗
� (U

�|t=0)‖Ḃs
p,1(R

n
+)
.

Note that the first and last terms in the right-hand side may be dealt with thanks to
Lemma 6.1: we have

‖Z∗
� f �‖L1(0,T ;Ḃs

p,1(R
n
+))

� ‖ f �‖L1(0,T ;Ḃs
p,1(Ω))

‖Z∗
� (U

�|t=0)‖Ḃs
p,1(R

n
+)

� ‖U �|t=0‖Ḃs
p,1(Ω).

Compared to the first step, the only definitely new term is (Δx −Δz)V �. Explicit
computations (see, e.g., [5]) show that (Δz −Δx)V � is a linear combination of com-
ponents of ∇2

z A�⊗V � and ∇zA�⊗∇zV �. Therefore

‖(Δx −Δz)V
�)‖L1(0,T ;Ḃs

p,1(R
n
+))

� ‖A�⊗∇2
zV �‖L1(0,T ;Ḃs

p,1(R
n
+))

+‖∇zA�⊗∇zV
�‖L1(0,T ;Ḃs

p,1(R
n
+))

.

Now, according to Proposition 6.4 and owing to the support properties of the
terms involved in the inequalities, we have

‖A�⊗∇2
zV �‖L1(0,T ;Ḃs

p,1(R
n
+))

� ‖A�‖
Ḃ

n
q
q,1(B(x

�,λ ))
‖∇2

zV �‖Ḃs
p,1(R

n
+)

with q=min(p, p′).

Therefore we have, thanks to (6.30) and to (6.31),

‖A�⊗∇2
zV �‖L1(0,T ;Ḃs

p,1(R
n
+))

� λ‖∇2
zV �‖Ḃs

p,1(R
n
+)
.

Similarly, we have

‖∇zA�⊗∇zV
�‖L1(0,T ;Ḃs

p,1(R
n
+))

� ‖∇zV
�‖L1(0,T ;Ḃs

p,1(R
n
+))

.

Therefore

‖(Δx −Δz)V
�‖L1(0,T ;Ḃs

p,1(R
n
+))

� λ‖∇2
zV �‖L1(0,T ;Ḃs

p,1(R
n
+))

+ ‖∇zV
�‖L1(0,T ;Ḃs

p,1(R
n
+))

.

Putting together the above inequalities and remembering (6.25) and Lemma 6.1, we
finally get, taking λ small enough,
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‖V �‖L∞(0,T ;Ḃs
p,1(R

n
+))

+ ‖V �
t ,∇

2
zV �‖L1(0,T ;Ḃs

p,1(R
n
+))

� ‖η�u0‖Ḃs
p,1(Ω) + ‖η� f‖L1(0,T ;Ḃs

p,1(Ω))

+λ−2‖η̃�u‖L1(0,T ;Ḃs
p,1(Ω)) +λ−1‖η̃�∇u‖L1(0,T ;Ḃs

p,1(Ω)) + ‖∇V �‖L1(0,T ;Ḃs
p,1(R

n
+))

.

By interpolation, we have

‖∇V �‖L1(0,T ;Ḃs
p,1(R

n
+))

� ‖∇2V �‖1/2
L1(0,T ;Ḃs

p,1(R
n
+))

‖V �‖1/2
L1(0,T ;Ḃs

p,1(R
n
+))

.

Therefore using Young’s inequality enables us to reduce the above inequality to

‖V �‖L∞(0,T ;Ḃs
p,1(R

n
+))

+ ‖V �
t ,∇

2V �‖L1(0,T ;Ḃs
p,1(R

n
+))

� ‖η�u0‖Ḃs
p,1(Ω) + ‖η� f‖L1(0,T ;Ḃs

p,1(Ω)) + ‖V �‖L1(0,T ;Ḃs
p,1(R

n
+))

+λ−2‖η̃�u‖L1(0,T ;Ḃs
p,1(Ω)) +λ−1‖η̃�∇u‖L1(0,T ;Ḃs

p,1(Ω)).

In order to handle the last term, there are two ways of proceeding depending on
whether we want a time-dependent constant or not. The first possibility is to write
that, by interpolation and Hölder’s inequality,

‖η̃�∇u‖L1(0,T ;Ḃs
p,1(Ω)) ≤ T 1/2‖u‖L1(0,T ;Ḃs+2

p,1 (K))∩L∞(0,T ;Ḃs
p,1(K)).

This yields

‖V �‖L∞(0,T ;Ḃs
p,1(R

n
+))

+ ‖V �
t ,∇

2V �‖L1(0,T ;Ḃs
p,1(R

n
+))

� ‖η�u0‖Ḃs
p,1(Ω) + ‖η� f‖L1(0,T ;Ḃs

p,1(Ω)) +T‖V �‖L∞(0,T ;Ḃs
p,1(R

n
+))

+
(
λ−1T 1/2 +λ−2T

)‖u‖L1(0,T ;Ḃs+2
p,1 (K))∩L∞(0,T ;Ḃs

p,1(K)). (6.33)

The second possibility is to write that

‖η̃�∇u‖L1(0,T ;Ḃs
p,1(Ω)) ≤ ‖u‖

1
2

L1(0,T ;Ḃs+2
p,1 (K))

‖u‖
1
2
L1(0,T ;Ḃs

p,1(K))
.

We eventually get

‖V �‖L∞(0,T ;Ḃs
p,1(R

n
+))

+ ‖V �
t ,∇

2V �‖L1(0,T ;Ḃs
p,1(R

n
+))

� ‖η�u0‖Ḃs
p,1(Ω)

+ ‖η� f‖L1(0,T ;Ḃs
p,1(Ω)) +λ−1‖u‖1/2

L1(0,T ;Ḃ2+s
p,1 (K))

‖u‖1/2
L1(0,T ;Ḃs

p,1(K))

+λ−2‖u‖L1(0,T ;Ḃs
p,1(K)) + ‖∇V �‖L1(0,T ;Ḃs

p,1(R
n
+))

. (6.34)
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Third Step: Global a priori Estimates

Now, in view of Lemma 6.1, we may write

‖u‖L∞(0,T ;Ḃs
p,1(Ω)) ≤ ∑

�

‖U �‖L∞(0,T ;Ḃs
p,1(Ω))

� ∑
0≤�≤M

‖U �‖L∞(0,T ;Ḃs
p,1(R

n)) + ∑
M<�≤L

‖V �‖L∞(0,T ;Ḃs
p,1(R

n
+))

,

and similar inequalities for the other terms of the l.h.s of (6.33). Of course,
Proposition 6.1 ensures that

‖η�u0‖Ḃs
p,1(Ω) � ‖u0‖Ḃs

p,1(Ω) and ‖η̃� f‖L1(0,T ;Ḃs
p,1(Ω)) � ‖ f‖L1(0,T ;Ḃs

p,1(Ω)).

So using also (6.22) and (6.26) and assuming that T is small enough, we end up
with

‖u‖L∞(0,T ;Ḃs
p,1(Ω)) + ‖(ut ,∇2u)‖L1(0,T ;Ḃs

p,1(Ω)) � ‖u0‖Ḃs
p,1(Ω)

+‖ f‖L1(0,T ;Ḃs
p,1(Ω)) + (λ−1T 1/2 +λ−2T )‖u‖L1(0,T ;Ḃs+2

p,1 (K))∩L∞(0,T ;Ḃs
p,1(K)).

Hence if in addition λ−2T is small enough,

‖u‖L∞(0,T ;Ḃs
p,1(Ω)) + ‖ut ,∇2u‖L1(0,T ;Ḃs

p,1(Ω)) ≤C
(
‖u0‖Bs

p,1(R
n) + ‖ f‖L1(0,T ;Ḃs

p,1(Ω))

)
.

Repeating the argument over the interval [T,2T ] and so on, we get exactly Inequality
(6.16).

If we want to remove the time dependency, then it is just a matter of starting from
(6.34) to (6.27) instead of (6.33) to (6.22). After a few computation and thanks to
Young’s inequality, we get for some constant C depending on λ :

‖ut ,∇2u‖L1(0,T ;Ḃs
p,1(Ω)) ≤C(‖u0‖Ḃs

p,1(Ω) + ‖ f‖L1(0,T ;Ḃs
p,1(R

n
+))

+ ‖u‖L1(0,T ;Ḃs
p,1(K))).

For completeness, let us say a few words about the existence, which is a rather
standard issue (see, e.g., [11]). As the domain is smooth, the easiest approach is via
the L2 framework and Galerkin method. We may consider smooth approximations
of data f and u0. Then the energy method provides us with approximate solutions
in Sobolev spaces Hm with large m. In particular, the above a priori estimates (6.16)
may be derived for such solutions. It is then easy to pass to the limit. ��
Remark 6.4. Let us emphasize that the term ‖u‖L1(0,T ;Ḃs

p,1(K)) may be replaced by

other lower-order norms such as ‖u‖
L1(0,T ;Ḃs′

p,1(K))
with s′ �= s close to 0. In particular,

s′ may be put to zero, and one may use ‖u‖L1(0,T ;Lp(K)).

In order to complete the proof of Theorem 6.3, we now have to bound the last
term of (6.17), namely, ‖u‖L1(0,T ;Ḃs

p,1(K)), independently of T. This is the goal of the
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next lemma (where we keep the assumption that ν = 1). We here adapt to the heat
equation an approach that has been proposed for the Stokes system in [13].

Lemma 6.2. Assume that n ≥ 3 and that 1 < p < n/2. Then for any s ∈ (−1+
1/p,1/p− 2/n), sufficiently smooth solutions to (6.1) fulfill

‖u‖L1(0,T ;Ḃs
p,1(K)) ≤C(‖ f‖L1(0,T ;Ḃs

p,1(Ω)) + ‖u0‖Ḃs
p,1(Ω)),

where C is independent of T .

Proof. Thanks to the linearity of the system, one may split the solution u into two
parts: the first one u1 being the solution of the system with zero initial data and
source term f and the second one u2 the solution of the system with no source term
and initial data u0. In other words, u = u1 + u2 with u1 and u2 satisfying

u1,t −Δu1 = f in (0,T )×Ω , u2,t −Δu2 = 0 in (0,T )×Ω ,
u1 = 0 on (0,T )× ∂Ω , u2 = 0 on (0,T )× ∂Ω ,
u1|t=0 = 0 on Ω , u2|t=0 = u0 on Ω .

(6.35)

Let us first focus on u1. Recall that up to a constant we have (see Proposition 6.3):

‖u1(t)‖Ḃs
p,1(K) = sup

∫

K
u1(t,x)η0(x)dx, (6.36)

where the supremum is taken over all η0 ∈ Ḃ−s
p′,∞(K) such that ‖η0‖Ḃ−s

p′,∞(K) = 1.

Of course, by virtue of Remark 6.2, any such function η0 may be extended by 0
over Rn, and its extension still has a norm of order 1. So we may assume that the
supremum is taken over all

η0 ∈ Ḃ−s
p′,∞(R

n) with ‖η0‖Ḃ−s
p′,∞(R

n) = 1 and Supp η0 ⊂ K. (6.37)

Consider the solution η to the following problem:

ηt −Δη = 0 in (0,T )×Ω ,
η = 0 on (0,T )× ∂Ω ,
η |t=0 = η0 on Ω .

(6.38)

Testing the equation for u1 by η(t −·) we discover that

∫

Ω
u1(t,x)η0(x)dx =

∫ t

0

∫

Ω
f (τ,x)η(t − τ,x)dxdτ. (6.39)

The general theory for the heat operator in exterior domains implies the following
estimates:

‖η(t)‖La(Ω) ≤C‖η0‖Lb(Ω)t
− n

2 (
1
b− 1

a ) for 1 < b ≤ a < ∞, (6.40)
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as well as

‖Δη(t)‖La(Ω) ≤C‖Δη0‖Lb(Ω)t
− n

2 (
1
b− 1

a ) for 1 < b ≤ a < ∞. (6.41)

In the case Ω = R
n, those two inequalities may be derived easily from the (ex-

plicit) heat kernel. To prove (6.40) in the case of an exterior domain, it is enough
to look at solutions to (6.38) as subsolutions to the problem in the whole space.
More precisely, if we assume that η0 ≥ 0 (this is not restrictive for one may con-
sider the positive and negative part of the initial data separately), we get a solution
to (6.38) defined over (0,∞)×Ω such that η ≥ 0. Then we consider an extension
Eη : Rn → R of η , such that Eη = η for x ∈ Ω and Eη = 0 for x /∈ Ω . We claim
that Eη is a subsolution to the Cauchy problem

η̄t −Δη̄ = 0 in (0,T )×R
n with η̄ |t=0 = Eη0. (6.42)

It is sufficient to show that η ≤ η̄ , since η̄ is always nonnegative. It is clear that

(η − η̄)t −Δ(η − η̄) = 0 in (0,T )×Ω . (6.43)

Consider (η − η̄)+ := max{η − η̄ ,0}. It is obvious that (η − η̄)+ vanishes at the
boundary, because η is zero and η̄ is nonnegative there. Hence we conclude

1
2

d
dt

∫

Ω
(η − η̄)2

+dx+
∫

Ω
|∇(η − η̄)+|2dx = 0. (6.44)

Thus, (η − η̄)+ ≡ 0, since (η − η̄)+|t=0 = 0. So η is bounded by η̄ .
To prove (6.41) we observe that for the smooth solutions the equation implies

that Δη |∂Ω = 0, so we can consider the problem on Δη instead of η . Now, as η
vanishes at the boundary, we have (see, e.g., [8])

‖∇2η‖Lc(Ω) ≤ ‖Δη‖Lc(Ω) for all 1 < c < ∞. (6.45)

Hence, interpolating between (6.40) and (6.41) yields for 0 < s < 1/a:

‖η(t)‖Ḃs
a,r(Ω) ≤C‖η0‖Ḃs

b,r(Ω)t
− n

2 (
1
b− 1

a ) for 1 < b ≤ a < ∞ and 1 ≤ r ≤ ∞.

(6.46)
In order to extend this inequality to negative indices s, we consider the following
dual problem:

ζt −Δζ = 0 in (0,T )×Ω ,
ζ = 0 on (0,T )× ∂Ω ,
ζ |t=0 = ζ0 on Ω ,

(6.47)

where ζ0 ∈ B−s
b′,r′(Ω).

Now, testing (6.47) by η(t −·) yields
∫

Ω
η(t,x)ζ0(x)dx =

∫

Ω
η0(x)ζ (t,x)dx. (6.48)
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Let us observe that

‖η(t)‖Ḃs
a,r(Ω) = sup

ζ0

∫

Ω
η(t,x)ζ0(x)dx, (6.49)

where the supremum is taken over all ζ0 ∈ Ḃ−s
a′,r′(Ω) such that ‖ζ0‖Ḃ−s

a′,r′ (Ω) = 1. Thus

by virtue of (6.48), we get

‖η(t)‖Ḃs
a,r(Ω) = sup

ζ0

∫

Ω
η0(x)ζ (t,x)dx ≤ sup

ζ0

(
‖η0‖Ḃs

b,r(Ω)‖ζ (t)‖Ḃ−s
b′,r′ (Ω)

)
. (6.50)

Since −s is positive and 1 < a′ ≤ b′ < ∞, we can apply (6.46) and get, if
0 <−s < 1/b′,

‖η(t)‖Ḃs
a,r(Ω) ≤C‖η0‖Ḃs

b,r(Ω)t
− n

2 (
1
a′ −

1
b′ ) sup

ζ0

‖ζ0‖Ḃ−s
a′,r′ (Ω).

Since 1
a′ − 1

b′ =
1
b − 1

a , we conclude that

‖η(t)‖Ḃs
a,r(Ω) ≤C‖η0‖Ḃs

b,r(Ω)t
− n

2 (
1
b− 1

a ) if s >−1+ 1/b. (6.51)

In order to get the remaining case s = 0, it suffices to argue by interpolation
between (6.46) and (6.51). One can thus conclude that for all 1 < b ≤ a < ∞, q ∈
[1,∞], and −1+ 1/b< s < 1/a, we have

‖η(t)‖Ḃs
a,r(Ω) ≤C‖η0‖Ḃs

b,r(Ω)t
− n

2 (
1
b− 1

a ). (6.52)

Now we return to the initial problem of bounding u1. Starting from (6.39) and
using duality, one may write

∣
∣
∣
∣

∫

Ω
u1(t,x)η0(x)dx

∣
∣
∣
∣�

∫ t

0
‖ f (τ)‖Ḃs

p,1(Ω)‖η(t − τ)‖Ḃ−s
p′,∞(Ω) dτ.

Hence splitting the interval (0, t) into (0,max(0, t − 1)) and (max(0, t − 1), t) and
applying (6.52) yield, for any ε ∈ (0,1+ s),
∣
∣
∣∣

∫

Ω
u1(t,x)η0(x)dx

∣
∣
∣∣�

∫ t

max(0,t−1)
‖ f (τ)‖Ḃs

p,1(Ω)‖η0‖Ḃ−s
p′,∞(Ω) dτ

+
∫ max(0,t−1)

0
‖ f (τ)‖Ḃs

p,1(Ω)‖η0‖Ḃ−s
1

1−ε ,∞
(Ω)(t − τ)−

n
2 (

1
p−ε) dτ.

Now, as η0 is supported in K, one has ‖η0‖Ḃ−s
a,∞(Ω) ≤C|K| 1

p+
1
a−1‖η0‖Ḃ−s

p′,∞(Ω). This

may easily proved by introducing a suitable smooth cutoff function with value 1
over K and taking advantage of Proposition 6.1. A scaling argument yields the
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dependency of the norm of the embedding with respect to |K|. Hence we have for
some constant C depending on K:

‖η0‖Ḃ−s
1

1−ε ,∞
≤C‖η0‖Ḃ−s

p′,∞(Ω).

So, keeping in mind (6.39) and the fact that the supremum is taken over all the
functions η0 satisfying (6.37), we deduce that

‖u1(t)‖Ḃs
p,1(K) ≤C

(∫ t

max(0,t−1)
‖ f (τ)‖Ḃs

p,1(Ω) dτ

+
∫ max(0,t−1)

0
(t − τ)−

n
2 (

1
p−ε)‖ f (τ)‖Ḃs

p,1(Ω) dτ
)
.

Therefore,

∫ T

1
‖u1‖Ḃs

p,1(K) dt ≤C

(
1+

∫ T

1
τ−

n
2 (

1
p−ε) dτ

)∫ T

0
‖ f‖Ḃs

p,1(Ω) dt. (6.53)

For the time interval [0,1], we merely have
∫ 1

0
‖u1‖Ḃs

p,1(K) dt ≤C
∫ 1

0
‖ f‖Ḃs

p,1(Ω) dt.

Now, provided that one may find some ε > 0 such that

n
2

(1
p
− ε

)
> 1, (6.54)

a condition which is equivalent to p < n/2, the constant in (6.53) may be made
independent of T. Hence we conclude that

∫ T

0
‖u1‖Ḃs

p,1(K) dt ≤C
∫ T

0
‖ f‖Ḃs

p,1(Ω) dt (6.55)

with C independent of T .
Let us now bound u2. We first write that

‖u2(t)‖Ḃs
p,1(K) ≤C‖u0‖Ḃs

p,1(Ω) (6.56)

and, if −1+ ε < s < 1/p,

‖u2(t)‖Ḃs
p,1(K) ≤C|K| 1

p−ε‖u2(t)‖Ḃs
1
ε ,1

(K) ≤C|K| 1
p−ε‖u0‖Ḃs

p,1(Ω)t
− n

2 (
1
p−ε).

Then decomposing the integral over [0,T ] into an integral over [0,min(1,T )] and
[min(1,T ),T ], we easily get

∫ T

0
‖u2(t)‖Ḃs

p,1(K) dt ≤C

(
1+

∫ T

min(1,T )
t−

n
2 (

1
p−ε) dt

)
‖u0‖Ḃs

p,1(Ω). (6.57)
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The integrant in the r.h.s. of (6.57) is finite whenever (6.54) holds. Hence,

∫ T

0
‖u2(t)‖Ḃs

p,1(K) dt ≤C‖u0‖Ḃs
p,1(Ω). (6.58)

Putting this together with (6.53) and (6.3.2) completes the proof of the lemma.��
We are now ready to prove Theorem 6.3. Granted with Theorem 6.4, it is enough

to show that ‖u‖
L1(0,T ;Ḃs

p,1(K)∩Ḃs′
q,1(K))

may be bounded by the right-hand side of

(6.15).
As a matter of fact ‖u‖

L1(0,T ;Ḃs′
q,1(K))

may be directly bounded from Lemma 6.2,

and the same holds for ‖u‖L1(0,T ;Ḃs
p,1(K)) if p < n/2.

If p ≥ n/2, then we use the fact that

Ḃs+2
q,1 (Ω)⊂ Ḃs

q∗,1(Ω) with
1
q∗

=
1
q
− 2

n
·

Therefore, if q< n/2≤ p< q∗, then one may combine interpolation and Lemma 6.2
so as to absorb ‖u‖L1(0,T ;Ḃs

p,1(K)) by the left-hand side of (6.15), changing the con-

stant C if necessary.
If p ≥ q∗, then one may repeat the argument again and again until all possible

values of p in (n/2,∞) are exhausted. Theorem 6.3 is proved.

6.3.3 The Bounded Domain Case

We end this section with a few remarks concerning the case where Ω is a bounded
domain of Rn with n ≥ 2. Then the proof of Theorem 6.4 is similar: we still have to
introduce some suitable resolution of unity (η�)0≤�≤L. The only difference is that,
now, η0 has compact support. Hence Theorem 6.4 holds true with K = Ω .

In order to remove the time dependency in the estimates, we use the fact (see,
e.g., [7]) that the solution η to (6.38) satisfies for some c > 0 :

‖η(t)‖Lp(Ω) ≤Ce−ct‖η0‖Lp(Ω),

which also implies that

‖∇2η(t)‖Lp(Ω) ≤Ce−ct‖∇2η0‖Lp(Ω).

Hence we have for any 1 < p < ∞ and −1+ 1/p< s < 1/p,

‖η(t)‖Ḃs
p,1(Ω) ≤Ce−ct‖η0‖Ḃs

p,1(Ω). (6.59)
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Defining u1 and u2 as in (6.35), one may thus write
∣
∣
∣∣

∫

Ω
u1(t,x)η0(x)dx

∣
∣
∣∣� ‖η0‖Ḃ−s

p′,∞(Ω)

∫ t

0
‖ f (τ)‖Ḃs

p,1(Ω)e
−c(t−τ) dτ,

thus giving

‖u1‖L1(0,T ;Ḃs
p,1(K)) � ‖ f‖L1(0,T ;Ḃs

p,1(Ω)).

Of course, we also have

‖u2‖L1(0,T ;Ḃs
p,1(K)) � ‖u0‖Ḃs

p,1(Ω).

So one may conclude that Lemma 6.2 holds true for any 1 < p < ∞ and −1+1/p<
s < 1/p. Consequently, we get:

Theorem 6.5. If 1 < p < ∞ and −1 + 1/p < s < 1/p, then the statement of
Theorem 6.2 remains true in any smooth bounded domain.

6.4 Applications

In this last section, we give some application of the maximal regularity estimates
that have been proved hitherto. As an example, we prove global stability results
(in a critical functional framework) for trivial/constant solutions to the following
system:

ut −νΔu+P ·∇2u = f0(u)+ f1(u) ·∇u in (0,T )×Ω ,
u = 0 at (0,T )× ∂Ω ,
u|t=0 = u0 on Ω .

(6.60)

Above, ν is a positive parameter, u stands for a r-dimensional vector, and P =
(P1, · · · ,Pr) where the Pk’s are n×n matrices with suitably smooth coefficients. The
nonlinearities f0 : Rr →R

r and f1 : Rr → Mr,n(R) are C1 and satisfy

f0(0) = 0, d f0(0) = 0 and f1(0) = 0, (6.61)

together with some growths conditions that will be detailed below.
As we have in mind applications to Theorem 6.3, we focus on the case where

Ω is a smooth exterior domain of Rn with n ≥ 3. Of course, based on our other
maximal regularity results, similar (and somewhat easier) statements may be proved
for bounded domains, Rn

+ or Rn.
Here are two important examples entering in the class of (6.60). The first one is

the nonlinear heat transfer equation (see [15] and the references therein)

ut −νΔu = f (u). (6.62)
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A classical form of nonlinearity is f (u) = Ku2(u− u∗). However one may consider
more complex models describing a flame propagation like in [12].

The second example is the viscous Burgers equation [9, 10]

ut + u∂x1u−νΔu = 0. (6.63)

which enters in the class of models like

ut −νΔu = B(u,∇u). (6.64)

In the case where B(u,∇u) = −u · ∇u, this is just the equation for pressureless
viscous gases with constant density.

Below, based on Theorem 6.3, we shall prove two global-in-time results con-
cerning the stability of the trivial solution of System (6.60). In the first statement, to
simplify the presentation, we only consider the case where the data belong to spaces
with regularity index equals to 0. To simplify the notation, we omit the dependency
with respect to the domain Ω in all that follows.

Theorem 6.6. Let 1 < q < n/2 and Ω be an exterior domain of Rn (n ≥ 3). There
exist two positive constants η and cν such that for all P : [0,∞)×Ω →R

n×R
n×R

k

satisfying4

‖P‖L∞(0,∞;M (Ḃ0
n,1∩Ḃ0

q,1))
≤ ην, (6.65)

for all nonlinearities f0 and f1 fulfilling (6.61) and

|d f0(w)| ≤C|w|, |d f1(w)| ≤C, (6.66)

and for all u0 ∈ Ḃ0
n,1 ∩ Ḃ0

q,1 such that

‖u0‖Ḃ0
n,1∩Ḃ0

q,1
≤ cν , (6.67)

System (6.60) admits a unique global solution u in the space

Cb(0,∞; Ḃ0
n,1 ∩ Ḃ0

q,1)∩L1(0,∞; Ḃ2
n,1 ∩ Ḃ2

q,1). (6.68)

Proof. Granted with Theorem 6.3, the result mainly relies on embedding, compo-
sition, and product estimates in Besov spaces. We focus on the proof of a priori
estimates for a global solution u to (6.60). First, applying Theorem 6.3 yields

‖u‖L∞(0,∞;Ḃ0
n,1∩Ḃ0

q,1)∩L1(0,∞;Ḃ2
n,1∩Ḃ2

q,1)
� ‖P‖L∞(0,∞;M (Ḃ0

n,1∩Ḃ0
q,1))

‖u‖L1(0,∞;Ḃ2
n,1∩Ḃ2

q,1)

+ ‖u0‖Ḃ0
n,1∩Ḃ0

q,1
+ ‖ f0(u)‖L1(0,∞;Ḃ0

n,1∩Ḃ0
q,1)

+ ‖ f1(u) ·∇u‖L1(0,∞;Ḃ0
n,1∩Ḃ0

q,1)
. (6.69)

4 Below M (X) denotes the multiplier space associated to the Banach space X that is the set of those
functions f such that f g ∈ X , whenever g is in X , endowed with the norm ‖ f ‖M (X) := infg ‖ f g‖X

where the infimum is taken over all g ∈ X with norm 1.
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Bounding the last two terms follows from Propositions 6.1 and 6.6. More precisely,
for p = q,n, we have

‖ f1(u) ·∇u‖Ḃ0
p,1

� ‖ f1(u)‖Ḃ
1/2
n,1
‖∇u‖

Ḃ
1/2
p,1

� ‖u‖
Ḃ

1/2
n,1
‖∇u‖

Ḃ
1/2
p,1
.

Therefore, applying Hölder inequality,

‖ f1(u) ·∇u‖L1(0,∞;Ḃ0
p,1)

� ‖u‖
L4(0,∞;Ḃ1/2

n,1 )
‖∇u‖

L4/3(0,∞;Ḃ1/2
p,1 )

,

whence, using elementary interpolation,

‖ f1(u) ·∇u‖L1(0,∞;Ḃ0
n,1∩Ḃ0

q,1)
� ‖u‖2

L∞(0,∞;Ḃ0
n,1∩Ḃ0

q,1)∩L1(0,∞;Ḃ2
n,1∩Ḃ2

q,1)
. (6.70)

Bounding f0(u) is slightly more involved. To handle the norm in L1(0,∞; Ḃ0
n,1(Ω)),

we use the following critical embedding:

Ḃ1
n/2,1 ↪→ Ḃ0+

n−,1 ↪→ Ḃ0
n,1.

Hence Proposition 6.1 enables us to write that

‖ f0(u)‖Ḃ0
n,1

� ‖ f0(u)‖Ḃ0+
n−,1

,

� ‖u‖L∞‖u‖
Ḃ0+

n−,1
,

� ‖u‖L∞‖u‖Ḃ1
n/2,1

,

� ‖u‖Ḃ1
n,1
‖u‖Ḃ1

q,1∩Ḃ1
n,1
.

The last inequality stems from the embedding Ḃ1
n,1 ↪→ L∞ and from the fact that

q < n/2 < n, whence
Ḃ1

q,1 ∩ Ḃ1
n,1 ↪→ Ḃ1

n/2,1.

Therefore, using Hölder inequality and elementary interpolation, we deduce that

‖ f0(u)‖L1(0,∞;Ḃ0
n,1)

� ‖u‖2
L∞(0,∞;Ḃ0

n,1∩Ḃ0
q,1)∩L1(0,∞;Ḃ2

n,1∩Ḃ2
q,1)

. (6.71)

Finally we have to bound f0(u) in L1(0,∞; Ḃ0
q,1). For that, it suffices to estimate it

in L1(0,∞; Ḃ0+
q,1) and in L1(0,∞;Lq−). Indeed we observe that Lq− ↪→ Ḃ0−

q,∞, and thus,

L1(0,∞; Ḃ0+
q,1)∩L1(0,∞;Lq−) ↪→ L1(0,∞; Ḃ0

q,1). (6.72)

Now, on the one hand, according to Proposition 6.6 and Hölder inequality, we have

‖ f0(u)‖L1(0,∞;Ḃ0+
q,1)

� ‖u‖L1+(0,∞;L∞)‖u‖
L∞− (0,∞;Ḃ0+

q,1)
.
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By interpolation, we easily get

‖u‖
L∞− (0,∞;Ḃ0+

q,1)
� ‖u‖L∞(0,∞;Ḃ0

q,1)∩L1(0,∞;Ḃ2
q,1)

and because q < n/2,

‖u‖L1+(0,∞;L∞) � ‖u‖L1(0,∞;Ḃ0
∞,1)∩L2(0,∞;Ḃ0

∞,1)
,

� ‖u‖L1(0,∞;Ḃ2
n/2,1)∩L2(0,∞;Ḃ1

n,1)
,

� ‖u‖L1(0,∞;Ḃ2
q,1∩Ḃ2

n,1)∩L1(0,∞;Ḃ2
n,1)∩L∞(0,∞;Ḃ0

n,1)
.

Therefore we have

‖ f0(u)‖L1(0,∞;Ḃ0+
q,1)

� ‖u‖2
L1(0,∞;Ḃ2

q,1∩Ḃ2
n,1)∩L∞(0,∞;Ḃ0

q,1∩Ḃ0
n,1)

. (6.73)

On the other hand, using the fact that | f0(u)| ≤C|u|2 and Hölder inequality, we may
write

‖ f0(u)‖L1(0,∞;Lq− ) ≤ ‖u‖L∞(0,∞;Lq)‖u‖L1(0,∞;L∞− ).

We obviously have Ḃ0
q,1 ↪→ Lq and, because 2− n/q< 0,

Ḃ2
q,1 ∩ Ḃ2

n,1 ↪→ L∞− .

Therefore

‖ f0(u)‖L1(0,∞;Lq− ) � ‖u‖L∞(0,∞;Ḃ0
q,1)

‖u‖L1(Ḃ2
q,1∩Ḃ2

n,1)
. (6.74)

So putting (6.73) and (6.74) together and taking advantage of (6.72), we end up with

‖ f0(u)‖L1(0,∞;Ḃ0
q,1)

� ‖u‖2
L∞(0,∞;Ḃ0

n,1∩Ḃ0
q,1)∩L1(0,∞;Ḃ2

n,1∩Ḃ2
q,1)

. (6.75)

It is now time to plug (6.70), (6.71), and (6.75) in (6.69). We get

‖u‖L∞(0,∞;Ḃ0
n,1∩Ḃ0

q,1)∩L1(0,∞;Ḃ2
n,1∩Ḃ2

q,1)

≤C(‖P‖L∞(0,∞;M (Ḃ0
n,1∩Ḃ0

q,1))
‖u‖L1(0,∞;Ḃ2

n,1∩Ḃ2
q,1)

+ ‖u‖2
L∞(0,∞;Ḃ0

n,1∩Ḃ0
q,1)∩L1(0,∞;Ḃ2

n,1∩Ḃ2
q,1)

+ ‖u0‖Ḃ0
n,1∩Ḃ0

q,1
). (6.76)

Obviously, the above estimate enables us to get a global-in-time control of the
solution in the desired functional space whenever (6.65) and (6.67) are satisfied.
Starting from this observation and using the existence part of Theorem 6.3, it is
easy to prove Theorem 6.6 by means of Banach fixed-point theorem as in [3] for
instance. The details are left to the reader. ��
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Theorem 6.7. Assume that P ≡ 0 and that f1 ≡ 0. Suppose that f0 satisfies (6.61)
and

|d f0(w)| ≤C(|w|m−1 + |w|) for some m ≥ 2.

Let 1 < q < n
2 and q ≤ p < ∞. Assume that

sp :=
n
p
− 2

m− 1
∈
(

0,
1
p

)
and 0 < sq <

1
q
− 2

n
·

Then there exists a constant cν such that if

‖u0‖Ḃ
sp
p,1∩Ḃ

sq
q,1

≤ cν (6.77)

then System (6.60) admits a unique global-in-time solution u such that

u ∈ Cb(0,∞; Ḃ
sp
p,1 ∩ Ḃ

sq
q,1)∩L1(0,∞; Ḃ

2+sp
p,1 ∩ Ḃ

2+sq
q,1 ). (6.78)

Proof. Once again, we start from Theorem 6.3 which implies the following
inequality:

‖u‖
L∞(0,∞;Ḃ

sp
p,1∩Ḃ

sq
q,1)∩L1(0,∞;Ḃ

2+sp
p,1 ∩Ḃ

2+sq
q,1 )

� ‖ f0(u)‖L1(0,∞;Ḃ
sp
p,1∩Ḃ

sq
q,1)

+‖u0‖Ḃ
sp
p,1∩Ḃ

sq
q,1
.

(6.79)

Now (a slight generalization of) Proposition 6.6 ensures that for s = sp,sq and for
r = p,q,

‖ f0(u)‖Ḃs
r,1
�
(‖u‖L∞ + ‖u‖m−1

L∞

)‖u‖Ḃs
r,1
.

Therefore,

‖ f0(u)‖L1(0,∞;Ḃ
sp
p,1∩Ḃ

sq
q,1

≤C
(‖u‖L1(0,∞;L∞)

+ ‖u‖m−1
Lm−1(0,∞;L∞)

)‖u‖L∞(0,∞;Ḃ
sp
p,1∩Ḃ

sq
q,1)

. (6.80)

Hence it is only a matter of proving that the norm of u in L1(0,∞;L∞) and in
Lm−1(0,∞;L∞) may be bounded by means of the norm in L1(0,∞; Ḃ2

q,1 ∩ Ḃ2
n,1)∩

L∞(0,∞; Ḃ0
q,1 ∩ Ḃ0

n,1). Now, we notice that Ḃ
sp+2/(m−1)
p,1 embeds continuously in L∞

and that, by interpolation,

‖u‖
Lm−1(0,∞;Ḃ

sp+2/(m−1)
p,1 )

≤ ‖u‖
L∞(0,∞;Ḃ

sp
p,1)∩L1(0,∞;Ḃ

sp+2
p,1 )

.

Hence we do have

‖u‖Lm−1(0,∞;L∞) � ‖u‖
L∞(0,∞;Ḃ

sp
p,1)∩L1(0,∞;Ḃ

sp+2
p,1 )

. (6.81)
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Finally, we notice that Ḃ2
sq+2,1 ↪→ Ḃ

2+sq−n/q
∞,1 and that 2+ sq − n/q < 0. At the same

time Ḃ
sp+2
p,1 ↪→ Ḃ1

∞,1; therefore,

Ḃ
sq+2
q,1 ∩ Ḃ

sp+2
p,1 ↪→ L∞.

Hence we have

‖u‖L1(0,∞;L∞) � ‖u‖
L1(0,∞;Ḃ

sp+2
p,1 )∩L1(0,∞;Ḃ

sq+2
q,1 )

. (6.82)

Putting (6.81) and (6.82) into (6.80) and then into (6.79) we get

‖u‖
L∞(0,∞;Ḃ

sp
p,1∩Ḃ

sq
q,1)∩L1(0,∞;Ḃ

2+sp
p,1 ∩Ḃ

2+sq
q,1 )

� ‖u0‖Ḃ
sp
p,1∩Ḃ

sq
q,1

+(‖u‖m−2

L∞(0,∞;Ḃ
sp
p,1∩Ḃ

sq
q,1)∩L1(0,∞;Ḃ

2+sp
p,1 ∩Ḃ

2+sq
q,1 )

+ 1)‖u‖2
L∞(0,∞;Ḃ

sp
p,1∩Ḃ

sq
q,1)∩L1(0,∞;Ḃ

2+sp
p,1 ∩Ḃ

2+sq
q,1 )

.

The smallness of the initial data in (6.69) enables to close the estimate for the
left-hand side of the above inequality. The existence issue is just a consequence
of Banach fixed-point theorem. This completes the proof of the theorem. ��
Remark 6.5. Even though System (6.60) does not have any scaling invariance in
general, our two statements are somewhat critical from the regularity point of view.
Indeed, in the functional framework used in Theorem 6.6 and under the growth
condition (6.66), the nonlinearity f0(u) is lower order compared to f1(u) ·∇u. Now,
we notice that if f0 ≡ 0 and P ≡ 0, then the initial value problem for System (6.60)
(in the Rn case) is invariant for all λ > 0 under the transform:

(u(t,x),u0(x))−→ λ (u(λ 2t,λ x),u0(λ x)).

At the same time, the norm ‖ · ‖Ḃ0
n,1(R

n) is invariant by the above rescaling for u0.

As regards Theorem 6.7, the nonlinearity f0(w) is at most of order m. Now, if (the
coefficients of) f0(w) are homogeneous polynomials of degree m, then the system
is invariant by

(u(t,x),u0(x)) −→ λ
2

m−1 (u(λ 2t,λ x),u0(λ x)).

Hence the regularity Ḃ
sp
p,1 is critical.

Acknowledgements The second author has been supported by the MN grant IdP2011 000661.

References

1. Bahouri, H., Chemin, J.-Y., Danchin, R.: In: Fourier Analysis and Nonlinear Partial Differen-
tial Equations. Grundlehren der mathematischen Wissenschaften, vol. 343. Springer, Berlin
(2011)

2. Bennett, C., Sharpley, R.: Interpolation of operators. Pure and Applied Mathematics, vol. 129.
Academic, Boston (1988)



128 R. Danchin and P.B. Mucha

3. Danchin, R., Mucha, P.: A critical functional framework for the inhomogeneous
Navier–Stokes equations in the half-space. J. Funct. Anal. 256(3), 881–927 (2009)

4. Danchin, R., Mucha, P.B.: A Lagrangian approach for solving the incompressible
Navier–Stokes equations with variable density. Comm. Pure Appl. Math. 65, 1458–1480
(2012)

5. Danchin, R., Mucha, P.: Critical functional framework and maximal regularity in action on
systems of incompressible flows. in progress.

6. Denk, R., Hieber, M., Prüss, J.: R-boundedness, Fourier multipliers and problems of elliptic
and parabolic type. Mem. Am. Math. Soc. 166 (2003)

7. Friedman, A.: Partial Differential Equations. Holt, Rinehart and Winston, Inc., New York-
Montreal, Que.-London (1969)

8. Gilbarg, D., Trudinger, N.: Elliptic Partial Differential Equations of Second Order, 2nd edn.
Grundlehren der Mathematischen Wissenschaften, vol. 224. Springer, Berlin (1983)

9. Hill, A.T., Süli, E.: Dynamics of a nonlinear convection-diffusion equation in multidimen-
sional bounded domains. Proc. Roy. Soc. Edinburgh Sect. A 125(2), 439–448 (1995)

10. Horsin, Th.: Local exact Lagrangian controllability of the Burgers viscous equation. Ann. Inst.
H. Poincaré Anal. Non Linéaire 25(2), 219–230 (2008)

11. Ladyzhenskaja, O., Solonnikov, V., Uraltseva, N.: In: Linear and quasilinear equations of
parabolic type. Translations of Mathematical Monographs, vol. 23. American Mathematical
Society, Providence (1967)

12. Lewicka, M., Mucha, P.B.: On the existence of traveling waves in the 3D Boussinesq system.
Comm. Math. Phys. 292(2), 417–429 (2009)

13. Maremonti, P., Solonnikov, V.A.: On nonstationary Stokes problem in exterior domains.
Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4) 24(3), 395–449 (1997)

14. Triebel, H.: Interpolation theory, function spaces, differential operators. North-Holland Math-
ematical Library, vol. 18. North-Holland Publishing Co., Amsterdam (1978)

15. Xin, J.: Front propagation in heterogeneous media. SIAM Rev. 42(2), 161–230 (2000)



Chapter 7
Cauchy Problem for Some 2×2 Hyperbolic
Systems of Pseudo-differential Equations
with Nondiagonalisable Principal Part

Todor Gramchev and Michael Ruzhansky

Abstract We investigate the well-posedness of the Cauchy problem for some
first-order linear hyperbolic systems having nondiagonalisable principal parts.

Key words: Cauchy problem, Hyperbolic systems, Pseudo-differential equations
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7.1 Introduction

We study the regularity and representation of solutions of first-order weakly hyper-
bolic pseudo-differential systems

Dtu = A(t,x,Dx)u+B(t,x,Dx)u+ f (t,x), u(0,x) = u0(x), (7.1)

t ∈ [0,T ], x ∈ R
n, where A(t,x,Dx) = {A jk(t,x,ξ )}2

j,k=1 (respectively, B(t,x,Dx) =

{b jk(t,x,Dx)}2
j,k=1) is a 2 × 2 matrix of first- (respectively, zero)order classical

pseudo-differential operators in x depending smoothly on t ∈ R. Here we use the
traditional notation Dx = i−1∂x.

The main novelty of the present work is the fact that we consider weakly hyper-
bolic systems which are not diagonalisable.
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Our main goal is to apply techniques involving Fourier integral operators as in
Kamotski and Ruzhansky [11, 12] combined with a generalisation of the reduction
to normal forms of systems of pseudo-differential operators due to Taylor [20, 21],
for nondiagonalisable hyperbolic systems of pseudo-differential operators. We note
that relatively few results are available in the literature for hyperbolic systems in
the presence of nontrivial Jordan blocks. Petkov [15] has studied the propagation
of microlocal singularities of solutions of constant multiplicity hyperbolic systems
with Jordan blocks, using the results of Arnold [1] on normal forms of matrices
depending on parameters. As it concerns the well-posedness of Cauchy problem for
hyperbolic systems admitting nontrivial Jordan blocks, we refer to Vaillant [22] for
the complete description of constant coefficients hyperbolic systems of differential
equations with constant multiplicity by means of subtle linear algebra arguments;
see also the works [10, 13, 14, 19, 23]. We note that [22] also treats nonconstant
coefficients provided the multiplicties are ≤5. Jordan blocks of dimension 2 appear
in important models in mathematical physics (cf. Craig [4], see also the survey of
Gramchev [8] on normal forms and dynamical systems problems in the presence of
Jordan blocks and references therein). Here we can give an example of the system

Dt

(
u1

u2

)
=

(
0 1
0 0

)
Dx

(
u1

u2

)
+

(
0 0
1 0

)
Dx

(
u1

u2

)
,

which is equivalent to the ill-posed equation

D2
t u = Dxu.

Recently, Gramchev and Orrú [9] have studied 1D hyperbolic systems of differen-
tial equations with time-dependent coefficients admitting Jordan block structures.
We also point out to a series of interesting results on well-posedness of Cauchy
problems for weakly hyperbolic systems of differential equations with diagonalis-
able principal parts or under hypotheses of suitable behaviour of the characteristic
roots near the points of multiplicity; see, e.g. [2, 5, 6] and the references therein.

In the case of pseudo-differential operators with variable coefficients, the new
phenomena may appear. In particular, certain geometry of the set of multiplicities
may enter into consideration. Systems with diagonal principal parts have been anal-
ysed by Kumano-go [13] who proved the well-posedness in L2 and in C∞ and stud-
ied the propagation of singularities using the representation of solution in terms of
the Fourier integral operators with multiphases. If the (smooth) characteristics inter-
sect transversally, such analysis can be refined, and it was used by Rozenblum [16]
to derive the Weyl asymptotics for the corresponding elliptic systems. In [11, 12],
Kamotski and the second author removed the transversality condition, obtaining also
the Lp estimates for the systems with microlocally diagonalisable principal part.

The main novelties of our work can be summarised as follows:

• We reduce the problem to a system with the principal symbol in an upper trian-
gular normal form.

• We show the local existence and uniqueness theorem in anisotropic Sobolev
spaces for the normal form system provided the order of b21(t,x,D) is ≤−1.
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• We derive sufficient conditions for a local existence–uniqueness result for the
Cauchy problem allowing symbols depending on t and x.

The paper is organised as follows: Sect. 7.2 deals with the reduction to an upper
triangular normal form and the well-posedness in the C∞ category and in anisotropic
vector-valued Sobolev spaces provided the order of b̃21 is not greater than −1. We
derive the complete diagonalisation and the corresponding regularity estimates in
Sect. 7.3. In Sect. 7.4 we investigate the Cauchy problem of the normal form system
in the general case of symbols depending on t and x.

Throughout this paper, when talking about mth order symbols, we mean classical
symbols from Sm

1,0.
The authors thank the anonymous referee for useful remarks leading to improve-

ments of the paper.

7.2 Reduction and Well-Posedness in Anisotropic Sobolev Spaces

The first result is the reduction of the principal symbol to an upper triangular form
in the case of the existence of one smooth eigenvector.

Theorem 7.1. Suppose that the matrix symbol A(t,x,ξ ) admits smooth real eigen-
values λ j(t,x,ξ ), j = 1,2 and a smooth eigenvector h(t,x,ξ ) ∈ (S0([0,T ]×Ω ×
R

n))2 satisfying

h j(t,x,ξ ) �= 0, (t,x) ∈ [0,T ]×Ω , |ξ | � 1, (7.2)

for j = 1 or j = 2. Then we can find a 2×2 matrix-valued symbol T (t,x,ξ ), invert-
ible for |ξ | � 1, such that the transformation

u = T (t,x,Dx)v (7.3)

transforms the original system (7.1) into

Dtv = Ã(t,x,Dx)v+ B̃(t,x,Dx)v+ f̃ , v(0,x) = v0(x), (7.4)

where Ã(t,x,ξ ) ∈ S1 is in the upper triangular form

Ã(t,x,ξ ) =
(

λ1(t,x,ξ ) Ã12(t,x,ξ )
0 λ2(t,x,ξ )

)
, (7.5)

and B̃(t,x,ξ ) is a zero-order symbol.

Proof. Without loss of generality we suppose that (7.2) holds for j = 1. Hence(
1

ω(t,x,ξ )

)
, ω = h2/h1, is an eigenvector of A associated to the smooth eigen-

value λ1(t,x,ξ ). We set

T (t,x,ξ ) =
(

1 0
ω(t,x,ξ ) 1

)
. (7.6)
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Straightforward calculations yield that the matrix T reduces A to an upper triangular
form

(T (t,x,ξ ))−1A(t,x,ξ )T (t,x,ξ ) =
(

λ1(t,x,ξ ) Ã12(t,x,ξ )
0 λ2(t,x,ξ )

)
, (7.7)

for (t,x) ∈ [0,T ]×Ω , |ξ | � 1, where the second diagonal entry must be λ2 as an
eigenvalue of A. Next, plugging (7.3) into (7.1) and multiplying (7.1) with the zero-
order matrix-valued pseudo-differential operator T−1(t,x,Dx), we obtain, following
the approach in [20, 21] and using the calculus, the desired form (7.4)–(7.5).

Next, we propose an assertion which illustrates for hyperbolic pseudo-differential
systems that the obstacle for the C∞ well-posedness in the presence of nilpotent parts
is the zero-order part of b̃21(t,x,Dx), where we write B̃(t,x,Dx)= {b̃ jk(t,x,Dx)}2

j,k=1

for B̃ in (7.4). We give conditions on b̃21(t,x,Dx) assuring the well-posedness.

Theorem 7.2. Suppose that

the p.d.o. b̃21 is of order not greater than −1. (7.8)

Then the Cauchy problem (7.4) is well posed in C∞. Moreover, it is well posed in

the anisotropic Sobolev space

(
Hs1(Rn)
Hs2(Rn)

)
provided s2 − s1 ≥ 1. In that case the

solution satisfies the following estimates:

‖v1(t, ·)‖Hs + ‖v2(t, ·)‖Hs+1 ≤ c ect (∥∥v0
1

∥∥
Hs +

∥∥v0
2

∥∥
Hs+1

)
, 0 ≤ t ≤ T,

for v0
j ∈ Hs+ j−1

comp (Rn), j = 1,2 with c > 0 depending on s, T and the support of the
initial data.

Proof. Let G0
jθ (respectively, G jg) be the solution of

Dtw = λ j(t,x,Dx)w+ b̃ j j(t,x,Dx)w, w(0,x) = θ (x) (7.9)

(respectively,

Dtw = λ j(t,x,Dx)w+ b̃ j j(t,x,Dx)w+ g, w(0,x) = 0), (7.10)

for j = 1,2. We note that G0
jθ (respectively, G jg) is represented by the Fourier

integral operator

G0
jθ (t,x) =

∫
Rn

eiϕ j(t,x,ξ )a j(t,x,ξ )θ̂ (ξ )dξ (7.11)

(respectively,

Gjg(t,x) =
∫ t

0

∫
Rn

eiϕ j(t,t1,x,ξ )A j(t, t1,x,ξ )ĝ(t1,ξ )dξ dt1), (7.12)
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with ϕ j(t, t1,x,ξ ) satisfying the eikonal equation

∂tϕ j = λ j(t,x,∇xϕ j), ϕ j|t=t1 = x ·ξ , (7.13)

and with

ϕ j(t,x,ξ ) = ϕ j(t,0,x,ξ ), (7.14)

whereas the amplitudes A j,−k(t,x,ξ ) of order −k, k ∈ N, with A j ∼ ∑∞
k=0 A j,−k,

satisfy the transport equations with initial data at t = t1, and we have a j(t,x,ξ ) =
A j(t,0,x,ξ ).

We rewrite the Cauchy problem for the normal form system (7.4) as follows:

v1(t,x) = V 0
1 (t,x)+G1(Ã12(t,x,D)v2)+G1(b̃12(t,x,D)v2), (7.15)

v2(t,x) = V 0
2 (t,x)+G2(b̃21(t,x,D)v1), (7.16)

where

V 0
j = G0

jv
0
j +G j( f̃ j), j = 1,2. (7.17)

As in [9], we substitute v2 from (7.16) in the right-hand side of (7.15). The
result is

v1(t,x) = V 0(t,x)+G1(Ã12(t,x,D)G2(b̃21(t,x,D)v1))

+ G1(b̃12(t,x,D)G2(b̃21(t,x,D)v1)), (7.18)

with

V 0(t,x) =V 0
1 +G1(Ã12(t,x,D)V 0

2 )+G1(b̃12(t,x,D)V 0
2 ). (7.19)

The essential novelty in comparison to the case of diagonalisable weakly hyperbolic
systems (e.g. see Kamotski, Ruzhansky [11, 12]) is the presence of the nilpotent part
term Ã12(t,x,D). Using the composition rules for Fourier integral operators and the
fact that Ã12(t,x,D) is of order 1, under the assumption (7.8) on the order of b̃21, we
obtain that

G1(Ã12(t,x,D)G2(b̃21(t,x,D)v1))

acts continuously in L2 and Hs and the arguments used, e.g. in [11, 12] hold.

7.3 Cauchy Problem for 2×2 Hyperbolic Pseudo-differential
Systems

We consider

Dtu = A(t,x,Dx)u+B(t,x,Dx)u+ f (t,x), u(0,x) = u0(x), (7.20)
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t ∈ R, x ∈R
n, where

A(t,x,Dx) =

(
λ1(t,x,Dx) κ(t,x,Dx)

0 λ2(t,x,Dx)

)
, (7.21)

with λ j(t,x,ξ ), j = 1,2, being real-valued symbols belonging to S1
1,0, smoothly de-

pending on t, whereas κ(t,x,ξ ) is a complex-valued first-order symbol smoothly
depending on t. The entries B jk(t,x,ξ ), j,k = 1,2, of B(t,x,ξ ) are zero-order sym-
bols depending smoothly on t.

Proposition 7.1. In each sufficiently narrow frequency cone, there exists an in-
vertible Fourier integral operator J(t), smoothly depending on t, such that setting
u j(t) = J(t)v j(t), j = 1,2, the Cauchy problem (7.20) is microlocally reduced to

Dtv = Ã(t,x,Dx)v+ B̃(t,x,Dx)v+Rv+ f̃ (t,x), v(0,x) = v0(x), (7.22)

where

Ã(t,x,Dx) =

(
λ (t,x,Dx) N (t,x,Dx)

0 0

)
, (7.23)

B̃(t,x,Dx) =

(
b11(t,x,Dx) b12(t,x,Dx)
b21(t,x,D) 0

)
, (7.24)

Ã(t,x,Dx) and B̃(t,x,Dx) are the first- and the zero-, resp., order matrix pseudo-
differential operators and R is a smoothing pseudo-differential operator, smoothly
depending on t. More precisely, we have

λ (t,x,Dx) = J(t)−1(λ1(t,x,Dx)−λ2(t,x,Dx))J(t),

N (t,x,Dx) = J(t)−1
κ(t,x,Dx)J(t),

b11(t,x,Dx) = J(t)−1(B11(t,x,Dx)−B22(t,x,Dx))J(t),

b12(t,x,Dx) = J(t)−1B12(t,x,Dx)J(t),

b21(t,x,Dx) = J(t)−1B21(t,x,Dx)J(t).

We can also achieve b11 ≡ 0 in (7.23)–(7.24) if we define

λ (t,x,Dx) = J(t)−1(λ1(t,x,Dx)−λ2(t,x,Dx)+B11(t,x,Dx)−B22(t,x,Dx))J(t).

We omit the proof as rather standard.
In view of Proposition 7.1 we will be now interested in the problem

Dtu = Ã(t,x,Dx)u+ B̃(t,x,Dx)u+ f (t,x), u(0,x) = u0(x), (7.25)

with

Ã(t,x,Dx) =

(
λ (t,x,Dx) N (t,x,Dx)

0 0

)
, (7.26)

B̃(t,x,Dx) =

(
b11(t,x,Dx) b12(t,x,Dx)
b21(t,x,D) 0

)
. (7.27)
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By Proposition 7.1 the results will cover the Cauchy problem (7.20) and (7.21) if
we assume that the symbols of A and B are supported in a sufficiently narrow cones
in the ξ -variable. In general, by Proposition 7.1 we have

λ (t,x,Dx) =
(
J(t)−1 ◦ (λ1 −λ2)◦ J(t)

)
(t,x,Dx). (7.28)

We set

L = Dt −λ (t,x,Dx)− b11(t,x,Dx). (7.29)

Following the well-known constructions of Fourier integral operators as para-
metrices (see, e.g. [7]), we define the Fourier integral operator

G0w0(t,x) =
∫
Rn

eiϕ(t,x,ξ )a(t,x,ξ )ŵ0(ξ )dξ (7.30)

as the solution (modulo a smoothing operator) of the Cauchy problem

Lw = 0, w(0,x) = w0(x). (7.31)

Recall that ϕ(t,x,ξ ) satisfies the eikonal equation

ϕt = λ (t,x,ϕx), ϕ |t=0 = x ·ξ , (7.32)

whereas the amplitudes a− j(t,x,ξ ) are of order − j, j ∈N, with a ∼ ∑∞
j=0 a− j satis-

fying the so-called transport equations.
We denote by

G f (t,x) =
∫ t

0

∫
Rn

eiϕ(t,t1,x,ξ )A(t, t1,x,ξ ) f̂ (t1,ξ )dξ dt1 (7.33)

the solution (modulo a smoothing operator) of the Cauchy problem

Lw = f , w(0,x) = 0, (7.34)

with ϕ(t, t1,x,ξ ) satisfying the eikonal equation

ϕt = λ (t,x,ϕx), ϕ |t=t1 = x ·ξ , (7.35)

whereas the amplitudes A− j(t,x,ξ ) are of order − j, j ∈ N, with A ∼ ∑∞
j=0 A− j sat-

isfying the transport equations with initial data at t = t1.
We introduce the fundamental hypotheses for 0 ≤ τ ≤ t. But before it we intro-

duce an important “singular” symbol which will play a crucial role in guaranteeing
the compensation for the loss of 1 derivative due to the presence of first-order sym-
bols in the nilpotent part. Let us denote

B(t, t1,τ,x,ξ ) :=
N (t1,ϕξ (t, t1,x,ξ ),ξ )b21(τ,ϕξ (t, t1,x,ξ ),ξ )

∂t1ϕ(t, t1,x,ξ )
. (7.36)
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We observe that the eikonal equation (7.35) for ϕ yields

∂t1 ϕ(t, t1,x,ξ ) =

−λ (t1,x,ξ )+
∫ t

t1
∇ξ λ (s,x,ϕx(s, t1,x,ξ ))∂t1 ϕx(s, t1,x,ξ )ds. (7.37)

In particular, if λ = λ (t,ξ ) is only time-dependent symbol, we obtain

∂t1 ϕ(t, t1,x,ξ ) = −λ (t1,ξ ). (7.38)

Remark 7.1. If the system is strictly hyperbolic, namely, if

|λ (t,x,ξ )| ≥ c|ξ | (c > 0)

for large |ξ |, then we also have

|∂t1 ϕ(t, t1,x,ξ )| ≥ c̃|ξ | (c̃ > 0)

for large |ξ | and sufficiently small |t|, |t1| � 1. Hence the symbol B(t, t1,τ,x,ξ ) has
no “singularities” and becomes a standard zero-order symbol.

We also define

B0(t,τ,x,ξ ) := B(t, t,τ,x,ξ ) =−N (t,x,ξ )b21(τ,x,ξ )
λ (t,x,ξ )

, (7.39)

B1(t,τ,x,ξ ) := B(t,τ,τ,x,ξ )

=
N (τ,ϕξ (t,τ,x,ξ ),ξ )b21(τ,ϕξ (t,τ,x,ξ ),ξ )

∂τ ϕ(t,τ,x,ξ )
. (7.40)

We now introduce the quantities which will be responsible for the boundedness of
certain operators appearing in the representation of solutions in the proof. We define

K0(t,τ) := sup
|α |,|β |≤[n/2]+1

sup
x,ξ

|∂ α
x ∂ β

ξ B0(t,τ,x,ξ )|, (7.41)

K1(t,τ) := sup
|α |,|β |≤2n+1

sup
x,ξ

|∂ α
x ∂ β

ξ B1(t,τ,x,ξ )|, (7.42)

K̃(t, t1,τ) := sup
|α |,|β |≤2n+1

sup
x,ξ

|∂ α
x ∂ β

ξ ∂t1B(t, t1,τ,x,ξ )|. (7.43)

We observe that the numbers of derivatives needed in assumptions above are
different. Indeed, the amplitude (7.41) appears in the pseudo-differential operator,
while amplitudes (7.42) and (7.43) appear as amplitudes of Fourier integral opera-
tors, so different regularity suffices; see [17].

Since we are interested in the local well-posedness of (7.25)–(7.27), we may
assume that the symbols of operators Ã and B̃ are compactly supported in x. This
means that the suprema in x in (7.41)–(7.43) is taken over the support of B0,B1
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and B. If the symbols do not depend on x, then this difference of local and global
disappears. Moreover, since the appearing operators for small ξ are locally smooth-
ing in x, the suprema in (7.41)–(7.43) with respect to ξ can be taken over |ξ | ≥ δ > 0
for some δ > 0. We also set

K2(t,τ) :=
∫ t

τ
K̃(t, t1,τ)dt1. (7.44)

We will make different types of assumptions in Theorem 7.3. On one hand, we may
assume that

K0(t,τ),K1(t,τ),K2(t,τ) ∈C([0,T ];L1[0,T ]) (7.45)

and

limsup
t→0

∫ t

0
|Kj(t,τ)|dτ � 1, j = 0,1,2. (7.46)

On the other hand, we may assume that

sup
0≤τ≤t≤T

|Kj(t,τ)| ≤C, j = 0,1,2. (7.47)

We now formulate the local well-posedness result. However, we note that the num-
bers and particular types of derivatives that we take in (7.41)–(7.43) may be taken
differently depending on what boundedness result we will be using in the proof. We
refer to Remark 7.3 for further details.

Theorem 7.3. Under either of the hypotheses (7.45), (7.46) or (7.47), the Cauchy
problem (7.25)–(7.27) is locally well posed in L2.

Proof. The second equation for v2 in (7.25) is equivalent (modulo a smoothing op-
erator) to

v2(t,x) = v0
2 +D−1

t ( f2(t,x)+ b21(t,x,Dx)v1), D−1
t :=

∫ t

0
. (7.48)

We plug (7.48) into the first equation for v1 in (7.25) and obtain

v1(t,x) = F1(t,x)+Mv1 +Qv1, (7.49)

where

F1(t,x) = G0v0
1 +G f1 +G◦N (t,x,Dx)v

0
2 +G◦N (t,x,Dx)◦D−1

t f2

+ G◦ b12v0
2 +G◦ b12 ◦D−1

t f2, (7.50)

Mv1 = G◦N (t,x,Dx)◦D−1
t b21v1, (7.51)

Qv1 = G◦ b12 ◦D−1
t ◦ b21v1. (7.52)

The operator Q is of zero order and is essentially as in Kamotski–Ruzhansky
[12], hence L2 bounded for sufficiently small 0 ≤ t � 1. The main novelty and
difficulty appears in the study of the operator M.
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Remark 7.2. We observe that if b21 is a pseudo-differential operator of order −1,
then the order of the amplitude of the (Fourier integral) operator M is zero. Con-
sequently, it can be treated in the same way as Q, completing the whole argument.
This is similar to the situation in Theorem 7.2.

Since b21 is, in general, a pseudo-differential operator of zero order, we analyse
the operator M in detail. We have

Mv1(t,x) =
∫ t

0

∫
R

n
ξ

∫
Rn

y

ei(ϕ(t,t1,x,ξ )−y·ξ )A(t, t1,x,ξ )

× N (t1,y,Dy)◦D−1
t1 ◦ b21v1(t1,y)dt1dydξ

=
∫ t

0

∫
R

n
ξ

∫
Rn

y

ei(ϕ(t,t1,x,ξ )−y·ξ )A(t, t1,x,ξ )

×
∫ t1

0
N (t1,y,Dy)◦ b21(τ,y,Dy)v1(τ,y)dydτdξ dt1. (7.53)

In view of the theorems on compositions of pseudo-differential operators and
Fourier integral operators (e.g. see [7]), we obtain that, modulo a smoothing opera-
tor, Mv1 can be represented as

Mv1(t,x) = M1v1 +M0v1, (7.54)

where

Mjv1 =

∫ t

0

∫ t1

0

∫
R

n
ξ

eiϕ(t,t1 ,x,ξ )M j(t, t1,τ,x,ξ )v̂1(τ,ξ )dξ dt1dτ, j = 0,1, (7.55)

with M1 being the first-order symbol

M1(t, t1,τ,x,ξ ) = N (t1,ϕξ (t, t1,x,ξ ),ξ )b21(τ,ϕξ (t, t1,x,ξ ),ξ ), (7.56)

while M0(t, t1,τ,x,ξ ) is of order zero. Here, the first-order symbol M1 is defined
as the principal part coming from the wave front set in the composition of a Fourier
integral operators with a pseudo-differential operator, where we use that the prin-
cipal part of A(t, t1,x,ξ ) as the solution of the transport equations can be taken to
be identically equal to one, while M0 is the remaining part of the right-hand side
in (7.54). Indeed, the wave front set of M is given by the equality y = ϕξ , and away
from it, we can reduce the order of the amplitude by the integration by parts in ξ .
We observe that it follows from (7.36) that

M1(t, t1,τ,x,ξ ) = B(t, t1,τ,x,ξ )∂t1 ϕ(t, t1,x,ξ ). (7.57)

The zero-order operator satisfies estimates of the type

‖M0v1(t, ·)‖L2 ≤ C
∫ t

0
(t − τ)‖v1(τ, ·)‖L2 dτ, (7.58)
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hence no loss of derivatives occurs. We rewrite M1v1 in the following way:

M1v1(t,x) =
∫ t

0

∫
R

n
ξ

(∫ t

τ
eiϕ(t,t1,x,ξ )M1(t, t1,τ,x,ξ )dt1

)
v̂1(τ,ξ )dξ dτ. (7.59)

The most difficult part, due to the appearance of a nonzero first-order pseudo-
differential operator in the nilpotent part, is to derive optimal conditions on λ , N
and b21 in order to “reduce” the order by integration by parts with respect to t1
in (7.59).

Set

Θ1(t,τ,x,ξ ) =
∫ t

τ
eiϕ(t,t1,x,ξ )M1(t, t1,τ,x,ξ )dt1. (7.60)

The (formal) identity

eiϕ(t,t1,x,ξ ) =−i
1

∂t1ϕ(t, t1,x,ξ )
∂t1 eiϕ(t,t1,x,ξ ),

definitions (7.36), (7.39), (7.40) and the definition of M1(t, t1,τ,x,ξ ) allow us to
integrate by parts in (7.60) to use the assumptions of theorem. Indeed, the definition
of ϕ and the identity (7.37), together with definitions (7.36), (7.39), (7.40) and the
identity (7.57), lead to

Θ1(t,τ,x,ξ ) = ieixξ N (t,x,ξ )b21(τ,x,ξ )
λ (t,x,ξ )

+ ieiϕ(t,τ,x,ξ ) M1(t,τ,τ,x,ξ )
∂τ ϕ(t,τ,x,ξ )

+ i
∫ t

τ
eiϕ(t,t1,x,ξ )∂t1

(
M1(t, t1,τ,x,ξ )
∂t1 ϕ(t, t1,x,ξ )

)
dt1

= −ieixξ B0(t,τ,x,ξ )+ ieiϕ(t,τ,x,ξ )B1(t,τ,x,ξ )

+ i
∫ t

τ
eiϕ(t,t1,x,ξ )∂t1B(t, t1,τ,x,ξ )dt1. (7.61)

We observe that the operators corresponding to the amplitudes in (7.61) are bounded
on L2(Rn). In particular, the pseudo-differential operator with symbol B0(t,τ,x,ξ )
is bounded by the criterion in Cordes [3], with the operator norm given by K0(t,τ).
The L2 boundedness of Fourier integral operators with amplitudes B1(t,τ,x,ξ ) and
∂t1B(t, t1,τ,x,ξ ) follows from Ruzhansky–Sugimoto [17], with the operator norms
given by K0(t,τ) and K̃(t, t1,τ). Here we observe that the conditions required in [17]
for the phase function ϕ(t, t1,x,ξ ) are automatically satisfied for small t, t1 since ϕ
solves the eikonal equation (7.35) with the first-order symbol λ .

Consequently, under the assumptions (7.45), (7.46), we conclude by using the
smallness argument. Under the assumption (7.47), we observe the convergence of
the Picard series for the solution, similarly to Kamotski–Ruzhansky [11].
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Remark 7.3. The numbers and particular types of derivatives that we take in (7.41)–
(7.43) may be taken differently depending on what boundedness result we will be
using in the proof. For example, since the conditions on K0 guarantee the bounded-
ness of the pseudo-differential term in (7.61), we may use any criteria guaranteeing
the boundedness of pseudo-differential operators. Thus, if we use the Calderon–
Vaillancourt criterion (or rather its refined version, see, e.g. [17]) and, instead
of (7.41), define

K0(t,τ) := sup
α ,β∈{0,1}n

sup
x,ξ

|∂ α
x ∂ β

ξ B0(t,τ,x,ξ )|,

the statement of Theorem 7.3 is also valid.
Moreover, although local in time, the well-posedness can be proved globally in x

provided that the suprema in (7.41)–(7.43) are taken globally over (x,ξ ) ∈R
n ×R

n.

Remark 7.4. In the case of only time-depending coefficients, the hypotheses (7.45),
(7.46) of Theorem 7.3 recapture, in particular, the conditions in [9].

We note that the proof of Theorem 7.3 also yields the well-posedness in Sobolev
spaces provided we assume more conditions on the derivatives in the definitions of
K0,K1 and K2. Indeed, in this case, instead of using the L2-boundedness theorems
for Fourier integral operators, we would use the Sobolev boundedness results (see
[17] and also [18]), while the Sobolev boundedness of pseudo-differential operators
follows from the calculus. Thus, we obtain

Corollary 7.1. Let us define

K0(t,τ) := sup
α

sup
|β |≤[n/2]+1

sup
x,ξ

|∂ α
x ∂ β

ξ B0(t,τ,x,ξ )|,

K1(t,τ) := sup
α

sup
|β |≤2n+1

sup
x,ξ

|∂ α
x ∂ β

ξ B1(t,τ,x,ξ )|,

K̃(t, t1,τ) := sup
α

sup
|β |≤2n+1

sup
x,ξ

|∂ α
x ∂ β

ξ ∂t1B(t, t1,τ,x,ξ )|,

with the supremum over α taken over all multi-indices α ≥ 0. Then under either of
the hypotheses (7.45), (7.46) or (7.47), the Cauchy problem (7.25)–(7.27) is locally
well posed in Hs for all s ∈ R.

We start by illustrating Theorem 7.3 in the x-independent case, obtaining gener-
alisations for the time-dependent pseudo-differential case of some results of Gram-
chev and Orrú [9].

Example 7.1. Assume that λ (t,x,ξ ) = λ (t,ξ ) is independent of x. Then the solution
ϕ of the eikonal equation (7.35) is given by

ϕ(t, t1,x,ξ ) = x ·ξ +

∫ t

t1
λ (s,ξ )ds. (7.62)
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Consequently, we clearly have ϕξ (t, t1,x,ξ ) = x+
∫ t

t1
λξ (s,ξ )ds and ∂t1 ϕ(t, t1,x,ξ )

=−λ (t1,ξ ), so that the definition (7.36) becomes

B(t, t1,τ,x,ξ ) =−N (t1,x+
∫ t

t1
λξ (s,ξ )ds,ξ )b21(τ,x+

∫ t
t1

λξ (s,ξ )ds,ξ )
λ (t1,ξ )

.

Thus, if (7.25)–(7.27) contain only time-dependent symbols, also by (7.39) and
(7.40), we obtain

B(t, t1,τ,x,ξ ) =−N (t1,ξ )b21(τ,ξ )
λ (t1,ξ )

, (7.63)

B0(t,τ,x,ξ ) =−N (t,ξ )b21(τ,ξ )
λ (t,ξ )

, (7.64)

B1(t,τ,x,ξ ) =−N (τ,ξ )b21(τ,ξ )
λ (τ,ξ )

. (7.65)

The proof of Theorem 7.3 works if we assume that N is dominated by λ and we
obtain

Corollary 7.2. Assume that the symbols of Ã(t,x,Dx) and B̃(t,x,Dx) in
(7.25)–(7.27) are independent of x. Assume that there is C > 0 such that

|N(t,ξ )| ≤C|λ (t,ξ )| (7.66)

for all t ∈ [0,T ] and ξ ∈ R
n. Then the Cauchy problem (7.25)–(7.27) is locally well

posed in L2, in Hs for any s ∈ R and in C∞.

We point out that in view of (7.40) the presence of x in the symbols, the esti-
mate (7.66) is not sufficient for getting the L2 estimates as above. More subtle esti-
mates on the phase are required in this case.

Proof. We observe that for the L2 boundedness of pseudo-differential operators
or of Fourier integral operators with the phase function (7.62), with amplitudes
in (7.61), it is enough to assume the boundedness of the amplitude. But this fol-
lows from (7.63)–(7.65) and the assumption (7.66).

We now give an example of equations with variable x-dependent multiplicities.

Example 7.2. Let

λ (t,x,ξ ) = r(t)
n

∑
j=1

ω jx jξ j, r ∈C(R;R), ω j ∈ R, j = 1, . . . ,n. (7.67)

Then the phase function ϕ(t, t1,x,ξ ) is defined by

ϕ(t, t1,x,ξ ) = 〈diag{eω1(R(t)−R(t1)), . . . ,eωn(R(t)−R(t1))}x,ξ 〉
=

n

∑
j=1

eω j(R(t)−R(t1))x jξ j, (7.68)
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where R(t) =
∫ t

0
r(s)ds. Therefore, we have

∂t1ϕ(t, t1,x,ξ ) = −r(t1)〈diag{ω1eω1(R(t)−R(t1)), . . . ,ωneωn(R(t)−R(t1))}x,ξ 〉

= −r(t1)
n

∑
j=1

ω jeω j(R(t)−R(t1))x jξ j, (7.69)

ϕξ (t, t1,x,ξ ) = diag{eω1(R(t)−R(t1)), . . . ,eωn(R(t)−R(t1))}x, (7.70)

ϕx(t, t1,x,ξ ) = diag{eω1(R(t)−R(t1)), . . . ,eωn(R(t)−R(t1))}ξ . (7.71)

Suppose that for some μ ,ν ∈ {0,1}, μ +ν = 1, we have

N (t,x,ξ ) = N1−μ(t,x,ξ )(
n

∑
j=1

ω jx jξ j)
μ , (7.72)

b21(τ,x,ξ ) = b̃−ν(t,x,ξ )(
n

∑
j=1

ω jx jξ j)
ν , (7.73)

where the symbol N1−μ (respectively, b̃−ν(t,x,ξ )) is of order 1− μ (respectively,
−ν).

We plug (7.69)–(7.73) into (7.36), (7.39) and (7.40) and observe that

n

∑
j=1

ω jϕξ j
(t, t1,x,ξ )ξ j =

n

∑
j=1

ω jeω j(R(t)−R(t1))x jξ j.

Then, after straightforward calculations we obtain that the quantities (7.36), (7.39)
and (7.40) become zero-order symbols

B(t, t1,τ,x,ξ ) = −N1−μ(t,ϕξ (t, t1,x,ξ ),ξ )b̃−ν(τ,ϕξ (t, t1,x,ξ ),ξ )
r(t1)

, (7.74)

B0(t,τ,x,ξ ) = −N1−μ(t,x,ξ )b̃−ν(τ,x,ξ )
r(t)

, (7.75)

B1(t,τ,x,ξ ) = −N1−μ(τ,ϕξ (t,τ,x,ξ ),ξ )b̃−ν(τ,ϕξ (t,τ,x,ξ ),ξ )
r(τ)

. (7.76)

One can now observe that in the case r(t) �= 0, |t| � 1, the hypotheses of
Theorem 7.3 hold. In the case of r(t) admitting zeros, we need to impose the same
zero set and essentially the same order conditions as in the case of time-dependent
coefficients. However, in this case, we also need conditions on the ∂x and ∂ξ deriva-
tives, as in (7.41)–(7.43).

In conclusion, we observe that the example above also covers the case when the
difference of the characteristics conjugated via the Fourier integral operator J(t) in
Proposition 7.1 equals the linear symbol (7.77) below. Indeed, we can generalise the
example above further, to consider

λ (t,x,ξ ) = r(t)〈Ax,ξ 〉, A ∈ Mn(R). (7.77)
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Then the phase function ϕ(t, t1,x,ξ ) is defined by

ϕ(t, t1,x,ξ ) = 〈e(R(t)−R(t1))Ax,ξ 〉. (7.78)

In this case, we note that in (7.29), we can work with the operator

L = Dt − r(t)〈Ax,Dx〉, A ∈ Mn(R) (7.79)

with

L−1 f (t,x) =
∫ t

0
f (t1,e

(R(t)−R(t1))Ax)dt1

=
∫ t

0

∫
Rn

eiexp((R(t)−R(t1))A)x·ξ f̂ (t1,ξ ) dξ dt1. (7.80)

7.4 Final Remarks

We outline some open problems and plans for investigations of hyperbolic systems
of pseudo-differential equations with principal parts admitting Jordan block struc-
tures.

First, we plan to study the class of first-order hyperbolic equations Dt −λ (t,x,Dx)
such that the corresponding phase function in the Fourier integral operator J
(parametrix for the Cauchy problem) satisfies (7.40).

Next, we point out that we are able to generalise some of the results for m×m
systems, m ≥ 3, provided the principal part is in triangular form. It is difficult to
find a complete description in the general case, but we are able to derive sufficient
conditions involving lower-order terms and the phase functions associated to the
characteristic roots.

Another interesting and challenging issue is whether one can find some nonde-
generacy conditions on lower-order term guaranteeing the reduction of the system
to a diagonal normal form with nonclassical symbols of the type

Dt +λ j(t,x,Dx)+κ j(t,x,Dx)+ r j(t, ,Dx), j = 1, . . . ,m,

where κ j are pseudo-differential operators of order μ ∈]0,1[ with real symbols and
r j are of order 0. Such result is impossible for differential operators. We are able
to extend and/or generalise assertions of Taylor [20] on complete decoupling of
microlocal strictly hyperbolic systems and the smoothing effect type estimates for
diagonalisable systems in Kamotski and Ruzhansky [12] for hyperbolic systems ad-
mitting Jordan block structures under suitable nondegereavy conditions on the terms
of the nilpotent part of the principal symbols and lower-order terms. We recapture
as a particular case the linear part of some particular cases of second-order weakly
hyperbolic equation in one space dimension studied in [4].

It will be done in another work.
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Chapter 8
Scattering Problem for Quadratic Nonlinear
Klein–Gordon Equation in 2D

Nakao Hayashi and Pavel I. Naumkin

Abstract We consider the scattering problem for the two-dimensional nonlinear
Klein–Gordon equation with a quadratic nonlinearity. In this paper we find more
natural conditions for the initial data than those of previous works to ensure the
existence of scattering states.

Key words: Nonlinear Klein–Gordon equation, Quadratic nonlinearity, Scattering
operator, Two space dimensions

2010 Mathematics Subject Classification: 35Q55, 35B40, 35P25, 81Q05.

8.1 Introduction

We study the scattering problem for the two-dimensional nonlinear Klein–Gordon
equation with a quadratic nonlinearity:

∂ 2
t v−Δv+ v = λ v2, (t,x) ∈ R×R2, (8.1)

where λ ∈ R. By changing u =
(

v+ i〈i∇〉−1 vt

)
/2, we find that u satisfies the

following Cauchy problem:

L u = iλ 〈i∇〉−1 (u+ u)2 (8.2)
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if we consider a real-valued solution v, where L = ∂t + i〈i∇〉 , 〈i∇〉 =√
1−Δ . In

what follows we study (8.2). Our aim is to find more natural requirements on the
initial data

u0 =
1
2

(
v(0)+ i〈i∇〉−1 ∂tv(0)

)
,

comparing with the previous papers [4, 6, 7], where the assumption on the initial
data was u0 ∈ Hm,m−1, m ≥ 13 and works [2, 3], where the assumption on the initial
data was u0 ∈ Hα ,1, α > 1.

We denote the Lebesgue space by Lp with 1 ≤ p ≤ ∞. The weighted Sobolev
space is Hm,s

p = {ϕ ∈ Lp;‖〈x〉s 〈i∇〉m ϕ‖Lp < ∞} , for m,s ∈ R, 1 ≤ p ≤ ∞, where

〈x〉 =
√

1+ |x|2. For simplicity we write Hm,s = Hm,s
2 and Hm = Hm,0. We denote

the Fourier transform of the function ϕ by

Fϕ ≡ ϕ̂ =
1

2π

∫

R2
e−ix·ξ ϕ (x)dx.

Define the function space X∞ =
{

ϕ ∈ C
(
[0,∞) ;L2

)
;‖ϕ‖X∞ < ∞

}
, where the norm

‖ϕ‖X∞
= sup

t∈[0,∞)

⎛
⎝ sup

2≤q≤ 4
2−α

〈t〉1− 2
q ‖ϕ (t)‖

H
μ−2(1− 2

q )
q

⎞
⎠

with 1 < α < 2,μ ≥ α.
We first state the existence result for the Cauchy problem (8.2) with the initial

data u0. Define the free Klein–Gordon evolution group U (t) = e−it〈i∇〉.

Theorem 8.1. Let α ∈ (1, 8
7

]
,μ ≥ α . Assume that u0 ∈ Hμ

4
2+α

∩Hμ , with a norm

‖u0‖Hμ
4

2+α
∩Hμ ≤ ε. Then there exists ε > 0 such that the Cauchy problem (8.2) with

the initial data u0 has a unique global solution u ∈ C([0,∞) ;Hμ) satisfying the

estimate ‖u‖X∞
≤ Cε

2
3 . Furthermore for any small u0 ∈ Hμ

4
2+α

∩Hμ there exists a

unique scattering state u+ ∈ Hμ such that

lim
t→∞

‖u(t)−U (t)u+‖Hμ = 0.

Remark 8.1. In our previous paper [3], we proved the global existence of solutions
to the Cauchy problem (8.2) with the initial data u0 ∈ Hα ,1 with α > 1.

Remark 8.2. Note that

sup
t∈[0,∞)

(
‖ϕ (t)‖Hμ + 〈t〉 α

2 ‖ϕ (t)‖
L

4
2−α

)
≤C‖ϕ‖X∞

.

On the other hand by the Sobolev embedding theorem ‖ϕ‖
Hβ

q
≤ C‖ϕ‖θ

Hα ‖ϕ‖1−θ
Lp

with 1
q = β +θ

( 1
2 −α

)
+ 1−θ

p , 2 ≤ q ≤ p, 0 ≤ β ≤ α, β
α ≤ θ ≤ 1, we have
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‖ϕ‖
H

α−2(1− 2
q )

q

≤C‖ϕ‖1− 2
α

(
1− 2

q

)

Hα ‖ϕ‖
2
α

(
1− 2

q

)

L
4

2−α

for 2 ≤ q ≤ 4
2−α , 1 < α < 2. From which it follows that

〈t〉1− 2
q ‖ϕ (t)‖

H
α−2(1− 2

q )
q

≤C‖ϕ (t)‖1− 2
α

(
1− 2

q

)

Hα

(
〈t〉 α

2 ‖ϕ (t)‖
L

4
2−α

) 2
α

(
1− 2

q

)

.

Therefore
‖ϕ‖X∞ ≤C sup

t∈[0,∞)

(
‖ϕ (t)‖Hμ + 〈t〉α

2 ‖ϕ (t)‖
L

4
2−α

)
,

which means that the norm

sup
t∈[0,∞)

(
‖ϕ (t)‖Hμ + 〈t〉 α

2 ‖ϕ (t)‖
L

4
2−α

)

is equivalent to the norm ‖ϕ‖X∞
.

We next consider the final value problem. We introduce the function space

Z∞ =
{

ϕ ∈ C
(
[0,∞) ;L2) ;‖ϕ‖Z∞ = ‖ϕ −U (·)u+‖Y∞

< ∞
}
,

where the norm

‖ϕ‖Y∞ = sup
t∈[0,∞)

⎛
⎝ sup

2≤q≤ 4
2−α

〈t〉1− 2
q+γ ‖ϕ (t)‖

H
μ−2(1− 2

q )
q

⎞
⎠

with γ = ν3, ν = α − 1 > 0,μ ≥ α.

Theorem 8.2. Let α ∈ (1, 8
7

]
,μ ≥ α . Assume that the final value u+ ∈ Hμ

4
2+α

∩Hμ ,

with the norm ‖u+‖Hμ
4

2+α
∩Hμ ≤ ε. Then there exists ε > 0 such that (8.2) has a

unique global solution u ∈ C([0,∞) ;Hμ) satisfying the estimate ‖u‖Z∞
≤Cε

2
3 .

Remark 8.3. The estimate ‖u‖Z∞ ≤Cε
2
3 means that the solution of (8.2) lies in the

neighborhood of a free solution in the sense

‖u(t)−U (·)u+‖Hμ + 〈t〉 α
2 ‖u(t)−U (·)u+‖

L
4

2−α
≤C 〈t〉−γ .

Remark 8.4. Theorem 8.2 gives an improvement of the previous work [2].

As in the previous papers [2, 3] we split the nonlinearity in (8.2)

L u = iλ
〈

i〈t〉ν−1 ∇
〉−2 〈i∇〉−1 (u+ u)2

−iλ 〈t〉2ν−2 Δ 〈i∇〉−1
〈

i〈t〉ν−1 ∇
〉−2

(u+ u)2 , (8.3)
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where the first term has a gain of regularity and the second one has a better time
decay. We apply the method of normal forms by Shatah [8] to remove the quadratic

nonlinearity iλ
〈

i〈t〉ν−1 ∇
〉−2 〈i∇〉−1 (u+ u)2 from the right-hand side of (8.3). In

order to do it, we define the bilinear operators

T j (ϕ ,ψ) (x) =
∫

R2

∫

R2
eix·(ξ+η)ϕ̂ (ξ ) ψ̂ (η)

dξ dη
4π2S j (ξ ,η)

for j = 1,2,3 with the symbols

S1 (ξ ,η) = 〈ξ +η〉+ 〈ξ 〉+ 〈η〉 ,S2 (ξ ,η) = 〈ξ +η〉− 〈ξ 〉− 〈η〉 ,
S3 (ξ ,η) = 〈ξ +η〉+ 〈ξ 〉− 〈η〉 .

The bilinear operators T1,T2,T3 correspond to the nonlinear terms u2,u2, |u|2,
respectively. Then we find from (8.3)

L (u+N1 (t,u)) = N2 (t,u)+N3 (t,u)+N4 (t,u) , (8.4)

where

N1 (t,u) = −λ
〈

i〈t〉ν−1 ∇
〉−2 〈i∇〉−1 (T1 (u,u)+T2 (u,u)+ 2T3 (u,u)) ,

N2 (t,u) = −iλ 〈t〉2ν−2 Δ 〈i∇〉−1
〈

i〈t〉ν−1 ∇
〉−2

(u+ u)2 ,

N3 (t,u) = 2(ν − 1)t 〈t〉2ν−4 Δ
〈

i〈t〉ν−1 ∇
〉−2

N1 (u) ,

N4 (t,u) = −2λ
〈

i〈t〉ν−1 ∇
〉−2 〈i∇〉−1 (T1

(
u,L u

)

+T2 (u,L u)+T3
(
u,L u

)
+T3 (L u,u)

)
.

The first and second terms in the right-hand side of (8.4) are the quadratic nonlinear-
ities with an explicit additional time decay, whereas the third term is a cubic nonlocal

nonlinearity since in view of (8.2) T1
(
u,L u

)
=−iλT1

(
u,〈i∇〉−1 (u+ u)2

)
and so

on. If we could apply the Hölder inequality to the bilinear operators, T j, we would
get the desired result easily. Unfortunately it is impossible, since we encounter the
derivative loss difficulty applying Proposition 8.1 below. In order to compensate a
derivative loss through the bilinear operators, we use the splitting argument which
implies that we divide the identity operator into two terms such that

〈
i〈t〉ν−1 ∇

〉−2 −〈t〉2ν−2 Δ = 1.
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8.2 Preliminary Estimates

We first state a time decay estimate from paper [5].

Lemma 8.1. The estimate is valid∥∥∥eit〈i∇〉ϕ
∥∥∥

L
4

2−β
≤Ct−

β
2 ‖ϕ‖

Hβ
4

2+β

for all t > 0, where 0 ≤ β ≤ 2, provided that the right-hand side is finite.

The following estimate for the bilinear operators T j was proved in paper [2].

Proposition 8.1. The bilinear operators T j, j = 1,2,3, are bounded from Hβ
s
(
R2
)×

Hμ
r
(
R2
)

to H−σ
p

(
R2
)
, i.e.
∥∥T j ( f ,g)

∥∥
H−σ

p
≤C‖ f‖

Hβ
s
‖g‖Hμ

r

where 1 ≤ p ≤ r ≤ ∞, 1
s +

1
r = 1+ 1

p − 1
l , 1 ≤ l ≤ 2, σ ,β ,μ ≥ 0 are such that

σ +β > 1,μ > 1, or β > 1, σ + μ > 1.

Remark 8.5. If we do not use the splitting argument, and consider the problem in

Hα space, then we have to consider the norm
∥∥∥(−Δ)

α
2 T2 (u,u)

∥∥∥
H−1

, for example,

which requires us to the estimates of solutions such that
∥∥∥(−Δ)

α
2 u
∥∥∥

Hε
‖u‖H1+ε by

Proposition 8.1 with σ = 1,β = ε,s = r = l = 2. Thus we encounter the derivative
loss.

8.3 Proof of Theorem 8.1

We only consider the case μ = α , since the case μ > α can be treated similarly. We
start with the linearized version of (8.4) written as

L (u+N1 (t,v)) =
4

∑
j=2

N j (t,v) , (8.5)

with the initial data u(0) = u0, and a given function v, such that v(0) = u0 and

v ∈ X∞,ρ =
{

ϕ ∈ X∞;‖ϕ‖X∞
≤ ρ

}
, where ρ = ε

2
3 , ε > 0. Solving (8.5) we define

the mapping M by u = M v. By the integral equation associated with (8.5) we get

‖u(t)+N1 (t,v(t))‖Hα

≤ ‖u0 +N1 (0,u0)‖Hα +C
4

∑
j=2

∫ t

0

∥∥N j (τ,v(τ))
∥∥

Hα dτ. (8.6)

Denote ν = α − 1 ∈ (0, 1
7

]
, γ = ν3 and μ̃ = 1+ γ. Note that 1 < μ̃ < α. For sim-

plicity, we denote μ̃ by μ (note that μ is different to one given in theorems). By the
definition of the norm X∞ we have the estimate
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‖v‖Hμ
r
≤C 〈t〉− α−μ

2 ‖v‖X∞
≤Cρ 〈t〉− α−μ

2 . (8.7)

for r = 4
2+μ−α . Then applying Proposition 8.1 with s = p = 2, r = 4

2+μ−α , σ = 0,
β = μ and estimate (8.7) we obtain

‖N1 (t,v(t))‖Hα

≤ C

∥∥∥∥〈i∇〉ν
〈

i〈t〉ν−1 ∇
〉−2

(T1 (v,v)+T2 (v,v)+ 2T3 (v,v))

∥∥∥∥
L2

≤ C 〈t〉ν(1−ν) ‖T1 (v,v)+T2 (v,v)+ 2T3 (v,v)‖L2

≤ C 〈t〉ν(1−ν) ‖v‖2
Hμ

r
≤Cρ2 〈t〉−α+μ+ν(1−ν) ≤Cρ2 〈t〉−γ . (8.8)

By the definition of the norm X∞ we have the estimate

‖v‖Hα−4ν
2

1−2ν

≤C 〈t〉−2ν ‖v‖X∞ ≤Cρ 〈t〉−2ν . (8.9)

Then applying the Hölder inequality, the Sobolev embedding theorem ‖ϕ‖
L

2
1−ν

≤
C‖ϕ‖Hν and ‖v‖

L
2
ν
≤C‖v‖Hα−4ν

2
1−2ν

, and (8.9), we get

‖N2 (t,v(t))‖Hα

≤ C 〈t〉−2(1−ν)
∥∥∥∥Δ 〈i∇〉α−1

〈
i〈t〉ν−1 ∇

〉−2
(v+ v)2

∥∥∥∥
L2

≤ C 〈t〉(α−2)(1−ν)
∥∥∥∇(v+ v)2

∥∥∥
L2

≤C 〈t〉−(1−ν)2 ‖v‖
L

2
ν
‖∇v‖

L
2

1−ν

≤ C 〈t〉−(1−ν)2 ‖v‖
L

2
ν
‖v‖Hα ≤C 〈t〉−(1−ν)2 ‖v‖Hα−4ν

2
1−2ν

‖v‖Hα

≤ Cρ2 〈t〉−(1−ν)2−2ν ≤Cρ2 〈t〉−μ . (8.10)

The nonlinear term N3 is estimated similarly to N1

‖N3 (t,v(t))‖Hα ≤ C 〈t〉2ν−3
∥∥∥∥Δ
〈

i〈t〉ν−1 ∇
〉−2

N1 (v)

∥∥∥∥
Hα

≤ C 〈t〉−1‖N1 (v)‖Hα ≤Cρ2 〈t〉−μ . (8.11)

We next estimate the nonlinearity N4

‖N4 (t,v(t))‖Hα ≤C

∥∥∥∥
〈

i〈t〉ν−1 ∇
〉−2 〈i∇〉α+γ−1 (T1

(
v,L v

)

+T2 (v,L v)+T3
(
v,L v

)
+T3 (L v,v)

)∥∥
H−γ

≤ C 〈t〉(ν+γ)(1−ν)∥∥T1
(
v,L v

)
+T2 (v,L v)+T3

(
v,L v

)
+T3 (L v,v)

∥∥
H−γ .
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Since T1
(
u,L u

)
=−iλT1

(
u,〈i∇〉−1 (u+ u)2

)
and so on, applying Proposition 8.1

with s = 2
2−α , r = 4

2+μ−α and estimate (8.7), we find

‖N4 (t,v(t))‖Hα ≤C 〈t〉(ν+γ)(1−ν) ‖v‖Hμ
r
‖v‖2

L2s

≤ Cρ3 〈t〉(ν+γ)(1−ν)− α−μ
2 −α ≤Cρ3 〈t〉−μ . (8.12)

Now from inequalities (8.6), (8.8), and (8.10)–(8.12), it follows that

‖u(t)‖Hα ≤Cε +Cρ2 ≤Cε. (8.13)

We next estimate the norm ‖u(t)‖
L

4
2−α

. By Lemma 8.1, we have

‖u(t)+N1 (t,v(t))‖
L

4
2−α

≤Ct−
α
2 ‖u0 +N1 (0,u0)‖Hα

4
2+α

+C
4

∑
j=2

∫ t

0
(t − τ)−

α
2
∥∥N j (τ,v(τ))

∥∥
Hα

4
2+α

dτ. (8.14)

The nonlinear term N1 (t,v(t)) is estimated by Proposition 8.1 with s = 4
2−α ,r =

4
2+μ−α and estimate (8.7)

‖N1 (t,v(t))‖
L

4
2−α

≤ C

∥∥∥∥
〈

i〈t〉ν−1 ∇
〉−2 〈i∇〉γ (T1 (u,u)+T2 (u,u)+ 2T3 (u,u))

∥∥∥∥
H−μ

4
2−α

≤ C 〈t〉γ(1−ν) ‖T1 (u,u)+T2 (u,u)+ 2T3 (u,u)‖H−μ
4

2−α

≤ C 〈t〉γ(1−ν) ‖v‖Hμ
r
‖v‖

L
4

2−α

≤ Cρ2 〈t〉γ(1−ν)− α−μ
2 − α

2 ≤Cρ2 〈t〉− α
2 −γ . (8.15)

The nonlinear term N1 (0,u0) is estimated by Proposition 8.1 with s = r = 2

‖N1 (0,u0)‖Hα
4

2+α

≤ C‖T1 (u0,u0)+T2 (u0,u0)+ 2T3 (u0,u0)‖Hα−3
4

2+α

≤ C‖u0‖2
Hα ≤Cε2.

Next applying the Hölder inequality, the Sobolev embedding theorem, and (8.7), we
get



154 N. Hayashi and P.I. Naumkin

‖N2 (t,v(t))‖Hα
4

2+α

≤C 〈t〉−2(1−ν)
∥∥∥∥Δ 〈i∇〉α−1

〈
i〈t〉ν−1 ∇

〉−2
(v+ v)2

∥∥∥∥
L

4
2+α

≤ C 〈t〉(α−2)(1−ν)
∥∥∥∇(v+ v)2

∥∥∥
L

4
2+α

≤C 〈t〉(α−2)(1−ν) ‖v‖
L

4
3α−2

‖∇v‖
L

2
2−α

≤ C 〈t〉(α−2)(1−ν) ‖v‖
L

4
3α−2

‖v‖Hα

≤ C 〈t〉(α−2)(1−ν)−(1− 3α−2
2 )ρ2 ≤C 〈t〉−μ ρ2, (8.16)

since α ∈ [1, 8
7

)
. In view of Proposition 8.1 with s = r = 4

2+μ−α and estimate (8.7),

‖N3 (t,v(t))‖Hα
4

2+α

≤ C 〈t〉2ν−3
∥∥∥∥Δ 〈i∇〉α−1

〈
i〈t〉ν−1 ∇

〉−4
(T1 (v,v)

+T2 (v,v)+ 2T3 (v,v))‖
L

4
2+α

≤ C 〈t〉ν(1−ν)−1 ‖T1 (v,v)+T2 (v,v)+ 2T3 (v,v)‖
L

4
2+α

≤ C 〈t〉ν(1−ν)−1 ‖v‖2
Hμ

r
≤Cρ2 〈t〉ν(1−ν)−1−α+μ =Cρ2 〈t〉−μ . (8.17)

Finally by Proposition 8.1 with s = 2
2−α , r = 4

2+μ−α and (8.7), we get

‖N4 (t,v(t))‖Hα
4

2+α

≤ C 〈t〉(1−ν)(ν+γ)
∥∥∥T1

(
v,〈i∇〉−1 (v+ v)2

)∥∥∥
H−γ

4
2+α

+C 〈t〉(1−ν)(ν+γ)
∥∥∥T2

(
v,〈i∇〉−1 (v+ v)2

)∥∥∥
H−γ

4
2+α

+C 〈t〉(1−ν)(ν+γ)
∥∥∥T3

(
v,〈i∇〉−1 (v+ v)2

)∥∥∥
H−γ

4
2+α

+C 〈t〉(1−ν)(ν+γ)
∥∥∥T3

(
〈i∇〉−1 (v+ v)2 ,v

)∥∥∥
H−γ

4
2+α

≤ C 〈t〉(1−ν)(ν+γ) ‖v‖Hμ
r
‖v‖2

L2s

≤ Cρ3 〈t〉(1−ν)(ν+γ)− α−μ
2 −α ≤Cρ3 〈t〉−μ . (8.18)

Therefore via (8.14)–(8.18) we obtain

‖u(t)‖
L

4
2−α

≤Cεt−
α
2

+Cρ2
∫ t

0
(t − τ)−

α
2 〈τ〉−μ dτ ≤Cεt−

α
2 +Cρ2 〈t〉− α

2 ≤Cε 〈t〉− α
2 .
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for t ≥ 1. In view of (8.13), by the Sobolev embedding theorem we have ‖u‖
L

4
2−α

≤
C‖u‖Hα ≤Cε for t ≤ 1. Therefore

‖u(t)‖
L

4
2−α

≤Cε 〈t〉− α
2 (8.19)

for all t ≥ 0. Thus from (8.13) and (8.19) we have

‖M v‖X∞ ≤Cε ≤ ρ . (8.20)

In the same way as in the proof of (8.20) we obtain

‖M v1 −M v2‖X∞
≤ 1

2
‖v1 − v2‖X∞

.

Hence there exists a unique solution u of (8.4) such that ‖u‖X∞ ≤ ρ .
The integral equation associated with (8.4) is written by

w(t) = e−i〈i∇〉t u0 +

∫ t

0
e−i〈i∇〉(t−τ)F (u)dτ,

where w = u+N1, F (u) = N2 +N3 +N4. Then we obtain

ei〈i∇〉tw(t)− ei〈i∇〉sw(s) =
∫ t

s
ei〈i∇〉τ F (u)dτ.

As above we get the estimate
∥∥∥ei〈i∇〉tw(t)− ei〈i∇〉sw(s)

∥∥∥
Hα

≤C 〈s〉−γ

for all t > s > 0. By the relation w = u+N1 and estimate (8.8): ‖N1‖Hα ≤C 〈t〉−γ ,
we find ∥∥∥ei〈i∇〉t u(t)− ei〈i∇〉su(s)

∥∥∥
Hα

≤C 〈s〉−γ .

Hence there exists a unique scattering state u+ ∈ Hα such that

‖u(t)−U (t)u+‖Hα → 0

as t → ∞. This completes the proof of Theorem 8.1.

8.4 Proof of Theorem 8.2

We only consider the case μ = α , since the case μ > α can be treated similarly. The
final value problem is formulated as follows: we pose a final value u+ ∈ Hα

4
2+α

∩Hα

and solve (8.2) under the final state condition
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‖u(t)−U (t)u+‖Hα + 〈t〉 α
2 ‖u(t)−U (t)u+‖

L
4

2−α
→ 0 (8.21)

as t → ∞. We make a transformation to (8.4)

∂tU (−t)(u(t)+N1 (t,u(t))) =
4

∑
j=2

U (−t)N j (t,u(t)) .

By the condition (8.21) it follows that

〈t〉 α−μ̃
2 ‖u(t)−U (t)u+‖Hμ̃

r
→ 0, (8.22)

where r = 4
2+μ̃−α , μ̃ = 1+ γ, γ = ν3, ν = α − 1 > 0. In what follows we denote μ̃

by μ for simplicity as in the proof of Theorem 8.1. Then in view of Proposition 8.1
with s = p = 2, r = 4

2+μ−α , σ = 0, β = μ , and estimate (8.22) we obtain

‖N1 (t,u(t))‖Hα

≤ C

∥∥∥∥〈i∇〉ν
〈

i〈t〉ν−1 ∇
〉−2

(T1 (u,u)+T2 (u,u)+ 2T3 (u,u))

∥∥∥∥
L2

≤ C 〈t〉ν(1−ν) ‖T1 (u,u)+T2 (u,u)+ 2T3 (u,u)‖L2

≤ C 〈t〉ν(1−ν) ‖u‖2
Hμ

r
≤C 〈t〉−γ .

Hence we have
‖N1 (t,u(t))‖Hα → 0 (8.23)

as t → ∞. In the same manner by Proposition 8.1 with s = 4
2−α ,r = 4

2+μ−α and
estimate (8.22) we find

‖N1 (t,u(t))‖
L

4
2−α

≤ C 〈t〉γ(1−ν)‖T1 (u,u)+T2 (u,u)+ 2T3 (u,u)‖H−μ
4

2−α

≤ C 〈t〉γ(1−ν)‖u‖Hμ
r
‖u‖

L
4

2−α
≤C 〈t〉− α

2 −γ .

Thus
〈t〉 α

2 ‖N1 (t,u(t))‖
L

4
2−α

→ 0 (8.24)

as t → ∞. Hence the integral equation associated with the final state problem
for (8.4) can be written as

u(t)+N1 (t,u(t)) = U (t)u+−
4

∑
j=2

∫ ∞

t
U (t − τ)N j (τ,u(τ))dτ. (8.25)

We next assume that v ∈ Z∞,ρ =
{

ϕ ∈ Z∞;‖ϕ‖Z∞ ≤ ρ
}

and consider the linearized
version of (8.25)
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u(t)+N1 (t,v(t))

= U (t)u+−
4

∑
j=2

∫ ∞

t
U (t − τ)N j (τ,v(τ))dτ. (8.26)

Note that the condition v ∈ Z∞,ρ implies that

‖v‖X∞
≤ ‖v−U (·)u+‖X∞

+ ‖U (·)u+‖X∞

≤ ‖v−U (·)u+‖Y∞
+ ‖U (·)u+‖X∞

≤ ρ +Cε. (8.27)

Hence we can apply estimates (8.10)–(8.12) and (8.15)–(8.18) to get

‖N1 (t,v(t))‖Hα + 〈t〉 α
2 ‖N1 (t,v(t))‖

L
4

2−α
≤Cρ2 〈t〉−γ (8.28)

and

4

∑
j=2

(∥∥N j (t,v(t))
∥∥

Hα +
∥∥N j (t,v(t))

∥∥
Hα

4
2+α

)
≤Cρ2 〈t〉−μ . (8.29)

By (8.26), (8.28), and (8.29) we find

‖u(t)−U (t)u+‖Hα

≤ Cρ2 〈t〉−γ +
4

∑
j=2

∫ ∞

t

∥∥N j (τ,v(τ))
∥∥

Hα dτ ≤Cρ2 〈t〉−γ

and

‖u(t)−U (t)u+‖
L

4
2−α

≤ Cρ2 〈t〉− α
2 −γ +

4

∑
j=2

∫ ∞

t
(t − τ)−

α
2
∥∥N j (τ,v(τ))

∥∥
Hα

4
2+α

dτ

≤ Cρ2 〈t〉− α
2 −γ +

4

∑
j=2

∫ ∞

t
(t − τ)−

α
2 〈τ〉−μ dτ ≤Cρ2 〈t〉− α

2 −γ .

In the same manner we can estimate the differences

‖u1 − u2‖Z∞
≤ 1

2
‖v1 − v2‖Z∞

to show that there exists a unique global solution u ∈ C([0,∞) ;Hα) of (8.4) satis-
fying the estimate

‖u‖Z∞
= ‖u−U (·)u+‖Y∞

≤ sup
t∈[0,∞)

〈t〉γ
(
‖u(t)−U (t)u+‖Hα + 〈t〉α

2 ‖u(t)−U (t)u+‖
L

4
2−α

)
≤Cρ2.

This completes the proof of Theorem 8.2.
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Chapter 9
Global Solutions to the 3-D Incompressible
Inhomogeneous Navier–Stokes System
with Rough Density

Jingchi Huang, Marius Paicu, and Ping Zhang

Abstract In this paper, we prove the global well-posedness of the 3-D incompressible

inhomogeneous Navier–Stokes equations with initial data a0 ∈ M (B
−1+ 3

p
p,1 (R3)),

u0 = (uh
0,u

3
0) ∈ B

−1+ 3
p

p,1 (R3), which satisfies

(
μ‖a0‖

M (B
−1+ 3

p
p,1 )

+ ‖uh
0‖

B
−1+ 3

p
p,1

)
exp
(
C0‖u3

0‖2

B
−1+ 3

p
p,1

/
μ2)≤ c0μ

for some positive constants c0,C0 and 3
2 < p < 6. The novelty of this paper is to

replace ‖a0‖
B

3
q
q,1

in the smallness condition of [20] by the rough norm in the multi-

plier space ‖a0‖
M (B

−1+ 3
p

p,1 )
here.

Key words: Inhomogeneous Navier–Stokes equations, Littlewood–Paley theory,
Wellposedness.
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9.1 Introduction

In this paper, we consider the global well-posedness of the following 3-D
incompressible inhomogeneous Navier–Stokes equations with initial data in the crit-
ical spaces ⎧

⎪⎪⎨

⎪⎪⎩

∂tρ + div(ρu) = 0, (t,x) ∈R
+×R

3,
∂t(ρu)+ div(ρu⊗ u)− div(μM )+∇Π = 0,
divu = 0,
ρ |t=0 = ρ0, ρu|t=0 = m0,

(9.1)

where ρ ,u = (u1,u2,u3) stand for the density and velocity of the fluid, respectively,
M = 1

2(∂iu j + ∂ jui), Π is a scalar pressure function, and in general, the viscosity
coefficient μ(ρ) is a smooth, positive function on [0,∞). Such system describes
a fluid which is obtained by mixing two miscible fluids that are incompressible
and that have different densities. It may also describe a fluid containing a melted
substance. One may check [17] for the detailed derivation of this system.

When μ(ρ) is independent of ρ , i. e., μ is a positive constant and ρ0 is bounded
away from 0, Kazhikov [15] proved that the inhomogeneous Navier–Stokes equa-
tions (9.1) have at least one global weak solutions in the energy space. In addition,
he also proved the global existence of strong solutions to this system for small data
in three space dimensions and all data in two dimensions. However, the uniqueness
of both types of weak solutions has not been solved. Ladyženskaja and Solonnikov
[16] first addressed the question of unique resolvability of (9.1). More precisely,
they considered the system (9.1) in bounded domain Ω with homogeneous Dirich-

let boundary condition for u. Under the assumption that u0 ∈ W 2− 2
p ,p(Ω) (p > N)

is divergence-free and vanishes on ∂Ω and that ρ0 ∈C1(Ω) is bounded away from
zero, then they [16] proved:

• Global well-posedness in dimension N = 2.

• Local well-posedness in dimension N=3. If in addition u0 is small in W 2− 2
p ,p(Ω),

then global well-posedness holds true.

Similar results were obtained by Danchin [10] in R
N with initial data in the almost

critical Sobolev spaces.
In the general case when μ(ρ) depends on ρ , Lions [17] proved the global

existence of weak solutions to (9.1) in any space dimensions. Yet the uniqueness
and regularities of such weak solutions are big open questions even in two space
dimension, as was mentioned by Lions in [17]. On the other hand, Abidi, Gui,
and Zhang [4] investigated the large time decay and stability to any given global
smooth solutions of (9.1), which in particular implies the global well-posedness of
3-D inhomogeneous Navier–Stokes equations with axisymmetric initial data and
without swirl for the initial velocity field provided that the initial density is close
enough to a positive constant.

When the density ρ is away from zero, we denote by a
def
= 1

ρ − 1 and μ̃(a) def
=

μ(ρ), then the system (9.1) can be equivalently reformulated as
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⎧
⎪⎪⎨

⎪⎪⎩

∂t a+ u ·∇a= 0, (t,x) ∈ R
+×R

N ,
∂t u+ u ·∇u+(1+a)(∇Π− div(μ̃(a)M )) = 0,
divu = 0,
(a,u)|t=0 = (a0,u0).

(9.2)

Notice that just as the classical Navier–Stokes system, the inhomogeneous Navier–
Stokes system (9.2) also has a scaling. More precisely, if (a,u) solves (INS) with
initial data (a0,u0), then for ∀� > 0,

(a,u)�
def
= (a(�2·, �·), �u(�2·, �·)) and (a0,u0)�

def
= (a0(�·), �u0(�·)) (9.3)

(a,u)� is also a solution of (9.2) with initial data (a0,u0)�.
In [9], Danchin studied in general space dimension N the unique solvability

of the system (9.2) with constant viscosity coefficient and in scaling invariant
(or critical) homogeneous Besov spaces, which generalized the celebrated results
by Fujita and Kato [12] devoted to the classical Navier–Stokes system. In par-

ticular, the norm of (a,u) ∈ B
N
2

2,∞(R
N)∩ L∞(RN)×B

N
2 −1

2,1 (RN) is scaling invariant
under the change of scale of (9.3). In this case, Danchin proved that if the ini-

tial data (a0,u0) ∈ B
N
2

2,∞(R
N)∩ L∞(RN)×B

N
2 −1

2,1 (RN) with a0 sufficiently small in

B
N
2

2,∞(R
N)∩L∞(RN), then the system (9.2) has a unique local-in-time solution. In [1],

Abidi proved that if 1 < p < 2N, 0 < μ < μ̃(a), u0 ∈ B
N
p −1

p,1 (RN) and a0 ∈ B
N
p
p,1(R

N),

then (9.2) has a global solution provided that ‖a0‖
B

N
p

p,1

+‖u0‖
B

N
p −1

p,1

≤ c0 for some c0

sufficiently small. Furthermore, this obtained solution is unique if 1 < p ≤ N. This
result generalized the corresponding results in [9, 10] and was improved by Abidi
and Paicu in [2] when μ̃(a) is a positive constant, by using different Lebesgue ex-
ponents for the density a0 and for the velocity u0 (see also [3] for an application
of this method to a more complex system). Very recently, Danchin and Mucha [11]
improved the uniqueness result for p ∈ (N,2N) through Lagrange approach, and
Abidi, Gui, and Zhang relaxed the smallness condition for a0 in [5, 6].

For simplicity, in what follows we just take μ(ρ) = μ and the space dimension
N = 3. In this case, (9.2) becomes

⎧
⎪⎪⎨

⎪⎪⎩

∂t a+ u ·∇a= 0, (t,x) ∈R
+×R

3,
∂t u+ u ·∇u+(1+a)(∇Π− μΔu) = 0,
divu = 0,
(a,u)|t=0 = (a0,u0).

(9.4)

Motivated by [13, 19, 22] concerning the global Well-posedness of 3-D incom-
pressible anisotropic Navier–Stokes system with the third component of the initial
velocity field being large, we [20] relaxed the smallness condition in [2] so that (9.4)
still has a unique global solution. We emphasize that our proof uses in a fundamen-
tal way the algebraical structure of (9.4). The first step is to obtain energy estimates
on the horizontal components of the velocity field on the one hand and then on the
vertical component on the other hand. Compared with [13, 19, 22], the additional
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difficulties with this strategy are that there appears a hyperbolic-type equation in
(9.4) and due to the appearance of a in the momentum equation of (9.4), the pres-
sure term is more difficult to be estimated.

Before going further, we first recall the functional space framework from [7]:

Δ ja = F−1(ϕ(2− j|ξ |)â), S ja = ∑
j′≤ j−1

Δ j′a, (9.5)

where Fa and â denote the Fourier transform of the distribution a, and ϕ(τ) is a
smooth function such that

Supp ϕ ⊂
{

τ ∈R /
3
4
≤ |τ| ≤ 8

3

}
and ∀τ > 0 , ∑

j∈Z
ϕ(2− jτ) = 1.

Definition 9.1. Let (p,r) ∈ [1,+∞]2, s ∈R and u ∈ S ′
h(R

3), we set

‖u‖Bs
p,r

def
=
(

2qs‖Δqu‖Lp

)

�r
.

• For s < 3
p (or s = 3

p if r = 1), we define Bs
p,r(R

3)
def
=
{

u∈S ′
h(R

3)
∣
∣ ‖u‖Bs

p,r
<∞

}
.

• If k ∈ N and 3
p + k ≤ s < 3

p + k+ 1 (or s = 3
p + k + 1 if r = 1), then Bs

p,r(R
3)

is defined as the subset of distributions u ∈ S ′
h(R

3) such that ∂ β u ∈ Bs−k
p,r (R

3)
whenever |β |= k.

In order to obtain a better description of the regularizing effect of the transport-
diffusion equation, we will use Chemin-Lerner-type spaces L̃λ

T (B
s
p,r(R

n)).

Definition 9.2. Let (r,λ , p) ∈ [1,+∞]3 and T ∈]0,+∞]. We define L̃λ
T (B

s
pr(R

n)) as
the completion of C([0,T ];S (Rn)) by the norm

‖ f‖L̃λ
T (B

s
p,r)

def
=
(

∑
q∈Z

2qrs
(∫ T

0
‖Δq f (t)‖λ

Lp dt
) r

λ
) 1

r
< ∞,

with the usual change if r = ∞. For short, we just denote this space by L̃λ
T (B

s
p,r).

We also need the following form of functional framework, which is a sort of
generalization to the weighted Chemin-Lerner-type norm from [19, 20]:

Definition 9.3. Let f (t) ∈ L1
loc(R

+), f (t)≥ 0 and X be a Banach space. We define

‖u‖L1
T, f (X)

def
=

∫ T

0
f (t)‖u(t)‖X dt.

The following theorem was proved by the authors in [20]:

Theorem 9.1. Let 1< q≤ p < 6 with 1
q − 1

p ≤ 1
3 . Let a0 ∈ B

3
q
q,1(R

3) and u0=(uh
0,u

3
0)

∈ B
−1+ 3

p
p,1 (R3). Then there exist positive constants c0 and C0 such that if
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η def
=
(
μ‖a0‖

B
3
q
q,1

+ ‖uh
0‖

B
−1+ 3

p
p,1

)
exp
{

C0‖u3
0‖2

B
−1+ 3

p
p,1

/
μ2
}
≤ c0μ , (9.6)

(9.4) has a unique global solution a ∈ C ([0,∞);B
3
q
q,1(R

3))∩ L̃∞(R+;B
3
q
q,1(R

3)) and

u ∈ C ([0,∞);B
−1+ 3

p
p,1 (R3))∩ L̃∞(R+;B

−1+ 3
p

p,1 (R3))∩L1(R+,B
1+ 3

p
p,1 (R3)). Moreover,

there holds

‖u− eμtΔ u0‖
L̃∞(R+;B

−1+ 3
p

p,1 )
+ μ‖u− eμtΔu0‖

L1(R+;B
1+ 3

p
p,1 )

≤C(‖u3
0‖

B
−1+ 3

p
p,1

+ μ+η)
η
μ
.

We emphasize that the main feature of the density space used in this theorem is
to be a multiplier on the velocity space. This allow to define the nonlinear terms
containing products between the density and the velocity, in the system (9.4). Very
recently, Danchin and Mucha obtained in [11] a more general result by considering

very rough densities in some multiplier spaces on the Besov spaces B
−1+ d

p
p,1 (Rd).

In particular, they are able to consider the physical case of mixture of fluids with
piecewise constant density. For the convenience of the readers, we also recall the
definition of multiplier spaces to Besov spaces from [18].

Definition 9.4. We call f belonging to the multiplier space, M (Bs
p,1(R

n)), of Bs
p,1

(Rn) if the distributions f satisfies ψ f ∈ Bs
p,1(R

n) whenever ψ ∈ Bs
p,1(R

n). We
endow this space with the norm

‖ f‖M (Bs
p,1)

def
= sup

‖ψ‖Bs
p,1

=1
‖ψ f‖Bs

p,1
for f ∈ M (Bs

p,1(R
n)).

The following interesting result was proved by Danchin and Mucha in [11]:

Theorem 9.2 (Theorems 1 and 2 of [11]). Let p ∈ [1,2n) and u0 be a divergence-

free vector field in B
n
p−1
p,1 (Rn). Assume that the initial density ρ0 belongs to the

multiplier space M (B
n
p−1

p,1 (Rn)). There exists a constant c depending only on p and
n such that if

‖ρ0 − 1‖
M (B

n
p−1

p,1 (Rn))
≤ c

then there exists some T > 0 such that system (9.1) with μ(ρ) = μ , namely,
⎧
⎨

⎩

∂tρ + u ·∇ρ = 0, (t,x) ∈ R+×Rn,
∂t(ρu)+ div(ρu⊗ u)− μΔu+∇Π = 0,
divu = 0,

(9.7)

has a unique local solution (ρ ,u) with ρ ∈ L∞([0,T );M (B
n
p−1

p,1 (Rn))) and u ∈
Cb([0,T );B

n
p−1
p,1 (Rn)) ∩L1([0,T );B

n
p+1
p,1 (Rn)). Moreover, if ‖u0‖

B
n
p −1

p,1

≤ cμ , thus

obtained solution is global.
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Motivated by [11], the object of this paper is to replace the ‖a0‖
B

3
q
q,1

in the

smallness condition (9.6) by ‖a0‖
M (B

−1+ 3
p

p,1 )
and to prove a similar version of

Theorem 9.1. More precisely,

Theorem 9.3. Let 3
2<p<6. Let a0 ∈M (B

−1+ 3
p

p,1 (R3)) and u0=(uh
0,u

3
0)∈B

−1+ 3
p

p,1 (R3).
Then there exist positive constants c0 and C0 such that if

δ def
=
(
μ‖a0‖

M (B
−1+ 3

p
p,1 )

+ ‖uh
0‖

B
−1+ 3

p
p,1

)
exp
{

C0‖u3
0‖2

B
−1+ 3

p
p,1

/
μ2
}
≤ c0μ , (9.8)

(9.4) has a unique global solution a ∈ L∞(R+;M (B
−1+ 3

p
p,1 (R3)) and u ∈ C ([0,∞);

B
−1+ 3

p
p,1 (R3))∩ L̃∞(R+;B

−1+ 3
p

p,1 (R3))∩L1(R+,B
1+ 3

p
p,1 (R3)). Moreover, there holds

‖u− eμtΔ u0‖
L̃∞(R+;B

−1+ 3
p

p,1 )
+μ‖u− eμtΔ u0‖

L1(R+;B
1+ 3

p
p,1 )

≤C(‖u3
0‖

B
−1+ 3

p
p,1

+μ +δ )
δ
μ
.

(9.9)

Remark 9.1. We claim that similar version of Theorem 9.3 for p ∈ (3,6) remains to
be true for the system (9.2) with the variable viscous coefficient μ̃(a) which satisfies

μ̃(a)≥ μ > 0 and μ̃(a)− μ̃(0) being small in M (B
3
p
p,1(R

3)). For simplicity, we shall
not pursue this point here (for more details, see [14]).

Remark 9.2. In particular, as in [11], we can consider the case of a mixture of fluids
with initial velocity with large vertical component, that is, ρ0 = 1+ cχΩ and u0 =

(uh
0,u

3
0) ∈ B

−1+ 3
p

p,1 , 2 < p < 6, with c and uh
0 small enough (compared with u3

0), and

Ω a bounded or exterior C1 domain.

Scheme of the proof and organization of the paper. In the second section, we
shall apply the Littlewood–Paley theory to study the free transport equation with
initial data in the multiplier spaces of Besov spaces. In Sect. 9.3, we shall present
the estimate to the pressure function. Finally in the last section, we shall complete
the proof of Theorem 9.3.

Let us complete this section by the notations we shall use in this context.

Notation. Let A,B be two operators, we denote [A;B] = AB−BA, the commutator
between A and B. For a � b, we mean that there is a uniform constant C, which may
be different on different lines, such that a≤Cb. We shall denote by (a|b) the L2(R3)
inner product of a and b. (d j) j∈Z will be a generic element of �1(Z) so that d j ≥ 0
and ∑ j∈Z d j = 1.

For X a Banach space and I an interval of R, we denote by C (I; X) the set of
continuous functions on I with values in X , and by Lq(I; X) stands for the set of
measurable functions on I with values in X , such that t �−→ ‖ f (t)‖X belongs to
Lq(I).
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9.2 The Estimate of the Transport Equation

For the convenience of the reader, we recall some basic facts on Littlewood–Paley
theory from [7].

Lemma 9.1. Let B be a ball of R3, and C be a ring of R3; let 1 ≤ p2 ≤ p1 ≤ ∞.
Then there hold:

If the support of â is included in 2kB, then

‖∂ α
x a‖Lp1 � 2k(|α |+3( 1

p2
− 1

p1
))‖a‖Lp2 .

If the support of â is included in 2kC , then

‖a‖Lp1 � 2−kN sup
|α |=N

‖∂ α a‖Lp1 .

Lemma 9.2. Let θ be a smooth function supported in an annulus C of Rn. There
exists a constant C such that for any C0,1 measure-preserving global diffeomorphism
ψ over Rn with inverse φ , any tempered distribution u with û supported in λC , any
p ∈ [1,∞], and any (λ ,μ) ∈ (0,∞)2, we have

‖θ (μ−1D)(u ◦ψ)‖Lp ≤C‖u‖Lp min(
μ
λ
‖Dφ‖L∞ ,

λ
μ
‖Dψ‖L∞).

Lemma 9.3. If the support of û is included in λC , then there exists a positive
constant c, such that

‖et�u‖Lp � e−cλ 2t‖u‖Lp for p ∈ [1,∞].

Lemma 9.4. Let p2 ≥ p1 ≥ 1, and s1 ≤ 3
p1
,s2 ≤ 3

p2
with s1 + s2 > 3max(0, 1

p1
+

1
p2
− 1). Let a ∈ Bs1

p1,1
(R3),b ∈ Bs2

p2,1
(R3). Then ab ∈ B

s1+s2− 3
p1

p2,1
(R3), and

‖ab‖
B

s1+s2− 3
p1

p2,1

� ‖a‖B
s1
p1,1

‖b‖B
s2
p2,1

.

This section basically follows from Sect. 2 of [14]. Indeed as we shall not use
Lagrange approach as that in [11], we need first to investigate the following transport
equation:

∂t a+ u ·∇a= 0, a|t=0 = a0, (9.10)

with initial data a0 in the multiplier space of Bs
p,1(R

n). We denote Xu(t,y) to be the
flow map determined by u, namely,

Xu(t,y) = y+
∫ t

0
u(τ,Xu(τ,y))dτ. (9.11)
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Lemma 9.5. Let s ∈ (−1,1) and p ≥ 1. Let a ∈ Bs
p,1(R

n), u ∈ L1((0,T );Lip(Rn)),

and Xu the flow map determined by (9.11). Then a ◦Xu ∈ L∞((0,T );Bs
p,1(R

n)), and
there holds

‖a ◦Xu‖L∞
t (B

s
p,1)

≤C‖a‖Bs
p,1

exp
{

C
∫ t

0
‖∇u(τ)‖L∞ dτ

}
. (9.12)

Proof. Indeed let a�
def
= Δ�a; we deduce from Lemma 9.2 that

‖Δ j(a� ◦Xu)‖L∞
t (Lp) ≤Cd�2

−�s‖a‖Bs
p,1

min
(
2 j−�,2�− j)exp

{
C
∫ t

0
‖∇u(τ)‖L∞ dτ

}
,

from which and −1 < s < 1, we infer for any j ∈ Z

‖Δ j(a ◦Xu)‖L∞
t (Lp) ≤

(
∑
�< j

+∑
�≥ j

)‖Δ j(a� ◦Xu)‖L∞
t (Lp)

≤C‖a‖Bs
p,1

(
∑
�< j

d�2
−�s2�− j + ∑

�≥ j

d�2
−�s2 j−�)

× exp
{

C
∫ t

0
‖∇u(τ)‖L∞ dτ

}

≤Cd j2− js‖a‖Bs
p,1

exp
{

C
∫ t

0
‖∇u(τ)‖L∞ dτ

}
,

(9.13)

This completes the proof of the lemma.

Proposition 9.1. Let s ∈ (−1,1) and p ≥ 1. Let u ∈ L1
T (Lip(R3)) and a0 ∈ M

(Bs
p,1(R

3)). Then (9.10) has a unique solution a ∈ L∞([0,T ];M (Bs
p,1(R

3))) so that

‖a‖L∞
t (M (Bs

p,1))
≤ ‖a0‖M (Bs

p,1)
exp
{

C‖∇u‖L1
t (L∞)

}
for any t ∈ [0,T ]. (9.14)

Proof. Thanks to (9.11), we deduce from (9.10) that a(t,x) = a0(X−1
u (t,x)). Then

thanks to Definition 9.4 and Lemma 9.5, we obtain

‖a(t)‖M (Bs
p,1)

= sup
‖ψ‖Bs

p,1
=1

‖ψa(t)‖Bs
p,1

= sup
‖ψ‖Bs

p,1
=1

‖(ψ ◦Xu(t)a0)◦X−1
u (t)‖Bs

p,1

≤C sup
‖ψ‖Bs

p,1
=1

‖(ψ ◦Xu(t))a0‖Bs
p,1

exp
{

C
∫ t

0
‖∇u(τ)‖L∞ dτ

}
,

applying Lemma 9.5 once again leads to
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‖a(t)‖M (Bs
p,1)

≤C‖a0‖M (Bs
p,1)

exp
{

C
∫ t

0
‖∇u(τ)‖L∞ dτ

}
sup

‖ψ‖Bs
p,1

=1
‖ψ ◦Xu(t)‖Bs

p,1

≤C‖a0‖M (Bs
p,1)

exp
{

C
∫ t

0
‖∇u(τ)‖L∞ dτ

}
sup

‖ψ‖Bs
p,1

=1
‖ψ‖Bs

p,1

≤C‖a0‖M (Bs
p,1)

exp
{

C
∫ t

0
‖∇u(τ)‖L∞ dτ

}
.

This completes the proof of Proposition 9.1.

9.3 The Estimate of the Pressure

As is well known, the main difficulty in the study of the Well-posedness of in-
compressible inhomogeneous Navier–Stokes equations is to derive the estimate for
the pressure term. The goal of this section is to provide the pressure estimates in the
framework of weighted Chemin-Lerner-type norms. We first get by taking div to the
momentum equation of (9.4) that

−ΔΠ = div(a∇Π)+ divh divh(u
h ⊗ uh)+ 2∂3 divh(u

3uh)+ ∂ 2
3 (u

3)2 − μ div(aΔu).
(9.15)

The following proposition concerning the estimate of the pressure will be the
main ingredient used in the estimate of uh.

Proposition 9.2. Let 1 ≤ p < 6 and a ∈ L∞
T (M (B

−1+ 3
p

p,1 )), u ∈ L̃∞
T (B

−1+ 3
p

p,1 ) ∩ L1
T

(B
1+ 3

p
p,1 ). We denote

f1(t)
def
= ‖u3(t)‖

B
1+ 3

p
p,1

, f2(t)
def
= ‖u3(t)‖2

B
3
p
p,1

and

Πλ
def
= Π exp

(−λ1

∫ t

0
f1(t

′)dt ′ −λ2

∫ t

0
f2(t

′)dt ′
)

for λ1,λ2 > 0,

(9.16)

and similar notations for uλ . Then (9.15) has a unique solution ∇Π ∈ L1
T (B

−1+ 3
p

p,1 )

which decays to zero when |x| → ∞ so that for all t ∈ [0,T ], there holds

‖∇Πλ‖
L1

t (B
−1+ 3

p
p,1 )

≤ C
1−C‖a‖

L∞
t (M (B

−1+ 3
p

p,1 ))

{(
μ‖a‖

L∞
t (M (B

−1+ 3
p

p,1 ))

+ ‖uh‖
L∞

t (B
−1+ 3

p
p,1 )

)‖uh
λ‖

L1
t (B

1+ 3
p

p,1 )
+ ‖uh

λ‖
1
2

L1
t (B

1+ 3
p

p,1 )

‖uh
λ‖

1
2

L1
t, f2

(B
−1+ 3

p
p,1 )

+ ‖uh
λ‖

L1
t, f1

(B
−1+ 3

p
p,1 )

+ μ‖a‖
L∞

t (M (B
−1+ 3

p
p,1 ))

‖u3‖
L1

t (B
1+ 3

p
p,1 )

}

(9.17)
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provided that C‖a‖
L∞

t (M (B
−1+ 3

p
p,1 ))

≤ 1
2 .

The proof of this proposition basically follows from that of Proposition 4.1 in
[20]. We first recall the following two lemmas from [20]:

Lemma 9.6 (Lemma 4.1 of [20]). Under the assumptions of Proposition 9.2 and
f1, f2 being given by (9.16), one has

‖Δ j(u
3uh)‖L1

t (Lp) � d j2
− 3 j

p (‖uh‖
1
2

L1
t (B

1+ 3
p

p,1 )

‖uh‖
1
2

L1
t, f2

(B
−1+ 3

p
p,1 )

+ ‖uh‖
L1

t, f1
(B

−1+ 3
p

p,1 )
)

and

‖Δ j(u
3uh)‖L1

t (Lp)

� d j2
− 3 j

p
(‖uh‖

L̃∞
t (B

−1+ 3
p

p,1 )
‖u3‖

L1
t (B

1+ 3
p

p,1 )
+ ‖uh‖

L1
t (B

1+ 3
p

p,1 )
‖u3‖

L̃∞
t (B

−1+ 3
p

p,1 )

)
.

Proof. For completeness, we outline its proof here. Indeed thanks to Bony’s decom-
position, we have

Δ j(u
3uh) = ∑

j′≥ j−N0

Δ j
(
S j′u

3Δ j′u
h +Δ j′u

3S j′+1uh). (9.18)

Notice that on the one hand,

‖ ∑
j′≥ j−N0

Δ j
(
S j′u

3Δ j′u
h)‖L1

t (Lp) � ∑
j′≥ j−N0

∫ t

0
‖u3(t ′)‖

B
3
p
p,1

‖Δ j′u
h(t ′)‖Lp dt ′

� ∑
j′≥ j−N0

{∫ t

0
‖u3(t ′)‖2

B
3
p
p,1

‖Δ j′u
h(t ′)‖Lp dt ′

} 1
2 ‖Δ j′u

h‖
1
2
L1

t (L
p)

�d j2
− 3 j

p ‖uh‖
1
2

L1
t (B

1+ 3
p

p,1 )

‖uh‖
1
2

L1
t, f2

(B
−1+ 3

p
p,1 )

.

On the other hand, again thanks to Lemma 9.1, we obtain

‖ ∑
j′≥ j−N0

Δ j
(
Δ j′u

3S j′+1uh)‖L1
t (L

p)

� ∑
j′≥ j−N0

2− j′(1+ 3
p )
∫ t

0
‖u3(t ′)‖

B
1+ 3

p
p,1

‖S j′+1uh(t ′)‖L∞ dt ′

� ∑
j′≥ j−N0

2− j′(1+ 3
p ) ∑

�≤ j′
2

3�
p

∫ t

0
‖u3(t ′)‖

B
1+ 3

p
p,1

‖Δ�u
h(t ′)‖Lp dt ′

� d j2
− 3 j

p ‖uh‖
L1

t, f1
(B

−1+ 3
p

p,1 )
.

This proves the first inequality of the lemma.
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Whereas again thanks to (9.18), we get by applying Lemma 9.1 that

‖Δ j(u
3uh)‖L1

t (Lp)

� ∑
j′≥ j−N0

(‖S j′u
3‖L∞

t (L
∞)‖Δ j′u

h‖L1
t (Lp) + ‖Δ j′u

3‖L1
t (Lp)‖S j′+1uh‖L∞

t (L
∞)

)

� d j2
− 3 j

p
(‖uh‖

L1
t (B

1+ 3
p

p,1 )
‖u3‖

L̃∞
t (B

−1+ 3
p

p,1 )
+ ‖uh‖

L̃∞
t (B

−1+ 3
p

p,1 )
‖u3‖

L1
t (B

1+ 3
p

p,1 )

)
.

This completes the proof of the lemma.

Lemma 9.7 (Lemma 4.2 of [20]). Let 1 ≤ p < 6 and f1, f2 be given by (9.16). Then
under the assumptions of Proposition 9.2, one has

‖Δ j(u
3 divh uh)‖L1

t (Lp)

� d j2
j(1− 3

p )
(‖uh‖

1
2

L1
t (B

1+ 3
p

p,1 )

‖uh‖
1
2

L1
t, f2

(B
−1+ 3

p
p,1 )

+ ‖uh‖
L1

t, f1
(B

−1+ 3
p

p,1 )

)
,

and

‖Δ j(u
3 divh uh)‖L1

t (L
p) � d j2

j(1− 3
p )
(‖uh‖

L̃∞
t (B

−1+ 3
p

p,1 )
‖u3‖

L1
t (B

1+ 3
p

p,1 )

+ ‖uh‖
L1

t (B
1+ 3

p
p,1 )

‖u3‖
L̃∞

t (B
−1+ 3

p
p,1 )

)
.

Proof. Again we outline its proof here. We first get by applying Bony’s decompo-
sition that

u3 divh uh = Tu3 divh uh +Tdivh uhu3 +R(u3,divh uh). (9.19)

Applying Lemma 9.1 gives

‖Δ j
(
Tu3 divh uh)‖L1

t (Lp) � ∑
| j′− j|≤5

2 j′
∫ t

0
‖u3(t ′)‖

B
3
p
p,1

‖Δ j′u
h(t ′)‖Lp dt ′

� d j2
j(1− 3

p )‖uh‖
1
2

L1
t (B

1+ 3
p

p,1 )

‖uh‖
1
2

L1
t, f2

(B
−1+ 3

p
p,1 )

.

Similarly, we have

‖Δ j
(
Tdivh uhu3)‖L1

t (Lp) � ∑
| j′− j|≤5

2− j′(1+ 3
p )
∫ t

0
‖u3(t ′)‖

B
1+ 3

p
p,1

‖S j′−1 divh uh(t ′)‖L∞ dt ′

�d j2
j(1− 3

p )‖uh‖
L1

t, f1
(B

−1+ 3
p

p,1 )
.

Finally, for 2 ≤ p < 6, we get by applying Lemma 9.1 that
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‖Δ j
(
R(u3,divh uh)

)‖L1
t (L

p) � 2
3 j
p ∑

j′≥ j−N0

2 j′
∫ t

0
‖Δ̃ j′u

3(t ′)‖Lp‖Δ j′u
h(t ′)‖Lp dt ′

� 2
3 j
p ∑

j′≥ j−N0

2−
3 j′
p

∫ t

0
‖u3(t ′)‖

B
1+ 3

p
p,1

‖Δ j′u
h(t ′)‖Lp dt ′

� d j2
j(1− 3

p )‖uh‖
L1

t, f1
(B

−1+ 3
p

p,1 )
.

For 1 ≤ p < 2, we get by applying Lemma 9.1 that

‖Δ j
(
R(u3,divh uh)

)‖L1
t (L

p)

� 23 j(1− 1
p ) ∑

j′≥ j−N0

2 j′
∫ t

0
‖Δ̃ j′u

3(t ′)‖
L

p
p−1

‖Δ j′u
h(t ′)‖Lp dt ′

� 23 j(1− 1
p ) ∑

j′≥ j−N0

2−
3 j′
p 23 j′( 2

p−1)
∫ t

0
‖u3(t ′)‖

B
1+ 3

p
p,1

‖Δ j′u
h(t ′)‖Lp dt ′

� d j2
j(1− 3

p )‖uh‖
L1

t, f1
(B

−1+ 3
p

p,1 )
.

Along with (9.19), we prove the first inequality of Lemma 9.7.
On the other hand, it is easy to observe that

‖Δ j
(
Tu3 divh uh +Tdivh uhu3)‖L1

t (Lp)

� ∑
| j′− j|≤5

(‖S j′−1u3‖L∞
t (L

∞)‖Δ j′ divh uh‖L1
t (Lp)

+ ‖S j′−1 divh uh‖L∞
t (L∞)‖Δ j′u

3‖L1(Lp)

)

� d j2
j(1− 3

p )
(‖u3‖

L̃∞
t (B

−1+ 3
p

p,1 )
‖uh‖

L1
t (B

1+ 3
p

p,1 )
+ ‖uh‖

L̃∞
t (B

−1+ 3
p

p,1 )
‖u3‖

L1
t (B

1+ 3
p

p,1 )

)
.

Whereas again for 2 ≤ p < 6, we get by applying Lemma 9.1 that

‖Δ j(R(u
3,divh uh))‖L1

t (Lp) �2
3 j
p ∑

j′≥ j−N0

2 j′ ‖Δ j′u
3‖L1

t (Lp)‖Δ̃ j′u
h‖L∞

t (L
p)

�d j2
j(1− 3

p )‖uh‖
L̃∞

t (B
−1+ 3

p
p,1 )

‖u3‖
L1

t (B
1+ 3

p
p,1 )

.

The case 1 ≤ p < 2 follows the same lines as above. Whence thanks to (9.19), we
obtain the second inequality of the lemma.

Now we present the proof of Proposition 9.2.

Proof (Proof of Proposition 9.2). Again as both the proof of the existence and
uniqueness of solutions to (9.15) are essentially followed by the estimates (9.17)
for some appropriate approximate solutions of (9.15). For simplicity, we just prove
(9.17) for smooth enough solutions of (9.15). Indeed thanks to (9.15) and divu = 0,
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we have

∇Πλ = ∇(−Δ)−1[div(a∇Πλ )+ divh divh(u
h ⊗ uh

λ )+ 2∂3 divh(u
3uh

λ )

− 2∂3(u
3 divh uh

λ )− μ divh(aΔuh
λ )− μ∂3(aΔu3

λ )
]
.

(9.20)

Applying Δ j to the above equation and using Lemma 9.1 leads to

‖Δ j(∇Πλ )‖L1
t (L

p) �‖Δ j(a∇Πλ )‖L1
t (L

p) + 2 j(‖Δ j(u
h ⊗ uh

λ )‖L1
t (L

p)

+ ‖Δ j(u
3uh

λ )‖L1
t (L

p)

)
+ ‖Δ j(u

3 divh uh
λ )‖L1

t (L
p)

+ μ‖Δ j(aΔuh
λ )‖L1

t (L
p) + μ‖Δ j(aΔu3

λ )‖L1
t (L

p).

(9.21)

However as 1 ≤ p < 6, applying Definition 9.4, Lemma 9.4 and standard product
laws in Besov space gives rise to

‖Δ j(a∇Πλ )‖L1
t (L

p) � d j2
j(1− 3

p )‖a‖
L∞

t (M (B
−1+ 3

p
p,1 ))

‖∇Πλ‖
L1

t (B
−1+ 3

p
p,1 )

and

‖Δ j(u
h ⊗ uh

λ )‖L1
t (Lp) � d j2

− 3 j
p ‖uh‖

L∞
t (B

−1+ 3
p

p,1 )
‖uh

λ‖
L1

t (B
1+ 3

p
p,1 )

,

‖Δ j(aΔuλ )‖L1
t (Lp) � d j2

j(1− 3
p )‖a‖

L∞
t (M (B

−1+ 3
p

p,1 ))
‖uλ‖

L1
t (B

1+ 3
p

p,1 )
.

(9.22)

While thanks to Definition 9.3 and (9.16), one has

‖u3
λ‖

L1
t (B

1+ 3
p

p,1 )
≤ ‖u3‖

L1
t (B

1+ 3
p

p,1 )
,

which along with Lemma 9.6 to Lemma 9.7 and (9.21) implies that

‖Δ j(∇Πλ )‖L1
t (Lp)

� d j2
j(1− 3

p )
{
‖a‖

L∞
t (M (B

−1+ 3
p

p,1 ))
‖∇Πλ‖

L1
t (B

−1+ 3
p

p,1 )
+
(
μ‖a‖

L∞
t (M (B

−1+ 3
p

p,1 ))

+ ‖uh‖
L∞

t (B
−1+ 3

p
p,1 )

)‖uh
λ‖

L1
t (B

1+ 3
p

p,1 )
+ ‖uh

λ‖
1
2

L1
t (B

1+ 3
p

p,1 )

‖uh
λ‖

1
2

L1
t, f2

(B
−1+ 3

p
p,1 )

+ ‖uh
λ‖

L1
t, f1

(B
−1+ 3

p
p,1 )

+ μ‖a‖
L∞

t (M (B
−1+ 3

p
p,1 ))

‖u3‖
L1

t (B
1+ 3

p
p,1 )

}
,

from which, we deduce that
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‖∇Πλ‖
L1

t (B
−1+ 3

p
p,1 )

≤C
{
‖a‖

L∞
t (M (B

−1+ 3
p

p,1 ))
‖∇Πλ‖

L1
t (B

−1+ 3
p

p,1 )
+
(
μ‖a‖

L∞
t (M (B

−1+ 3
p

p,1 ))

+ ‖uh‖
L∞

t (B
−1+ 3

p
p,1 )

)‖uh
λ‖

L1
t (B

1+ 3
p

p,1 )
+ ‖uh

λ‖
1
2

L1
t (B

1+ 3
p

p,1 )

‖uh
λ‖

1
2

L1
t, f2

(B
−1+ 3

p
p,1 )

+ ‖uh
λ‖

L1
t, f1

(B
−1+ 3

p
p,1 )

+ μ‖a‖
L∞

t (M (B
−1+ 3

p
p,1 ))

‖u3‖
L1

t (B
1+ 3

p
p,1 )

}
for t ≤ T.

This in particular implies (9.17) if C‖a‖
L∞

t (M (B
−1+ 3

p
p,1 ))

≤ 1
2 . This finishes the proof

of Proposition 9.2.

To deal with the estimate of u3, we also need the following proposition:

Proposition 9.3. Under the assumptions of Proposition 9.2, one has

‖∇Π‖
L1

t (B
−1+ 3

p
p,1 )

≤ C
1−C‖a‖

L∞
t (M (B

−1+ 3
p

p,1 ))

{
‖uh‖

L1
t (B

1+ 3
p

p,1 )
‖u3‖

L̃∞
t (B

−1+ 3
p

p,1 )

+
(‖uh‖

L1
t (B

1+ 3
p

p,1 )
+ ‖u3‖

L1
t (B

1+ 3
p

p,1 )

)(
μ‖a‖

L∞
t (M (B

−1+ 3
p

p,1 ))
+ ‖uh‖

L̃∞
t (B

−1+ 3
p

p,1 )

)}

(9.23)

for t ≤ T provided that C‖a‖
L∞

t (M (B
−1+ 3

p
p,1 ))

≤ 1
2 .

Proof. The proof of this proposition exactly follows the same line as that of Propo-
sition 9.2. Indeed taking λ1 = λ2 = 0 in (9.21) and (9.22) and applying Lemma 9.6
to Lemma 9.7, we arrive at

‖∇Π‖
L1

t (B
−1+ 3

p
p,1 )

≤C
{
‖a‖

L∞
t (M (B

−1+ 3
p

p,1 ))
‖∇Π‖

L1
t (B

−1+ 3
p

p,1 )
+ ‖uh‖

L1
t (B

1+ 3
p

p,1 )
‖u3‖

L̃∞
t (B

−1+ 3
p

p,1 )

+
(‖uh‖

L1
t (B

1+ 3
p

p,1 )
+ ‖u3‖

L1
t (B

1+ 3
p

p,1 )

)(
μ‖a‖

L∞
t (M (B

−1+ 3
p

p,1 ))
+ ‖uh‖

L̃∞
t (B

−1+ 3
p

p,1 )

)}

for t ≤ T, from which and the fact that C‖a‖
L∞

t (M (B
−1+ 3

p
p,1 ))

≤ 1
2 , we conclude the

proof of (9.23).
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9.4 The Proof of Theorem 9.3

The goal of this section is to present the proof of Theorem 9.3. Indeed given a0 ∈
M (B

−1+ 3
p

p,1 (R3)),u0 ∈ B
−1+ 3

p
p,1 (R3) with ‖a0‖

L∞
t (M (B

−1+ 3
p

p,1 ))
sufficiently small and p

satisfying the conditions listed in Theorem 9.3, repeating the proof of Theorem 1
of [11] ensures that there exists a positive time T so that (9.4) has a uniqueness of
solution (a,u,Π) with

a ∈ L∞([0,T ];M (B
−1+ 3

p
p,1 (R3))), u ∈ C ([0,T ];B

−1+ 3
p

p,1 (R3))∩L1((0,T );B
1+ 3

p
p,1 (R3))

and ∇Π ∈ L1((0,T );B
−1+ 3

p
p,1 (R3)).

(9.24)

We denote T ∗ to be the largest time so that there holds (9.24). Hence to prove The-
orem 9.3, we only need to prove that T ∗ = ∞ and there holds (9.9). Toward this and
motivated by [13, 19, 20], we shall deal with the Lp-type energy estimate for uh and
u3 separately.

9.4.1 The Estimate of uh

As in Proposition 9.2, let f1(t), f2(t), uλ , Πλ be given by (9.16). Then thanks to
(9.4), we have

∂t u
h
λ +(λ1 f1(t)+λ2 f2(t))uλ − μΔuh

λ =−u ·∇uh
λ − (1+ a)∇hΠλ + μaΔuh

λ .

Applying the operator Δ j to the above equation and taking the L2 inner product of
the resulting equation with |Δ juh

λ |p−2Δ juh
λ (again in the case when p ∈ (1,2), we

need to make some modification as that [8]), we obtain

1
p

d
dt
‖Δ ju

h
λ (t)‖p

Lp +(λ1 f1(t)+λ2 f2(t))‖Δ ju
h
λ (t)‖p

Lp

− μ
∫

R
3

ΔΔ ju
h
λ
∣
∣ |Δ ju

h
λ |p−2Δ ju

h
λ dx

=−
∫

R
3

(
Δ j(u ·∇uh

λ )+Δ j((1+ a)∇hΠλ )− μΔ j(aΔuh
λ )
) ∣∣ |Δ ju

h
λ |p−2Δ ju

h
λ dx.

However thanks to [8, 21], there exists a positive constant c̄ so that

−
∫

R
3

ΔΔ ju
h
λ
∣
∣ |Δ ju

h
λ |p−2Δ ju

h
λ dx ≥ c̄22 j‖Δ ju

h
λ‖p

Lp ,

whence a similar argument as that in [8] gives rise to
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d
dt
‖Δ ju

h
λ (t)‖Lp +(λ1 f1(t)+λ2 f2(t))‖Δ ju

h
λ (t)‖Lp + c̄μ22 j‖Δ ju

h
λ (t)‖Lp

≤‖Δ j(u ·∇uh
λ )‖Lp + ‖Δ j((1+ a)∇hΠλ )‖Lp + μ‖Δ j(aΔuh

λ )‖Lp .
(9.25)

Applying Lemmas 9.4 and 9.6, we obtain

‖Δ j(u ·∇uh
λ )‖L1

t (Lp) ≤2 j(‖Δ j(u
h ⊗ uh

λ )‖L1
t (Lp) + ‖Δ j(u

3uh
λ )‖L1

t (Lp)

)

≤Cd j2
j(1− 3

p )
(‖uh‖

L̃∞
t (B

−1+ 3
p

p,1 )
‖uh

λ‖
L1

t (B
1+ 3

p
p,1 )

+ ‖uh
λ‖

1
2

L1
t (B

1+ 3
p

p,1 )

‖uh
λ‖

1
2

L1
t, f2

(B
−1+ 3

p
p,1 )

+ ‖uh
λ‖

L1
t, f1

(B
−1+ 3

p
p,1 )

)
.

While applying Definition 9.4 leads to

‖Δ j(aΔuh
λ )‖L1

t (L
p) ≤Cd j2

j(1− 3
p )‖a‖

L∞
t (M (B

−1+ 3
p

p,1 ))
‖uh

λ‖
L1

t (B
1+ 3

p
p,1 )

,

and

‖Δ j((1+ a)∇hΠλ )‖L1
t (L

p) ≤Cd j2
j(1− 3

p )(1+ ‖a‖
L∞

t (M (B
−1+ 3

p
p,1 ))

)‖∇hΠλ‖
L1

t (B
−1+ 3

p
p,1 )

,

Moreover under the assumption that

‖a‖
L∞

t (M (B
−1+ 3

p
p,1 ))

≤ c1 (9.26)

for some c1 sufficiently small, (9.17) ensures that

‖Δ j((1+ a)∇hΠλ )‖L1
t (L

p)

≤Cd j2
j(1− 3

p )
{(

μ‖a‖
L∞

t (M (B
−1+ 3

p
p,1 ))

+ ‖uh‖
L̃∞

t (B
−1+ 3

p
p,1 )

)‖uh
λ‖

L1
t (B

1+ 3
p

p,1 )

+ ‖uh
λ‖

1
2

L1
t (B

1+ 3
p

p,1 )

‖uh
λ‖

1
2

L1
t, f2

(B
−1+ 3

p
p,1 )

+ ‖uh
λ‖

L1
t, f1

(B
−1+ 3

p
p,1 )

+ μ‖a‖
L∞

t (M (B
−1+ 3

p
p,1 ))

‖u3‖
L1

t (B
1+ 3

p
p,1 )

}
.

Thanks to (9.26), integrating (9.25) over [0, t] and substituting the above estimates
into the resulting inequality, we obtain
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‖uh
λ‖

L̃∞
t (B

−1+ 3
p

p,1 )
+λ1‖uh

λ‖
L1

t, f1
(B

−1+ 3
p

p,1 )
+λ2‖uh

λ‖
L1

t, f2
(B

−1+ 3
p

p,1 )
+ c̄μ‖uh

λ‖
L1

t (B
1+ 3

p
p,1 )

≤‖uh
0‖

B
−1+ 3

p
p,1

+
c̄μ
2
‖uh

λ‖
L1

t (B
1+ 3

p
p,1 )

+C
{(

μ‖a‖
L∞

t (M (B
−1+ 3

p
p,1 ))

+ ‖uh‖
L̃∞

t (B
−1+ 3

p
p,1 )

)‖uh
λ‖

L1
t (B

1+ 3
p

p,1 )
+

1
μ
‖uh

λ‖
L1

t, f2
(B

−1+ 3
p

p,1 )

+ ‖uh
λ‖

L1
t, f1

(B
−1+ 3

p
p,1 )

+ μ‖a‖
L∞

t (M (B
−1+ 3

p
p,1 ))

‖u3‖
L1

t (B
1+ 3

p
p,1 )

}
for t ≤ T.

(9.27)
Taking λ1 = 4C and λ2 =

2C
μ in (9.27) resulting in

‖uh
λ‖

L̃∞
t (B

−1+ 3
p

p,1 )
+

λ1

2
‖uh

λ‖
L1

t, f1
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−1+ 3
p

p,1 )
+

λ2

2
‖uh

λ‖
L1

t, f2
(B

−1+ 3
p

p,1 )
+

c̄μ
2
‖uh

λ‖
L1

t (B
1+ 3

p
p,1 )

≤‖uh
0‖

B
−1+ 3

p
p,1

+C1

{(
μ‖a‖

L∞
t (M (B

−1+ 3
p

p,1 ))
+ ‖uh‖

L̃∞
t (B

−1+ 3
p

p,1 )

)‖uh
λ‖

L1
t (B

1+ 3
p

p,1 )

+ μ‖a‖
L∞

t (M (B
−1+ 3

p
p,1 ))

‖u3‖
L1

t (B
1+ 3

p
p,1 )

}
.

(9.28)
Now let c2 be a small enough positive constant, which will be determined later

on, we define T by

T
def
= max

{
t ∈ [0,T ∗) : ‖uh‖

L̃∞
t (B

−1+ 3
p

p,1 )
+μ
(‖a‖

L∞
t (M (B

−1+ 3
p

p,1 ))
+‖uh‖

L1
t (B

1+ 3
p

p,1 )

)≤ c2μ
}
.

(9.29)

(9.29) implies that ‖a‖
L∞
T(M (B

−1+ 3
p

p,1 ))
≤ c2, in particular, if we take c2 ≤ c1 in (9.26),

then there automatically holds (9.26) for t ≤ T. In what follows, we shall prove that

T = ∞ under the assumption of (9.8). Otherwise, taking c2 ≤ c̄2
def
= min

(
c1,

c̄
4C1

)
,

we deduce from (9.28) that

‖uh
λ‖

L̃∞
t (B

−1+ 3
p

p,1 )
+

c̄μ
4
‖uh

λ‖
L1

t (B
1+ 3

p
p,1 )
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0‖

B
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p
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+C1μ‖a‖
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t (M (B
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p
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‖u3‖
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p
p,1 )

,

(9.30)

for t ≤ T.
On the other hand, it is easy to observe from (9.16) that

(‖uh‖
L̃∞

t (B
−1+ 3

p
p,1 )

+
c̄μ
4
‖uh‖

L1
t (B
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p

p,1 )
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{
−
∫ t

0
(λ1 f1 +λ2 f2)(t

′)dt ′
}

≤ ‖uh
λ‖

L̃∞
t (B
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p

p,1 )
+

c̄μ
4
‖uh

λ‖
L1

t (B
1+ 3

p
p,1 )

)
,
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As a consequence, we deduce from (9.29) to (9.30) that

‖uh‖
L̃∞

t (B
−1+ 3

p
p,1 )

+ μ‖uh‖
L1

t (B
1+ 3

p
p,1 )

≤ (‖uh
0‖

B
−1+ 3

p
p,1

+ μ‖a‖
L∞

t (M (B
−1+ 3

p
p,1 ))

)

× exp
{

C
∫ t

0

(‖u3(t ′)‖
B

1+ 3
p

p,1

+
1
μ
‖u3(t ′)‖2

B
3
p
p,1

)
dt ′
}

for t ≤ T.
(9.31)

9.4.2 The Estimate of u3

We use the fact that the equation on the vertical component of the velocity field is
a linear equation with coefficients depending on its horizontal components and a.
Thanks to the u3 equation of (9.4)

∂t u
3 + uh∇hu3 − divh uhu3 − μΔu3 + ∂3Π = a(μΔu3 − ∂3Π)

with ∂3Π the linear expression in u3 given by (9.20) (with λ = 0), we get by a
similar derivation of (9.25) that

‖Δ ju
3‖L∞

t (Lp) + c̄μ22 j‖Δ ju
3‖L1

t (L
p) ≤ ‖Δ ju

3
0‖Lp

+C
(
‖Δ j(u ·∇u3)‖L1

t (L
p) + ‖Δ j((1+ a)∂3Π)‖L1

t (L
p) + μ‖Δ j(aΔu3)‖L1

t (L
p)

)
.

(9.32)

Applying LemmaS 9.6 and 9.7 ensures that

‖Δ j(u ·∇u3)‖L1
t (Lp) � 2 j‖Δ j(u

hu3)‖L1
t (Lp) + ‖Δ j(u

3 divh uh)‖L1
t (Lp)

� d j2
j(1− 3

p )
(‖uh‖

L̃∞
t (B

−1+ 3
p

p,1 )
‖u3‖

L1
t (B

1+ 3
p

p,1 )
+ ‖uh‖

L1
t (B

1+ 3
p

p,1 )
‖u3‖

L̃∞
t (B

−1+ 3
p

p,1 )

)
.

Whereas under the assumption of (9.26), we get by applying Lemma 9.4 and
Proposition 9.3 that

‖Δ j((1+ a)∂3Π)‖L1
t (L

p) ≤Cd j2
j(1− 3

p )(1+ ‖a‖
L∞

t (M (B
−1+ 3

p
p,1 ))

)‖∂3Π‖
L1

t (B
−1+ 3

p
p,1 )

≤Cd j2
j(1− 3

p )
{
‖uh‖

L1
t (B

1+ 3
p

p,1 )
‖u3‖

L̃∞
t (B

−1+ 3
p

p,1 )

+
(‖uh‖

L1
t (B

1+ 3
p

p,1 )
+ ‖u3‖

L1
t (B

1+ 3
p

p,1 )

)(
μ‖a‖

L∞
t (M (B

−1+ 3
p

p,1 ))
+ ‖uh‖

L̃∞
t (B

−1+ 3
p

p,1 )

)}
.

Then we get by substituting the above estimates into (9.32) that
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‖u3‖
L̃∞

t (B
−1+ 3

p
p,1 )

+ c̄μ‖u3‖
L1

t (B
1+ 3

p
p,1 )

≤ ‖u3
0‖

B
−1+ 3

p
p,1

+C
{
‖uh‖

L1
t (B

1+ 3
p

p,1 )
‖u3‖

L̃∞
t (B

−1+ 3
p

p,1 )

+
(‖uh‖

L1
t (B

1+ 3
p

p,1 )
+ ‖u3‖

L1
t (B

1+ 3
p

p,1 )

)(
μ‖a‖

L∞
t (M (B

−1+ 3
p

p,1 ))
+ ‖uh‖

L̃∞
t (B

−1+ 3
p

p,1 )

)}
.

(9.33)

9.4.3 The Proof of Theorem 9.3

With (9.31) and (9.33), we can prove that T ∗ = ∞ provided that there holds (9.8).
In fact, notice that −1+ 3

p ∈ (−1,1) if p > 3
2 , we get by taking s = −1+ 3

p in
Proposition 9.1 that

‖a‖
L∞

t (M (B
−1+ 3

p
p,1 ))

≤ ‖a0‖
M (B

−1+ 3
p

p,1 )
exp
{

C(‖uh‖
L1

t (B
1+ 3

p
p,1 )

+ ‖u3‖
L1

t (B
1+ 3

p
p,1 )

)
}
. (9.34)

Substituting (9.34) into (9.31) gives rise to

‖uh‖
L̃∞

t (B
−1+ 3

p
p,1 )

+ μ
(‖a‖

L∞
t (M (B

−1+ 3
p

p,1 ))
+ ‖uh‖

L1
t (B

1+ 3
p

p,1 )

)

≤ (μ‖a0‖
M (B

−1+ 3
p

p,1 )
+ ‖uh

0‖
B
−1+ 3

p
p,1

)
exp
{

C
∫ t

0

(‖u3(t ′)‖
B

1+ 3
p

p,1

+
1
μ
‖u3(t ′)‖2

B
3
p
p,1

)
dt ′
}

(9.35)
for t ≤ T.

While thanks to (9.33), we get by taking c2 ≤ min
{

c̄2,
1

2C ,
c̄

2C

}
in (9.29) that

‖u3‖
L̃∞

t (B
−1+ 3

p
p,1 )

+ μ c̄‖u3‖
L1

t (B
1+ 3

p
p,1 )

≤ 2‖u3
0‖

B
−1+ 3

p
p,1

+ c2μ for t ≤ T. (9.36)

Combining (9.35) with (9.36), we reach

‖uh‖
L̃∞

t (B
−1+ 3

p
p,1 )

+ μ
(‖a‖

L∞
t (M (B

−1+ 3
p

p,1 ))
+ ‖uh‖

L1
t (B

1+ 3
p

p,1 )

)

≤ C1
(
μ‖a0‖

M (B
−1+ 3

p
p,1 )

+ ‖uh
0‖

B
−1+ 3

p
p,1

)
exp
{C2

μ2 ‖u3
0‖2

B
−1+ 3

p
p,1

} (9.37)

for t ≤ T and some positive constants C1,C2 which depends on c̄ and c2. In particu-
lar, (9.37) implies that if we take C0 large enough and c0 sufficiently small in (9.8),
there holds

‖uh‖
L̃∞

t (B
−1+ 3

p
p,1 )

+ μ
(‖a‖

L∞
t (M (B

−1+ 3
p

p,1 ))
+ ‖uh‖

L1
t (B

1+ 3
p

p,1 )

)≤Cδ ≤ c2

2
μ for t ≤ T,
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which contradicts with (9.29). Whence we conclude that T= ∞, and there holds

‖uh‖
L̃∞(R+;B

−1+ 3
p

p,1 )
+ μ

(‖a‖
L∞

t (M (B
−1+ 3

p
p,1 ))

+ ‖uh‖
L1(R+;B

1+ 3
p

p,1 )

)≤Cδ ,

‖u3‖
L̃∞(R+;B

−1+ 3
p

p,1 )
+ μ‖u3‖

L1(R+;B
1+ 3

p
p,1 )

≤ 2‖u3
0‖

B
−1+ 3

p
p,1

+ c2μ .
(9.38)

Finally let us turn to the proof of (9.9). Indeed thanks to (9.4), we have

u = eμtΔ u0 +

∫ t

0
eμ(t−s)Δ

P
{−divh(u

h ⊗ u)− ∂3(u
3u)+ μaΔu− a∇Π

}
(s)ds,

where P denotes the Leray projection operator to the divergence-free vector field
space. Then we get by applying Lemma 9.3 that

‖Δ j(u− eμtΔ u0)(t)‖Lp ≤C
∫ t

0
e−μ(t−s)22 j(

2 j‖Δ j(u
h ⊗ u)(s)‖Lp + ‖Δ j∂3(u

3u)(s)‖Lp

+ μ‖Δ j(aΔu)(s)‖Lp + ‖Δ j(a∇Π)(s)‖Lp
)

ds.
(9.39)

Applying Lemmas 9.6 and 9.7 and (9.38) that

‖Δ j∂3(u
3u)‖L1(Lp)

� d j2
j(1− 3

p )
(‖uh‖

L̃∞
t (B

−1+ 3
p

p,1 )
‖u3‖

L1
t (B

1+ 3
p

p,1 )
+ ‖uh‖

L1
t (B

1+ 3
p

p,1 )
‖u3‖

L̃∞
t (B

−1+ 3
p

p,1 )

)

� d j2
j(1− 3

p )(2‖u3
0‖

B
−1+ 3

p
p,1

+ c2μ)
δ
μ
.

While taking λ1 = λ2 = 0 in (9.22) leads to

2 j‖Δ j(u
h ⊗ u)‖L1

t (L
p) + μ‖Δ j(aΔu)‖L1

t (L
p) + ‖Δ j(a∇Π)‖L1

t (L
p)

� d j2
j(1− 3

p )
{(‖uh‖

L̃∞
t (B

−1+ 3
p

p,1 )
+ μ‖a‖

L∞
t (M (B

−1+ 3
p

p,1 ))

)‖u‖
L1

t (B
1+ 3

p
p,1 )

+ ‖uh‖
L1

t (B
1+ 3

p
p,1 )

‖u‖
L̃∞

t (B
−1+ 3

p
p,1 )

+ ‖a‖
L∞

t (M (B
−1+ 3

p
p,1 ))

‖∇Π‖
L1

t (B
−1+ 3

p
p,1 )

}

� d j2
j(1− 3

p )(2‖u3
0‖

B
−1+ 3

p
p,1

+ c2μ + δ )
δ
μ
,

where we used (9.23) and (9.38) in the last step to obtain the estimate of
‖∇Π‖

L1
t

(

B
−1+ 3

p
p,1

).

Whence thanks to (9.39), we arrive at

‖Δ j(u− eμtΔ u0)‖L∞
t (L

p) + μ22 j‖Δ j(u− eμtΔ u0)‖L1
t (Lp)

≤Cd j2
j(1− 3

p )(2‖u3
0‖

B
−1+ 3

p
p,1

+ c2μ + δ )
δ
μ
,

which implies (9.9), and we complete the proof of Theorem 9.3.
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Chapter 10
The Cauchy Problem for the Euler–Poisson
System and Derivation of the
Zakharov–Kuznetsov Equation

David Lannes, Felipe Linares, and Jean-Claude Saut

Abstract We consider in this paper the rigorous justification of the Zakharov–
Kuznetsov equation from the Euler–Poisson system for uniformly magnetized plas-
mas. We first provide a proof of the local well-posedness of the Cauchy problem
for the aforementioned system in dimensions two and three. Then we prove that the
long-wave small-amplitude limit is described by the Zakharov–Kuznetsov equation.
This is done first in the case of cold plasma; we then show how to extend this result
in presence of the isothermal pressure term with uniform estimates when this latter
goes to zero.
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10.1 Introduction

10.1.1 General Setting

The Zakharov–Kuznetsov equation

ut +u∂xu+∂xΔu= 0, u= u(x,y,z, t), (x,y,z)∈R
d , t ∈R, d = 2,3 (10.1)

was introduced as an asymptotic model in [36] (see also [7, 17, 19], and [35] for
some generalizations) to describe the propagation of nonlinear ionic-sonic waves in
a magnetized plasma.

The Zakharov–Kuznetsov is a natural multidimensional extension of the
Korteweg-de Vries equation, quite different from the well-known Kadomtsev–
Petviashvili (KP) equation which is obtained as an asymptotic model of various
nonlinear dispersive systems under a different scaling.

Contrary to the Korteweg-de Vries or the Kadomtsev–Petviashvili equations, the
Zakharov–Kuznetsov equation is not completely integrable, but it has a Hamiltonian
structure and possesses two invariants, namely, (for u0 = u(·,0)) :

M(t) =
∫

Rd
u2(x, t) =

∫
Rd

u2
0(x) = M(0) (10.2)

and the Hamiltonian

H(t) =
1
2

∫
Rd
[|∇u|2 − u3

3
] =

1
2

∫
Rd
[|∇u0|2 − u3

0

3
] = H(0). (10.3)

The Cauchy problem for the Zakharov–Kuznetsov equation has been proven to be
globally well posed in the two-dimensional case for data in H1(R2) [8] and locally
well posed in the three-dimensional case for data in Hs(R3), s > 3

2 [25] and recently
in Hs(R3), s > 1 [30]. We also refer to [26] for solutions on a nontrivial background
and to [9, 23, 24, 31] for well-posedness results of the Cauchy problem for general-
ized Zakharov–Kuznetsov equations in R

2. Unique continuation properties for the
Zakharov–Kuznetsov equation were established in [3, 27]. Stability properties of
the ground state solutions of the Zakharov–Kuznetsov equation are studied in [2].

The Zakharov–Kuznetsov posed in a strip or in a bounded domain (with ad hoc
boundary conditions) has global dissipative properties leading in particular to well-
posedness results with L2 initial data (see [32, 33]). Applications to the decay rates
of small solutions are given in [21] and to control theory in [28].

The Zakharov–Kuznetsov equation was formally derived in [36] as a long-wave
small-amplitude limit of the following Euler–Poisson system in the “cold plasma”
approximation: ⎧⎨

⎩
∂t n+∇ ·v+∇ · (nv) = 0,
∂tv+(v ·∇)v+∇ϕ+ ae∧v = 0,
Δϕ − eϕ + 1+ n= 0.

(10.4)
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Here n is the deviation of the ion density from 1, v is the ion velocity, ϕ is the
electric potential, and a is a measure of the uniform magnetic field, applied along
the vector e = (1,0,0)T so that if v = (v1,v2,v3)

T , e∧v = (0,−v3,v2)
T .

Note that this skew-adjoint term is similar to a Coriolis term in the Euler equa-
tions for inviscid incompressible fluids.

The main goal of this paper is to justify rigorously this formal long-wave limit.
The one-dimensional case (leading to the Korteweg-de Vries equation) has been
partially justified in [6], and Guo-Pu gave in a recent preprint a full justification of
this limit [13].

Setting ρ = (1+ n), (10.4) writes⎧⎨
⎩

∂tρ +∇ · (ρv) = 0,
∂tv+(v ·∇)v+∇ϕ+ ae∧v = 0,
Δϕ − eϕ +ρ = 0.

(10.5)

In this formulation, the Euler–Poisson system possesses a (formally) Hamiltonian
conserved energy

H(ρ ,v,ϕ) =
∫
Rd
[
1
2

ρ |v|2 +ρϕ − 1
2
|∇ϕ |2 − eϕ + 1]dx

=

∫
Rd
[
1
2

ρ |v|2 + 1
2
|∇ϕ |2 + eϕ(ϕ − 1)+ 1]dx, (10.6)

as it is easily seen by multiplying the first (resp. second) equation in (10.5) by
1
2 |v|2 +ϕ (resp. ρv), then adding and integrating over Rd .

Of course one has to find a correct functional setting in order to justify the defi-
nition of H and its conservation (see Remark 10.1 in Sect. 10.2.1 below).

Note that the Euler–Poisson system with a = 0 has another formally conserved
quantity, namely, the impulse

d
dt

∫
Rd

ρvdx = 0. (10.7)

This conservation law is easily derived (formally) from the equation for ρv:

∂t(ρv)+∇ · (ρv⊗ v)+ρ∇ϕ = 0. (10.8)

Linearizing (10.4) around the constant solution n = 1, v = 0, ϕ = 0, one finds
the dispersion relation for a plane wave ei(ωt−k.x), k = (k1,k2,k3):

ω4(k)+ω2(k)(a2 − |k|2
1+ |k|2 )− a2 k2

1

1+ |k|2 = 0 (10.9)

or

(1+ |k|2)− k2
1

ω2(k)
− |k⊥|2

ω2(k)+ a2 = 0 (10.10)

where |k⊥|2 = k2
2 + k2

3.
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In the absence of applied magnetic field (a = 0), this relation reduces to

ω2(k) =
|k|2

1+ |k|2 . (10.11)

Those relations display the weakly dispersive character of the Euler–Poisson
system.

Contrary to the KP case (see [1] for the justification of various asymptotic models
of surface waves), the rigorous justification of the long-wave limit of the Euler–
Poisson system has not been carried out so far (see, however, [6, 13] in the one-
dimensional case). This justification is the main goal of this paper.

To start with, we investigate the local well-posedness of the Euler–Poisson sys-
tem (10.4) which does not raise any particular difficulty, but for which, to our knowl-
edge, no result seems to be explicitly available in the literature in dimensions 2
and 3. This paper [34] concerns a “linearized” version of (10.4), namely, the term
Δϕ +1−eϕ is replaced by its linearization at ϕ = 0, that is, (Δ −1)ϕ (see also [16]
where a unique continuation property is established for the one-dimensional ver-
sion of this “modified” Euler–Poisson system). Note that this “linearized” version
of (10.4) is somewhat reminiscent of the pressureless Euler–Poisson system which
has been intensively studied (see, for instance, [4, 5] and the references therein).

In the one-dimensional case (10.4) has the very simple form
⎧⎨
⎩

∂t n+[(1+ n)v]x = 0,
∂tv+ vvx+ϕx = 0,
ϕxx − eϕ + 1+ n= 0.

(10.12)

The existence of supersonic solitary waves for (10.12) has been proven in [22]. The
linear stability of those solitary waves was investigated in [15], and their interactions
were studied in [14], in particular in comparison with their approximations in the
long-wave limit by KdV solitary waves.

Though our analysis is mainly concerned with the higher dimensional case d =
2,3, our results apply as well to the system (10.12) and to provide an alternative
proof to [13] of the justification of the KdV approximation.

Let us mention, finally, that (10.4) is valid for cold plasmas only; in the general
case, an isothermal pressure term must be added,

⎧⎪⎨
⎪⎩

∂t n+∇ ·v+∇ · (nv)= 0,

∂tv+(v ·∇)v+∇ϕ+α
∇n

1+ n
+ ae∧v= 0,

Δϕ − eϕ + 1+ n= 0,

(10.13)

with α ≥ 0. For this system (with α > 0), global existence for small data has been
proved [12] in dimension d = 3 in absence of magnetic field (a = 0) and in the
irrotational case. Still for α > 0, in [10], the authors provide for the full equa-
tions uniform energy estimate in the quasineutral limit (i.e., eϕ = 1+ n) for well-
prepared initial data (note that they also handle the initial boundary value problem).
The derivation and justification of the KdV approximation are generalized in [13]
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using a different proof as in the case α = 0. We show how to extend our results
on the ZK approximation to (10.13) and provide uniform estimates with respect
to α that allow one to handle the convergence of solutions of (10.13) to solutions
of (10.4) when α → 0.

10.1.2 Organization of the Paper

This paper is organized as follows.
In Sect. 10.2, we prove that the Cauchy problem for the Euler–Poisson sys-

tem (10.4) is locally well posed. The main step is to express ϕ as a function of
n by solving the elliptic equation in (10.4) by the super- and sub-solution meth-
ods. This step is of course trivial when one considers the “linearized” Euler–
Poisson system. Then we establish the local well-posedness for data (n0,v0) in
Hs−1(Rd)×Hs(Rd)d , s > d

2 + 1 such that |n0|∞ < 1, thus generalizing the result
of [34]. We use in a crucial way the smoothing property of the map n �→ ϕ .

In Sect. 10.3 we derive rigorously the Zakharov–Kuznetsov equation as a long-
wave limit of the Euler–Poisson system. In order to do this, we need to introduce a
small parameter ε and to establish for a scaled version of the Euler–Poisson system
existence and bounds on the correct time scale. However the elliptic equation for ϕ
provides a smoothing effect which is not uniform with respect to ε , and this makes
the Cauchy problem more delicate (we cannot apply the previous strategy which
would give an existence time shrinking to zero with ε). We are thus led to view the
Euler–Poisson system as a semilinear perturbation of a symmetrizable quasilinear
system, and we have to find the correct symmetrizer. We obtain in this framework
well-posedness (with uniform bounds on the correct time scale) for data in Hs(Rd)×
Hs+1

ε (Rd)d , s > d
2 + 1 (we refer to (10.34) for the definition of Hs+1

ε (Rd)).
We then prove that this solution is well approximated by the solution of the ZK

equation on the relevant time scales.
We finally show in Sect. 10.4 how to modify the results of Sect. 10.3 when

the isothermal pressure is not neglected, i.e. when one works with (10.13) instead
of (10.4). The presence of a nonzero coefficient α > 0 in front of the isothermal
pressure term induces a smoothing effect on the variable n; however, this smooth-
ing effect vanishes as α → 0, and in order to obtain an existence time uniform
with respect to ε and α , it is necessary to work in a Banach scale indexed by these
parameters and that is adapted to measure this smoothing effect.

10.1.3 Notations

Partial differentiation are denoted by subscripts, ∂x, ∂t , ∂ j = ∂x j , etc.

– We denote by |·|p (1 ≤ p ≤ ∞) the standard norm of the Lebesgue spaces Lp(Rd)
(d = 2,3).
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– We use the Fourier multiplier notation: f (D)u is defined as F ( f (D)u)(ξ ) =
f (ξ )û(ξ ), where F and ·̂ stand for the Fourier transform.

– The operator Λ = (1−Δ)1/2 is equivalently defined using the Fourier multiplier
notation to be Λ = (1+ |D|2)1/2.

– The standard notation Hs(Rd), or simply Hs if the underlying domain is clear
from the context, is used for the L2-based Sobolev spaces; their norm is written
as | · |Hs .

– For a given Banach space X we will denote |.|X ,T the norm in C([0,T ];X). When
X = Lp, the corresponding norm will be denoted |.|p,T .

– We will denote by C various absolute constants.
– The notation A+ 〈B〉s>t0 refers to A if s ≤ t0 and A+B if s > t0.

10.2 The Cauchy Problem for the Euler–Poisson System

The aim of this section is to prove the local well-posedness of the Cauchy problem
associated to the Euler–Poisson system.

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

∂t n+∇ ·v+∇ · (nv)= 0,
∂tv+(v ·∇)v+∇ϕ+ ae∧v = 0,
Δϕ − eϕ + 1+ n= 0
n(·,0) = n0,
v(·,0) = v0.

(10.14)

10.2.1 Solving the Elliptic Part

We consider here, for a given n, the elliptic equation

L(ϕ) =−Δϕ + eϕ − 1 = n. (10.15)

Proposition 10.1. Let n ∈ L∞(Rd)∩H1(Rd), d = 1,2,3, such that inf
Rd 1+ n > 0.

Then there exists a unique solution ϕ ∈ H3(Rd) of (10.15) such that:

(i) The following estimate holds:

−K− = ln(1−|n|∞)≤ ϕ ≤ K+ = ln(1+ |n|∞).

(ii) Defining c∞(n) = |(1+ n)−1|∞ and I1(n) =
1

c∞(n)
|n|22 + |n|2

H1 , one has

∫
Rd
[
c∞(n)

2
|ϕ |2 + 1

2
|∇ϕ |2 + |Δϕ |2 + 2eϕ |∇ϕ |2 + 1

2
(eϕ − 1)2]≤ 1

2
I1(n).
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(iii) If furthermore, n ∈ Hs(Rd), s ≥ 0, then ϕ ∈ Hs+2(Rd) and

|Λ s+1∇ϕ |2 ≤ Fs(I1(n), |n|∞)(1+ |n|Hs
)
, (10.16)

where Fs(., .) is an increasing function of its arguments.

Remark 10.1. Writing ξiξ jϕ̂ =− ξiξ j

|ξ |2 |ξ |2ϕ̂ and using the L2 continuity of the Riesz

transforms, we see that we can replace Δϕ in the left-hand side of (ii) in Proposi-
tion 10.1 by any derivative ∂ α ϕ , replacing possibly the right-hand side by CI1(n),
where C is an absolute constant.

Remark 10.2. Notice that by (ii), one has |ϕ |22 ≤ I1(n)
c∞(n)

.

Proof. We use the method of sub- and super-solutions to construct the solution ϕ .
As a super-solution, we take ϕ+ = K+ where K+ is a positive constant satisfying

K+ ≥ ln(1+ |n|∞),

so that
L(ϕ+)≥ n.

As a sub-solution, we choose ϕ− = −K− < 0 where K− is a positive constant
satisfying

K− ≥ ln(
1

inf
Rd (1+ n)

) = ln(
1

c∞(n)
),

so that
L(ϕ−)≤ n.

The next elementary lemma will be useful.

Lemma 10.1. Let Ω be an arbitrary open subset of Rn and ϕ ∈ L2(Ω)∩ L∞(Ω),
ϕ 
= 0. Then

|eϕ − 1|2 ≤ e|ϕ|∞ − 1
|ϕ |∞ |ϕ |2.

If moreover ϕ ∈ H1(Ω), then eϕ − 1 ∈ H1(Ω).

Proof. To prove the first point we expand

|eϕ − 1|= |ϕ ∑
n≥1

ϕn−1

n!
| ≤ |ϕ |

|ϕ |∞ ∑
n≥1

|ϕ |n∞
n!

.

The last assertion results from the estimate

|∇eϕ |2 ≤ e|ϕ|∞ |∇ϕ |2.

��
Let F(ϕ) = eϕ − 1. Then F ′(ϕ) is bounded by a positive constant K on the in-

terval [−K−,K+]. Let λ > K be so that the function λ I −F is strictly increasing in
[−K−,K+].
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Let Bp = {x ∈ R
d , |x|< p}. We consider the auxiliary problem, for a given ϕ ∈

H2(Bp) satisfying −K− ≤ ϕ ≤ K+,

{−Δψ +λ ψ = λ ϕ −F(ϕ)+ n
ψ|∂ Bp

= 0, (10.17)

and we write S(ϕ)=ψ . Since F(ϕ)∈ L2(Bp), ψ = S(ϕ)∈ H1
0 ∩H2(Bp). Moreover,

one checks easily by the maximum principle that, since −K− = ϕ− ≤ ϕ ≤K+ = ϕ+,
then also

−K− = ϕ− ≤ S(ϕ)≤ K+ = ϕ+.

We now define inductively ϕ0 = ϕ−, ϕk+1 = S(ϕk). By the maximum principle, one
checks that (ϕk) is increasing, ϕk+1 ≥ ϕk, k ∈ N, and that

ϕ− ≤ ϕk ≤ ϕ+, k ∈ N.

Moreover, S : L2(Bp) → L2(Bp) is continuous since z �→ λ z − F(z) is Lipschitz.
The sequence (ϕk) is increasing and bounded from above. It converges almost ev-
erywhere to some ϕ which belongs to L2(Bp) since Bp is bounded. By Lebesgue’s
theorem, the convergence holds also in L2(Bp). On the other hand, using that F is
Lipschitz on [−K−,K+], one checks that (ϕk) is Cauchy in H1

0 (Bp), proving that
ϕ ∈ H1

0 (Bp), and is a solution of (10.15) in Bp. Moreover eϕ − 1 ∈ L2(Bp) and
ϕ ∈ H2(Bp).

Assuming that ϕ1 and ϕ2 are two H1
0 ∩H2(Bp) solutions, we deduce immediately

that, setting ϕ = ϕ1 −ϕ2,

|∇ϕ |22 +
∫

Bp

(eϕ1 − eϕ2)ϕ = 0,

and we conclude that ϕ = 0 by the monotonicity of the exponential.
To summarize, for any p ∈ N, we have proven the existence of a unique solution

in H1
0 ∩H2(Bp) (which we will denote ϕp from now on) of the elliptic problem

{−Δϕ + eϕ − 1 = n
ϕ|∂ Bp

= 0. (10.18)

Moreover, ϕp satisfies the bounds

ϕ− =−K− ≤ ϕp ≤ ϕ+ = K+. (10.19)

We derive now a series of (uniform in p) estimates on ϕp. We first notice that for

ϕ ≥−K−, one has with α0 =
1−e−K−

K− ,

(eϕ − 1)ϕ ≥ α0ϕ2. (10.20)
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Multiplying (10.18) by ϕp and integrating over Bp, we thus deduce

∫
Bp

[
α0

2
|ϕp|2 + |∇ϕp|2]≤ 1

2α0
|n|22. (10.21)

Multiplying (10.18) by −Δϕp and integrating over Bp, we obtain

∫
Bp

|Δϕp|2 +
∫

Bp
eϕp |∇ϕp|2 =

∫
Bp

∇ϕp ·∇n. (10.22)

Finally we integrate (10.18) against (eϕp − 1) to get

∫
Bp

eϕp |∇ϕp|2 + 1
2

∫
Bp

(eϕp − 1)2 ≤ 1
2

∫
Bp

n2. (10.23)

Adding (10.21)–(10.23), we obtain

∫
Bp

[
α0

2
|ϕp|2 + 1

2
|∇ϕp|2 + |Δϕp|2 + 2eϕp |∇ϕp|2 + 1

2
(eϕp − 1)2]

≤ 1
2α0

|n|22 +
1
2
|∇n|22 +

1
2
|n|22. (10.24)

Now we extend ϕp outside Bp by 0 to get a H1(Rd) function ϕ̃p. Obviously ϕ̃p satis-
fies the bound (10.21) and (10.23) and up to a subsequence, ϕ̃p converges weakly in
H1(Rd), strongly in L2

loc(R
d), and almost everywhere to some function ϕ ∈ H1(Rd)

which satisfies the bound (10.19).
Let us prove that ϕ is solution of the elliptic equation Lϕ = n (see (10.15)). Let

χ ∈D(Rd). Then supp χ ⊂ Bp for some p. Since ϕp solves Lϕp = n in Bp, one has

∫
Bp

∇ϕp ·∇χ +

∫
Bp

(eϕp − 1)χ =

∫
Bp

nχ ,

and thus ∫
Rd

∇ϕ̃p ·∇χ +

∫
Rd
(eϕ̃p − 1)χ =

∫
Rd

nχ .

One then infers by weak convergence and Lebesgue theorem (using Lemma 10.1)
that ∫

Rd
∇ϕ ·∇χ +

∫
Rd
(eϕ − 1)χ =

∫
Rd

nχ ,

proving that ϕ solves

−Δϕ + eϕ − 1 = n. (10.25)

Uniqueness is derived by the same argument used for ϕp. By passing to the limit
in (10.21) and (10.23), one obtains the corresponding estimates for ϕ . Since eϕ −
1− n ∈ L2(Rd), ϕ ∈ H2(Rd), and (10.22) for ϕ follows. Finally the estimate (ii) in
Proposition 10.1, that is, (10.24) for ϕ , follows by adding the previous estimates.
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We now prove the higher regularity estimates (iii) assuming that n ∈ Hs(Rd).
From the continuity of the Riesz transforms (see Remark 10.1), it is enough to
control |Λ sΔϕ |2. We get from (10.25) that

|Λ sΔϕ |2 ≤ |n|Hs + |eϕ − 1|Hs

≤ |n|Hs +C(|ϕ |∞)|ϕ |Hs ,

the second line being a consequence of Moser’s inequality. We can therefore deduce
the result by a simple induction using the first two points of the proposition. ��
Remark 10.3. One easily checks that the energy (see (10.6)) makes sense for
(n,v,ϕ) ∈ H1(Rd)×H1(Rd)d × L2(Rd)∩L∞(Rd). In fact one has then (recalling
that ρ = 1+ n),

ρϕ − (eϕ − 1) = ρϕ − (ϕ + g) = nϕ − g, g ∈ L1(Rd),

and on the other hand,

ρ |v|2 = |v|2 + n|v|2 ∈ L1(Rd),

by Sobolev embedding.

10.2.2 Local Well-Posedness

We establish here the local well-posedness of the Cauchy problem for (10.14).

Theorem 10.1. Let s> d
2 +1, n0 ∈Hs−1(Rd), v0 ∈Hs(Rd)d such that inf

Rd
1+n0 > 0.

There exist T > 0 and a unique solution (n,v) ∈C([0,T ];Hs−1(Rd)×Hs(Rd)d)
of (10.14) such that |(1+ n)−1|∞,T < 1 and ϕ ∈C([0,T ];Hs+1(Rd)).

Moreover the energy (10.6) is conserved on [0,T ] and so is the impulse (if a= 0).

Proof. Solving (10.15) for ϕ , we set ∇ϕ = F(n) = ∇L−1(n) and rewrite (10.14) as⎧⎪⎪⎨
⎪⎪⎩

∂t n+∇ ·v+∇ · (nv)= 0,
∂tv+(v ·∇)v+F(n)+ ae∧v = 0,
n(·,0) = n0,
v(·,0) = v0.

(10.26)

We derive first energy estimates. We apply the operator Λ s−1 to the first equation in
(10.26) and Λ s to the second one and take the L2 scalar product with Λ s−1n and Λ sv,
respectively. Using the Kato–Ponce commutator estimates [18] and integration by
parts in the first equation, we obtain (note that the skew-adjoint term does not play
a role here)⎧⎪⎨

⎪⎩
1
2

d
dt
|Λ s−1n|22 ≤ |Λ sv|2(1+ |Λ s−1n|2)+C|∇v|∞|Λ s−1n|22,

1
2

d
dt
|Λ sv|22 ≤C|∇v|∞|Λ sv|22 +C|Λ sF(n)|2|Λ sv|2.

(10.27)
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As soon as |(1+n)−1|L∞
(x,t)

< ∞, using Proposition 10.1 (for the existence of ϕ given
n), we infer that

|Λ sF(n)|2 ≤ Fs−1(I1(n), |n|∞)
(
1+ |n|Hs−1

)
. (10.28)

One has plainly that

I1(n)≤C|n|2H1(
1

1−|n|∞ + 1)≤C|n|2H1(
2
c0

+ 1),

if 1+ n ≥ c0
2 .

Gathering those inequalities, we obtain the system of differential inequalities for
|n(·, t)|Hs−1 and |v(·, t)|Hs and provided that 1−|n|∞ ≥ c0

2 ,

⎧⎪⎨
⎪⎩

d
dt
|n|Hs−1 ≤C1(|n|Hs−1 , |v|Hs)

d
dt
|v|Hs ≤C2(|n|Hs−1 , |v|Hs)

(10.29)

where C1 and C2 are smooth functions. Let α(t) = |n(·, t)|Hs−1 and β (t) = |v(·, t)|Hs

and consider the differential system:
{

α ′ =C1(α,β )),
β ′ =C2(α,β ). (10.30)

Let (A,B) be the local solution of (10.30) with initial data (A0,B0)=(|n0|Hs−1 , |v0|Hs)
satisfying 1+n0 ≥ c0. The solution to (10.30) exists on a time interval which length
depends only on (A0,B0).

Coming back to (10.29), one deduces that (|n(·, t)|Hs−1 , |v(·, t)|Hs) is bounded
from above by (A,B) on a time interval I which length depends only on (|n0|Hs−1 , |v0|Hs)
(and possibly shortened to ensure that 1+ n ≥ c0

2 by continuity).
To complete the proof we need to smooth out (10.4). This can be done, for in-

stance, by truncating the high frequencies, that is, using χ( jD) where χ is a cutoff
function and j = 1,2, . . . . We obtain an ODE system in Hs−1 ×Hs. The energy
estimates are derived as above, and one passes to the limit in a standard way.

Finally, the conservation of both the energy and the impulse (if a = 0) is ob-
vious since the functional setting of Theorem 10.1 allows to justify their formal
derivation. ��

10.3 The Long-Wave Limit of the Euler–Poisson System

In order to justify the Zakharov–Kuznetsov equation as a long-wave limit of the
Euler–Poisson system with an applied magnetic field, we have to introduce an
appropriate scaling.
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We set v = (vx,vy,vz). Laedke and Spatschek [19] derived formally the
Zakharov–Kuznetsov equation by looking for approximate solutions of (10.4) of
the form

nε = ε n(1)(ε1/2(x− t),ε1/2y,ε1/2z,ε3/2t)+ ε2n(2) + ε3n(3)

ϕε = ε ϕ(1)(ε1/2(x− t),ε1/2y,ε1/2z,ε3/2t)+ ε2ϕ(2) + ε3ϕ(3)

vε
x = ε v(1)x (ε1/2(x− t),ε1/2y,ε1/2z,ε3/2t)+ ε2v(2)x + ε3v(3)x

vε
y = ε3/2 v(1)y (ε1/2(x− t),ε1/2y,ε1/2z,ε3/2t)+ ε2v(2)y + ε5/2v(3)y

vε
z = ε3/2 v(1)z (ε1/2(x− t),ε1/2y,ε1/2z,ε3/2t)+ ε2v(2)z + ε5/2v(3)z .

(10.31)

The asymptotic analysis of the Euler–Poisson system is easier to handle if we work
with rescaled variables and unknowns adapted to this ansatz. More precisely, if we
introduce

x̃=ε1/2x, ỹ=ε1/2y, z̃=ε1/2z, t̃=ε1/2t, ñ=ε−1n, ϕ̃ =ε−1ϕ , ṽ=ε−1v,

the Euler–Poisson equation (10.4) becomes (dropping the tilde superscripts)

⎧⎨
⎩

∂t n+∇ · ((1+ εn)v)= 0,
∂tv+ ε(v ·∇)v+∇ϕ+ aε−1/2e∧v = 0,
−ε2Δϕ + eεϕ − 1 = εn,

(10.32)

and the ZK equation is derived by looking for approximate solutions to this system
under the form1

nε = n(1)(x− t,y,z,εt)+ εn(2)+ ε2n(3)

ϕε = ϕ(1)(x− t,y,z,εt)+ εϕ(2) + ε2ϕ(3)

vε
x = v(1)x (x− t,y,z,εt)+ εv(2)x + ε2v(3)x

vε
y = ε1/2 v(1)y (x− t,y,z,εt)+ εv(2)y + ε3/2v(3)y

vε
z = ε1/2 v(1)z (x− t,y,z,εt)+ εv(2)z + ε3/2v(3)z .

(10.33)

10.3.1 The Cauchy Problem Revisited

It is easily checked that when applied to (10.32), Theorem 10.1 provides an exis-
tence time which is of order O(1) with respect to ε , while the time scale O(1/ε)
must be reached to observe the dynamics of the Zakharov–Kuznetsov equation that
occur along the slow time scale εt.

As explained in the Introduction, we therefore need, in order to justify the
Zakharov–Kuznetsov equation as a long-wave limit of the Euler–Poisson system, to

1 Actually we will not use the third-order profiles.
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solve the Cauchy problem associated to (10.32) on a time interval of order O(1/ε).
In order to do so, we will consider (10.32) as a perturbation of a hyperbolic quasi-
linear system and give a proof which does not use the smoothing effect of the ϕ
equation for a fixed ε . This is the reason why more regularity is required on the ini-
tial data in the statement of the theorem below. Before stating it, let us introduce the
space Hs+1

ε which is the standard Sobolev space Hs+1(Rd) endowed with the norm

∀s ≥ 0, ∀ f ∈ Hs+1, | f |2
Hs+1

ε
= | f |2Hs + ε|∇ f |2Hs ; (10.34)

the presence of the small parameter ε in front of the second term is here to make this
norm adapted to measure the smoothing effects of the ϕ equation; the fact that these
smoothing effects are small explains why Theorem 10.1, which relies on them, pro-
vides an existence time much too small to observe the dynamics of the Zakharov–
Kuznetsov equation.

Theorem 10.2. Let s > d
2 +1 and n0 ∈ Hs(Rd), v0 ∈ Hs+1(Rd)d such that 1+n0 ≥

c0 for some c0 > 0.
Then there exists T > 0 such that for all ε ∈ (0,1), there is a unique solution

(nε ,vε ,ϕε) ∈C([0, T
ε ];Hs(Rd)×Hs+1

ε (Rd)d ×Hs+1(Rd)) of (10.32) such that 1+
εnε > c0/2.

Moreover the family (nε ,vε ,∇ϕε )ε∈(0,1) is uniformly bounded in Hs ×Hs+1
ε ×

Hs−1.

Proof. Step 1. Preliminary results.
If we differentiate the third equation of (10.32) with respect to ∂ j ( j = x,y,z, t),
we get

Mε (φ)∂ jϕ = ∂ jn with Mε(φ) =−εΔ + eεϕ ; (10.35)

the operator Mε(φ) plays a central role in the energy estimates below, and we state
here some basic estimates. The first is that (u,Mε (φ)u)1/2 defines a norm which is
uniformly equivalent to |·|H1

ε
; more precisely, for all u ∈ H1(Rd),

(u,Mε (φ)u)≤C(|ϕ |∞)|u|2H1
ε

and |u|2
H1

ε
≤C(|ϕ |∞)(u,Mε(φ)u). (10.36)

We also have for all u ∈ H1(Rd) and f ∈W 1,∞(Rd)

(
u, f Mε(φ)u

)≤C(|ϕ |∞, | f |∞,
√

ε|∇ f |∞) |u|2H1
ε
,

and, for all u ∈ H1(Rd) and f ∈W 2,∞(Rd),
(
u, [ f ∂ j,Mε(φ)]u

)≤C(|ϕ |W 1,∞ , | f |W 1,∞ ,
√

ε |∇∂ j f |∞) |u|2H1
ε

( j = x,y,z);

these two estimates are readily obtained from the definition of Mε(φ) and integration
by parts.

Let us finally prove that Mε(φ) is invertible and give estimates on its inverse.
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Lemma 10.2. Let ϕ ∈ L∞(Rd). Then Mε (φ) : H2(Rd)→ L2(Rd) is an isomorphism
and

∀v ∈ L2(Rd), e−
ε
2 |ϕ|∞ |Mε(φ)−1v|2 +

√
ε |∇Mε(φ)−1v|2 ≤ e

ε
2 |ϕ|∞ |v|2.

If moreover t0 > d/2, s ≥ 0 and ϕ ∈ Ht0+1 ∩Hs(Rd), then we also have

∀v ∈ Hs(Rd), |Mε(φ)−1v|Hs +
√

ε|∇Mε (φ)−1v|Hs ≤C(|ϕ |Ht0+1∩Hs)|v|Hs .

Proof (Proof of the lemma). The invertibility property of Mε(φ) follows classically
from Lax–Milgram’s theorem, and the first estimate of the lemma follows from the
coercivity property of Mε (φ), namely,

e−ε|ϕ|∞ |u|22 + ε|∇u|22 ≤ (Mε(φ)u,u). (10.37)

In order to prove the higher-order estimates, let us write u = Mε(φ)−1v. We have by
definition (−εΔ + eεϕ)u = v, so that applying Λ s on both sides, we get

(−εΔ + eεϕ)Λ su = Λ sv− [Λ s,eεϕ ]u. (10.38)

Using the first estimate and recalling that u = Mε(φ)−1v, we deduce that

|Mε(φ)−1v|Hs +
√

ε|∇Mε(φ)−1v|Hs ≤ eε|ϕ|∞(|v|Hs + |[Λ s,eεϕ ]Mε(φ)−1v|2
)
.

Now, using Kato–Ponce and Coifman–Meyer commutator estimates and Moser’s
inequality shows that

|[Λ s,eεϕ ]Mε(φ)−1v|2 ≤ εC(|ϕ |∞)
×

(
|ϕ |Ht0+1 |Mε(φ)−1v|Hs−1 + 〈|ϕ |Hs |Mε(φ)−1v|Ht0 〉s>t0+1

)
,

and we get therefore

|Mε(φ)−1v|Hs +
√

ε |∇Mε(φ)−1u|Hs ≤ C(|ϕ |∞)
(|v|Hs + |ϕ |Ht0+1 |Mε (φ)−1v|Hs−1

+ 〈|ϕ |Hs |Mε(φ)−1v|Ht0 〉s>t0+1
)
,

and the results follow by a continuous induction. ��
Step 2. L2 estimates for a linearized system.
Let T > 0 and (n,v) ∈ L∞([0,T ];W 1,∞(Rd))∩W 1,∞([0,T ];L∞(Rd)) be such that
1+ εn ≥ c0 > 0 uniformly on [0,T ] and ϕ ∈W 1,∞ with ∂tϕ ∈ L∞. Let us consider a
classical solution (n,v,ϕ) of the linear system

⎧⎨
⎩

∂t n+(1+ εn)∇ ·v+ εv ·∇n = ε f ,
∂tv+ ε(v ·∇)v+∇ϕ + aε−1/2e∧v = εg,
Mε(φ )∇ϕ = ∇n+ εh.

(10.39)
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We want to prove here that

sup
[0,T ]

(|n|22 + |v|2
H1

ε

) ≤ exp(εC0T )

×(|n|t=0
|22 + |v|t=0

|2
H1

ε

)
+ εT (| f |2

L2
T
+ |g|2

H1
ε,T

+ |h|2
L2

T
)
)
,

(10.40)

with C0 =C( 1
c0
, |(n,v,ϕ)|

W 1,∞
T

, |∂t(n,v,ϕ)|L∞
T
,
√

ε|∇∇ ·v|L∞
T
).

Taking the L2 scalar product with 1
1+εn n, we get

( 1
1+ εn

∂t n,n
)
+
(
∇ ·v,n)+ ε

( v
1+ εn

·∇n,n) = ε
( f

1+ εn
,n
)
,

which can be rewritten under the form

1
2

∂t
( 1

1+ εn
n,n

)
+ ε

1
2

( ∂t n
(1+ εn)2 n,n

)
+(∇ ·v,n)

−ε
1
2

(
n,∇ · ( v

1+ εn
)n
)
= ε

( f
1+ εn

,n
)
. (10.41)

We now take the scalar product of the second equation with Mε (φ)v to obtain, after
recalling that Mε (φ)∇ϕ = ∇n+ εh,

(
Mε(φ )∂tv,v

)
+ ε

(
Mε (φ)v ·∇v,v

)
+
(
∇n,v

)
=−ε

(
h,v

)
+ ε

(
Mε(φ )g,v

)
,

or equivalently

1
2

∂t
(
Mε(φ )v,v

)− 1
2

ε
(
∂tϕeεϕ v,v

)− 1
2

ε
(
v,(∇ ·v)Mε (φ)v

)

−1
2

ε
(
v, [v ·∇,Mε(φ )]v

)
+(∇n,v) =−ε

(
h,v

)
+ ε

(
Mε(φ )g,v

)
. (10.42)

Adding (10.42) to (10.41), we get therefore

1
2

∂t
( 1

1+ εn
n,n

)
+

1
2

∂t
(
Mε (φ)v,v

)
= ε

1
2

(
[

∂t n
(1+ εn)2 +∇ · ( v

1+ εn
)]n,n

)

+
1
2

ε
(
∂tϕeεϕv,v

)
+

1
2

ε
(
v,(∇ ·v)Mε(φ )v

)
+

1
2

ε
(
v, [v ·∇,Mε(φ )]v

)

+ε
( 1

1+ εn
f ,n

)− ε
(
h,v

)
+ ε

(
Mε(φ )g,v

)
.
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All the terms on the right-hand side are easily controlled (with the help of step 1 for
the third and fourth terms) to obtain

∂t
{( n

1+ εn
,n
)
+
(
Mε (φ)v,v

)}≤ εC(
1
c0
, |(n,v,ϕ)|W 1,∞ , |∂t(n,v,ϕ)|∞,ε|∇∇·v|2)

×(
(

1
1+ εn

n,n)+ |v|2H1
ε
+ | f |22 + |g|2H1

ε
+ |h|22

)
.

Using (10.36) and a Gronwall inequality, we readily deduce (10.40).

Step 3. Hs estimates for a linearized system.
We want to prove here that the solution (n,v,ϕ) to (10.39) satisfies, for all s ≥ t0+1,

sup
[0,T ]

(|n|2Hs + |v|2
Hs+1

ε

) ≤ exp(εCsT )×
(
|n|t=0

|2Hs + |v|t=0
|2
Hs+1

ε

)

+ εT (| f |2Hs
T
+ |g|2

Hs+1
ε,T

+ |h|2Hs
T
+ |n|2Hs + |v|2

Hs+1
ε

)
)
,

(10.43)

with Cs =C( 1
c0
, |n|Hs

T
, |v|Hs+1

ε,T
, |ϕ |Hs

T
, |∂t(n,v,ϕ)|L∞

T
).

Applying Λ s to the three equations of (10.39) and writing ñ =Λ sn, ṽ =Λ sv, and
ϕ̃ = Λ sϕ , we get ⎧⎨

⎩
∂t ñ+(1+ εn)∇ · ṽ+ εv ·∇ñ = ε f̃ ,
∂t ṽ+ ε(v ·∇)ṽ+∇ϕ̃ + aε−1/2e∧ ṽ = ε g̃,
Mε(φ )∇ϕ̃ = ∇ñ+ εh̃.

(10.44)

with

f̃ = Λ s f − [Λ s,n]∇ ·v− [Λ s,v] ·∇n,

g̃ = Λ sg− [Λ s,v] ·∇v,

h̃ = Λ sh− 1
ε
[Λ s,Mε(φ )]∇ϕ .

From step 2, we get that

sup
[0,T ]

(|ñ|22 + |ṽ|2
H1

ε

)≤ exp(εC0T )

×(|ñ|t=0
|22 + |ṽ|t=0

|2
H1

ε

)
+ εT (| f̃ |2

L2
T
+ |g̃|2

H1
ε,T

+ |h̃|2
L2

T
)
)
.

Now, by standard commutator estimates, we have for all s ≥ t0 + 1

| f̃ |2 + |g̃|H1
ε
≤ | f |Hs + |g|Hs+1

ε
+
(|n|Hs + |v|Hs+1

ε

)× (|v|Hs+1
ε

+ |n|Hs
)

and

|h̃|2 ≤ |h|Hs +C(|ϕ|Hs)|∇ϕ |Hs−1 ,

≤ C(|ϕ |Hs)
(|h|Hs + |n|Hs

)
,
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where we used Lemma 10.2 to get the last inequality. We can now directly de-
duce (10.43) from the Sobolev embedding W 1,∞(Rd)⊂ Hs(Rd) (s ≥ t0 + 1).

Step 4. End of the proof.
The exact solution provided by Theorem 10.1 solves (10.39) with (n,v,ϕ) =
(n,v,ϕ) and f = 0, g= 0, and h = 0; we deduce therefore from step 3 that it satisfies
the estimate

sup
[0,T ]

(|n|2Hs + |v|2
Hs+1

ε

)≤ exp(εCsT )×
(
|n|t=0

|2Hs + |v|t=0
|2
Hs+1

ε

)
+εT (|n|2Hs + |v|2

Hs+1
ε

)
)
,

with

Cs = C(
1
c0
, |n|Hs

T
, |v|Hs+1

ε,T
, |ϕ |Hs , |∂t(n,v,ϕ)|L∞

T
)

= C(
1
c0
, |n|Hs

T
, |v|Hs+1

ε,T
),

where we used (10.35) and the equation to control the time derivatives in terms of
space derivatives and Proposition 10.1 to control the L2 norm of ϕ (control on ∇ϕ
being provided by Lemma 10.2). This provides us with a T > 0 such that |n|2Hs +
|v|2

Hs+1
ε

remains uniformly bounded with respect to ε on [0,T/ε]. ��

10.3.2 The ZK Approximation to the Euler–Poisson System

We construct here an approximate solution to (10.32) based on the ZK equation.
Following Laedke and Spatschek [22], but with the rescaled variables and un-
knowns introduced in (10.31), we look for approximate solutions of (10.32) under
the form (10.33), namely,

nε = n(1)(x− t,y,z,εt)+ εn(2)

ϕε = ϕ(1)(x− t,y,z,εt)+ εϕ(2)

vε
x = v(1)x (x− t,y,z,εt)+ εv(2)x

vε
y = ε1/2 v(1)y (x− t,y,z,εt)+ εv(2)y

vε
z = ε1/2 v(1)z (x− t,y,z,εt)+ εv(2)z .

(10.45)

Notation 1 We will denote by X the variable x − t and by T the slow time
variable εt.

Plugging this ansatz into the first equation of (10.32), we obtain

∂t n
ε +∇ · (1+ εnε)vε =

6

∑
j=0

ε j/2N j, (10.46)
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where

N0 =− ∂
∂X

n(1) +
∂

∂X
v(1)x

N1 =
∂
∂y

v(1)y +
∂
∂ z

v(1)z

N2 =
∂

∂T
n(1)− ∂

∂X
n(2) +

∂
∂X

(n(1)v(1)x )+
∂

∂X
v(2)x +

∂
∂y

v(2)y +
∂
∂ z

v(2)z

N3 =
∂
∂y

(n(1)v(1)y )+
∂
∂ z

(n(1)v(1)z )

N4 =
∂

∂T
n(2) +

∂
∂X

(n(1)v(2)x )+
∂
∂y

(n(1)v(2)y )

+
∂
∂ z

(n(1)v(2)z )+
∂

∂X
(n(2)v(1)x ),

N5 =
∂
∂y

(n(2)v(1)y )+
∂
∂ z

(n(2)v(1)z ),

N6 =
∂

∂X
(n(2)v(2)x )+

∂
∂y

(n(2)v(2)y )+
∂
∂ z

(n(2)v(2)z ).

Similarly, one has

∂
∂ t

vε
x + εvε

x
∂
∂x

vε
x + εvε

y
∂
∂y

vε
x + εvε

z
∂
∂ z

vε
x +

∂
∂x

ϕε =
6

∑
j=0

ε j/2R1
j (10.47)

with R1
1 = 0 and

R1
0 =− ∂

∂X
v(1)x +

∂
∂X

ϕ(1)

R1
2 =

∂
∂T

v(1)x − ∂
∂X

v(2)x + v(1)x
∂

∂X
v(1)x +

∂
∂X

ϕ(2)

R1
3 = v(1)y

∂
∂y

v(1)x + v(1)z
∂
∂ z

v(1)x

R1
4 =

∂
∂T

v(2)x +
∂

∂X
(v(1)x v(2)x )+ v(2)y

∂
∂y

v(1)x + v(2)z
∂
∂ z

v(1)x

R1
5 = v(1)y

∂
∂y

v(2)x + v(1)z
∂
∂ z

v(2)x

R1
6 = v(2)y

∂
∂y

v(2)x + v(2)z
∂
∂ z

v(2)x + v(2)x
∂

∂X
v(2)x ;

for the second component of the velocity equation, we get

∂
∂ t

vε
y + εvε

x
∂
∂x

vε
y + εvε

y
∂
∂y

vε
y + εvε

z
∂
∂ z

vε
y +

∂
∂y

ϕε −aε−1/2 vε
z =

6

∑
j=0

ε j/2R2
j (10.48)
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with

R2
0 =

∂
∂y

ϕ(1)− av(1)z

R2
1 =−(

∂
∂X

v(1)y + av(2)z )

R2
2 =− ∂

∂X
v(2)y +

∂
∂y

ϕ(2)

R2
3 =

∂
∂T

v(1)y + v(1)x
∂

∂X
v(1)y

R2
4 =

∂
∂T

v(2)y + v(1)x
∂

∂X
v(2)y + v(1)y

∂
∂y

v(1)y + v(1)z
∂
∂ z

v(1)y

R2
5 = v(2)x

∂
∂X

v(1)y +
∂
∂y

(v(1)y v(2)y )+ v(1)z
∂
∂ z

v(2)y + v(2)z
∂
∂ z

v(1)y

R2
6 = v(2)x

∂
∂X

v(2)y + v(2)y
∂
∂y

v(2)y + v(2)z
∂
∂ z

v(2)y ,

while for the third component, the equations are

∂
∂ t

vε
z + εvε

x
∂
∂x

vε
z + εvε

y
∂
∂y

vε
z + εvε

z
∂
∂ z

vε
z +

∂
∂ z

ϕε +aε−1/2 vε
y =

6

∑
j=0

ε j/2R3
j (10.49)

with

R3
0 =

∂
∂ z

ϕ(1) + av(1)y

R3
1 =− ∂

∂X
v(1)z + av(2)y

R3
2 =− ∂

∂X
v(2)z +

∂
∂ z

ϕ(2)

R3
3 =

∂
∂T

v(1)z + v(1)x
∂

∂X
v(1)z

R3
4 =

∂
∂T

v(2)z + v(1)x
∂

∂X
v(2)z + v(1)y

∂
∂y

v(1)z + v(1)z
∂
∂ z

v(1)z

R3
5 = v(2)x

∂
∂X

v(1)z +
∂
∂ z

(v(1)z vz(2))+ v(1)y
∂
∂y

v(2)z + v(2)y
∂
∂y

v(1)z

R3
6 = v(2)x

∂
∂X

v(2)z + v(2)y
∂
∂y

v(2)z + v(2)z
∂
∂ z

v(2)z .

Finally, for the equation on the potential, we obtain

− ε2Δϕε + eεϕ − 1− εn= εr2 + ε2r4 + ε3r6 +O(ε4) (10.50)
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with

r2 = ϕ(1)− n(1)

r4 =−Δϕ(1) +ϕ(2) +
1
2
(ϕ(1))2 − n(2)

r6 =−Δϕ(2) +ϕ(1)ϕ(2) +
1
6
(ϕ(1))3.

We first derive (following essentially [22]) the equations corresponding to the
successive cancellation of the leading-order remainder terms; we then show that
they imply that n(1) must solve the Zakharov–Kuznetsov equation and then turn to
show in the spirit of Ben Youssef and Colin who considered the one-dimensional
case in [6] (see also [13]) that it is indeed possible to construct an approxi-
mate solution (10.45) satisfying all the cancellation conditions previously derived.
The consequence is the consistency property of (10.45) stated in Proposition 10.2.

10.3.2.1 Cancellation of Terms of Order Zero in ε

Cancelling the terms N0 and R j
0 ( j = 1,2,3) is equivalent to the following conditions:

v(1)x = ϕ(1) = n(1) (assuming that v(1)x , ϕ(1), n(1) vanish as |X | →+∞)

(10.51)

v(1)y =−1
a

∂zn
(1) (10.52)

v(1)z =
1
a

∂yn(1). (10.53)

10.3.2.2 Cancellation of Terms of Order ε1/2

Using (10.52) and (10.53), the cancellation of the terms N1 and R j
1 ( j = 1,2,3) is

equivalent to

v(2)y =
1
a2 ∂ 2

Xyn(1) and v(2)z =
1
a2 ∂ 2

Xzn
(1). (10.54)

10.3.2.3 Cancellation of Terms of Order ε

Using the conditions derived above, the cancellation of N2 and R j
2 ( j = 1,2,3) is
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∂T n(1) + 2n(1)∂X n(1) +
1
a2 ∂X Δ⊥n(1) =−∂X(v

(2)
x − n(2)) (10.55)

∂X(v
(2)
x −ϕ(2)) = ∂T n(1) + n(1)∂X n(1) (10.56)

∂yϕ(2) =
1
a2 ∂ 3

XXyn(1) (10.57)

∂zϕ(2) =
1
a2 ∂ 3

XXzn
(1) (10.58)

while the cancellation of r2 is equivalent to ϕ(1) = n(1) which has already been
imposed.

10.3.2.4 Cancellation of Terms of Order ε3/2

It is possible to cancel the terms of order ε3/2 for the equation on the density and
on the first component of the velocity; the fact that N3 = R1

3 = 0 is actually a di-
rect consequence of (10.51)–(10.53) and (10.54). Looking for the cancellation of
the other components of the velocity equation, namely, setting R2

3 = R3
3 = 0 yields,

respectively,

0 =−1
a
[∂ 2

zT n(1) + n(1)∂ 2
zX n(1)],

0 =
1
a
[∂ 2

yT n(1) + n(1)∂ 2
yX n(1)] ,

which are inconsistent with the other equations on n(1); consequently, we cannot
expect a better error than O(ε3/2) on the equations for the transverse components
of the velocity unless we add higher-order terms in the ansatz.

10.3.2.5 Cancellation of Terms of Order ε2

In order to justify the ZK approximation, we need to cancel the O(ε2) terms in the
equation for ϕε , that is, to impose r4 = 0, leading to the equation

ϕ(2)− n(2) = Δn(1)− 1
2
(n(1))2. (10.59)

10.3.2.6 Derivation of the Zakharov–Kuznetsov Equation

Combining (10.55), (10.56), and (10.59), we find that n(1) must solve the Zakharov–
Kuznetsov equation,

2∂T n(1) + 2n(1)∂X n(1) + (
1
a2 Δ⊥+Δ)∂X n(1) = 0. (10.60)
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10.3.2.7 Construction of the Profiles

The ZK equation being locally well posed on Hs(Rd), for all s > d/2+ 1, 2 we can
consider a solution n(1) ∈ C([0,T0];Hs(Rd)), s ≥ 5 to (10.60) for some T0 > 0. We
show here how to construct all the quantities involved in (10.45) in terms of n(1).

• In agreement with (10.51), we set ϕ(1) = v(1)x = n(1).

• Equations (10.52) and (10.53) then give v(1)y ,v(1)z ∈C([0,T0];Hs−1(Rd)).

• We then use (10.54) to obtain v(2)y ,v(2)z ∈C([0,T0];Hs−2(Rd)).
• Taking ϕ(2) = 1

a2 ∂ 2
XX n(1) ∈ C([0,T0];Hs−2(Rd)) then ensures that (10.57) and

(10.58) hold.
• We then get the density corrector n(2) ∈C([0,T0];Hs−2(Rd)) by (10.59).

• We recover v(2)x ∈C([0,T0];Hs−2(Rd)) from (10.55) or (10.56)—the fact that n(1)

solves the ZK equation ensures that we find the same expression with (10.55) or
(10.56) .

The computations above and the explicit expression of the remaining residual
terms in (10.46)–(10.50) imply the following consistency result.

Proposition 10.2. Let T0 > 0, n0 ∈ Hs(Rd) (s ≥ 5) and n(1) ∈ C([0,T0];Hs(Rd)),
solving

2∂T n(1) + 2n(1)∂X n(1) + (
1
a2 Δ⊥+Δ)∂X n(1) = 0, n(1)|t=0

= n0.

Constructing the other profiles as indicated above, the approximate solution (nε ,vε ,
ϕε) given by (10.45) solves (10.32) up to order ε3 in ϕε , ε2 in nε , vε

x , and up to order
ε3/2 in vε

y , vε
z :

⎧⎨
⎩

∂t n
ε +∇ · ((1+ εnε)vε) = ε2Nε ,

∂tvε + ε(vε ·∇)vε +∇ϕε + aε−1/2e∧vε = ε3/2Rε ,

−ε2Δϕε + eεϕε − 1 = εnε + ε3rε ,

(10.61)

with Rε = (ε1/2Rε
1,R

ε
2,R

ε
3) and

|Nε |
L∞([0,

T0
ε ];Hs−5)

+
3

∑
j=1

|Rε
j |L∞([0,

T0
ε ];Hs−5)

+ |rε |
L∞([0,

T0
ε ];Hs−4)

≤C
(
T0, |n0|Hs

)
.

10.3.3 Justification of the Zakharov–Kuznetsov Approximation

We are now set to justify the Zakharov–Kuznetsov approximation.

2 See [8, 25, 30] for the Cauchy theory in larger spaces.



10 Zakharov–Kuznetsov Equation 203

Theorem 10.3. Let n0 ∈ Hs+5, with s > d/2+ 1, such that 1+ n0 ≥ c0 on R
d for

some constant c0 > 0. There exists T1 > 0 such that for all ε ∈ (0,1):

i. The Zakharov–Kuznetsov approximation (nε ,vε ,ϕε ) of Proposition 10.2 exists
on the time interval [0,T1/ε].

ii. There exists a unique solution

(n,v,ϕ) ∈C([0,
T1

ε
];Hs(Rd)×Hs+1

ε (Rd)d ×Hs+1(Rd))

provided by Theorem 10.2 to the Euler–Poisson equations (10.32) with initial
condition (n0,v0,ϕ0) = (nε ,vε ,ϕε )|t=0

.
Moreover, one has the error estimate

∀0 ≤ t ≤ T1/ε, |n(t)−nε(t)|2Hs+|v(t)−vε(t)|2
Hs+1

ε
≤ ε3/2tC(

1
c0
,T1, |n0|Hs+5).

Remark 10.4. The error of the approximation is O(ε3/2) for times of order O(1)
but of size O(ε1/2) for times of order O(1/ε). Looking at (10.45), this is a relative
error of size O(ε1/2) for n and vx but of size O(1) for vy and vz. Consequently, the
Zakharov–Kuznetsov approximation provides a good approximation for the density
and the longitudinal velocity, but not, for large times, for the transverse velocity (at
least, we did not prove it in Theorem 10.3).

Remark 10.5. In the one-dimensional case (KdV approximation), all the terms of
order ε3/2 can be cancelled (see Sect. 10.3.2.4), and the residual in the second equa-
tion of (10.61) is of size O(ε2) instead of O(ε3/2). The error in the theorem then
becomes O(ε2t), which gives a relative error of size O(ε) for both the density and
the velocity over large times O(1/ε). In the one-dimensional case, it is also possible
to construct higher-order approximations by including the order three and higher
terms in the ansatz (10.33). This has been done in [13].

Remark 10.6. In [13], the authors justify the KdV approximation (corresponding to
the one- dimensional ZK approximation) by looking at an exact solution as a pertur-
bation of the approximate solution, (nex,vex) = (napp,vapp)+εk(nR,vR) (with k > 0
depending on the order of the approximation). They study the equations satisfied by
(nR,vR), which requires subtle estimates. Our approach is much simpler: we prove
uniform (with respect to ε) well-posedness of the Euler–Poisson equation, from
which we deduce very easily that any consistent approximation remains close to the
exact solution (but of course, in a lower norm).

Proof. Let us take 0 < T1 ≤ min{T ,T0}, where T/ε is the existence time of the
exact solution provided by Theorem 10.2 and T0/ε the existence time of the ap-
proximate solution in Proposition 10.2. Denote by (n,v,ϕ) ∈ C([0, T1

ε ];Hs(Rd)×
Hs+1

ε (Rd)d ×Hs+1(Rd) the exact solution to (10.32) with the same initial condi-
tions as (nε ,vε ,ϕε) furnished by Theorem 10.2. We also write

(n,v,ϕ) = (nε ,vε ,ϕε)− (n,v,ϕ).
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Taking the difference between (10.61) and (10.32), we get

⎧⎨
⎩

∂t n+(1+ εn)∇ ·v+ εv ·∇n+ ε∇nε ·v+ ε(∇ ·vε)n = ε f ,
∂tv+ ε(v ·∇)v+ εv ·∇vε +∇ϕ + aε−1/2e∧v = εg,
Mε(φ )∇ϕ = ∇n− εϕeεϕε

∇ϕε + εh.
(10.62)

with f = εNε , g = ε1/2Rε and h = ε∇rε +
(eεϕ − eεϕε

ε
− (ϕ −ϕε)eεϕε )

∇ϕε . This

system is of the form (10.39) with additional linear terms (namely, ε∇nε ·v+ ε(∇ ·
vε)n in the first equation, εv ·∇vε in the second one, and −εϕeεϕε ∇ϕε in the third
one) that do not affect the derivation of the energy estimate (10.43). The only dif-
ference is that the constant Cs in (10.43) must also depend on |(nε ,vε ,ϕε )|Hs+1

T
.

Since the initial conditions for (10.62) are identically zero, this yields, for all
0 ≤ T ≤ T1/ε ,

sup
[0,T ]

(|n|2Hs + |v|2
Hs+1

ε

) ≤ exp(εC̃sT )

× εT
(| f |2Hs

T
+ |g|2

Hs+1
ε,T

+ |h|2Hs
T
+ |n|2Hs + |v|2

Hs+1
ε

)
, (10.63)

with

C̃s =C
( 1

c0
, |n|Hs

T
, |v|Hs+1

ε,T
, |ϕ |Hs

T
, |∂t (n,v,ϕ)|L∞

T
, |(nε ,vε ,ϕε)|Hs+1

T

)
.

Taking if necessary a smaller T1 > 0, this implies that for all 0 ≤ t ≤ T1/ε ,

|n(t)|2Hs + |v(t)|2
Hs+1

ε
≤ εt exp(C̃sT1)×

(| f |2Hs
t
+ |g|2

Hs+1
ε,t

+ |h|2Hs
t

)
. (10.64)

Now, on the one hand, we have

C̃s = C
( 1

c0
, |n|Hs

T
, |v|Hs+1

ε,T
, |ϕ |Hs

T
, |∂t(n,v,ϕ)|L∞

T
, |(nε ,vε ,ϕε)|Hs+1

T

)

= C
( 1

n0
, |n0|Hs+5

)
,

where we used Theorem 10.2 to control the norms of (n,v,ϕ) in terms of (n0,v0)

(with v0 given in terms of n0 by v0 = vε
|t=0

) and the expression of all the components

of (nε ,vε ,ϕε) in terms of n(1) to control the norms of the approximate solution. On
the other hand, we get from the definition of f , g, h, and Proposition 10.2 that

| f |2Hs
t
+ |g|2

Hs+1
ε,t

+ |h|2Hs
t
≤ ε1/2C(T1, |n0|Hs+5).

We deduce therefore from (10.64) that

∀0 ≤ t ≤ T1/ε, |n(t)|2Hs + |v(t)|2
Hs+1

ε
≤ ε3/2tC(

1
c0
,T1, |n0|Hs+5).

��
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10.4 The Euler–Poisson System with Isothermal Pressure

In [13], the authors derived and justified a version of the KdV (and therefore d = 1)
equation in the case where the isothermal pressure is not neglected. In the general
dimension of d ≥ 1, (10.4) are then given by

⎧⎪⎨
⎪⎩

∂t n+∇ ·v+∇ · (nv)= 0,

∂tv+(v ·∇)v+∇ϕ+α
∇n

1+ n
+ ae∧v= 0,

Δϕ − eϕ + 1+ n= 0,

(10.65)

where α is a positive constant related to the ratio of the ion temperature over the
ion mass. In the case of cold plasmas considered in the previous sections, one has
α = 0. In [13], the cases α = 0 and α > 0 are treated differently, and the limit
α → 0 (or, for instance, α = O(ε)) cannot be handled. We show here that the proof
of Theorem 10.2 can easily be adapted to the general case α ≥ 0, hereby allowing
the limit α → 0 and providing a generalization of the results of [13] to the case d ≥ 1.
We first extend Theorem 10.2 to the general Euler–Poisson system with isothermal
pressure (10.65). We then indicate how to derive and justify a generalization of the
Zakharov–Kuznetsov approximation taking into account this new term, in the same
spirit as the KdV approximation derived in the one-dimensional case in [13].

10.4.1 The Cauchy Problem for the Euler–Poisson System
with Isothermal Pressure

As in Sect. 10.3, we work with rescaled equations. More precisely, we perform the
same rescaling as for (10.32); without the “cold plasma” assumption, this system
must be replaced by

⎧⎪⎨
⎪⎩

∂t n+∇ · ((1+ εn)v)= 0,

∂tv+ ε(v ·∇)v+∇ϕ+α
∇n

1+ εn
+ aε−1/2e∧v = 0,

−ε2Δϕ + eεϕ − 1 = εn,

(10.66)

with α ≥ 0. The presence of the extra term α ∇n
1+εn in the second equation induces

a smoothing effect that allows the authors of [13] to use the pseudo-differential
estimates of Grenier [11]. However, these smoothing effects disappear when α → 0,
and the existence time thus obtained is not uniform with respect to α . We provide
here a generalization of Theorem 10.2 that gives a uniform existence time with
respect to ε and α (so that solutions to (10.66) provided by Theorem 10.4 can be
seen as limits when α → 0 of solutions to (10.66)). This evanescent smoothing effect
is taken into account by working with n ∈ Hs+1

εα (Rd) rather than n ∈ Hs(Rd) as in
Theorem 10.2 (from the definition (10.34) of Hs

εα , Hs+1
εα (Rd) coincides with Hs(Rd)

when α = 0).
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Theorem 10.4. Let s > d
2 + 1, α0 > 0 and n0 ∈ Hs+1

εα0
(Rd), v0 ∈ Hs+1(Rd)d such

that 1−|n0|∞ ≥ c0 for some c0 > 0.
Then there exist T > 0 such that for all ε ∈ (0,1) and α ∈ (0,α0), there is a

unique solution (nε,α ,vε,α)∈C([0, T
ε ];Hs+1

εα (Rd)×Hs+1
ε (Rd)d) of (10.32) such that

1+ εn > c0/2 and ϕε,α ∈C([0,T ];Hs+1(Rd)).
Moreover the family (nε,α ,vε,α ,∇ϕε,α)ε∈(0,1),α∈(0,α0) is uniformly bounded in

Hs+1
εα ×Hs+1

ε ×Hs−1.

Proof. The proof follows the same steps as the proof of Theorem 10.2; in addition to
the operator Mε(φ) defined in (10.35), we also need to define another second-order
self-adjoint operator Nε,α (φ ,n) as

Nε,α (φ ,n) =
1

1+ n
+

1
1+ n

Mε (φ)
1

1+ n
, (10.67)

provided that inf
Rd (1+ n)> 0.

Step 1. Preliminary results.
The operator Nε,α(φ ,n) defined in (10.67) inherits from the properties of Mε(φ) the
following estimates that echo (10.36);

(
u,Nε,α(φ ,n)v

)≤C
(|ϕ |∞, |n|∞)∣∣ u

1+ εn

∣∣
H1

εα

∣∣ v
1+ εn

∣∣
H1

εα
,∣∣ u

1+ εn

∣∣2
H1

εα
≤C

(|ϕ |∞, |n|∞)(u,Nε,α(φ ,n)u
)
.

We also have the following commutator estimates that are similar to those satisfied
by Mε(φ) (see step 1 in the proof of Theorem 10.2),

(
u, [∂t ,Nε,α (φ ,n)]u

)≤ εC
( 1

c0
, |∂t n|∞, |n|W1,∞ , |∂tϕ |∞, |ϕ |∞

)∣∣ u
1+ εn

∣∣2
H1

εα

(
u, [ f ∂ j ,Nε,α(φ ,n)]u

)≤C
( 1

c0
, |(n,ϕ , f )|W 1,∞ ,

√
εα |∇∂ jn|∞,

√
ε|∇∂ j f |∞

)
×∣∣ u

1+ εn

∣∣2
H1

εα
.

Step 2.
L2 estimates for a linearized system. Without the “cold plasma” approximation, one
must replace (10.39) by⎧⎪⎪⎨

⎪⎪⎩

∂t n+(1+ εn)∇ ·v+ εv ·∇n = ε f ,

∂tv+ ε(v ·∇)v+∇ϕ +α
∇n

1+ εn
+ aε−1/2e∧v = εg,

Mε(φ )∇ϕ = ∇n+ εh.

(10.68)

The presence of the new term in the second equation of (10.68) yields some smooth-
ing effect on the estimate on n that are absent when α = 0; this smoothing is mea-
sured with the H1

εα(R
d) norm, which coincides with the L2 norm used for (10.68)

when α = 0. More precisely, we want to prove here that
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sup
[0,T ]

(|n|2H1
εα
+ |v|2H1

ε

)≤ exp(εC0T )

×(|n|t=0
|2H1

εα
+ |v|t=0

|2H1
ε

)
+ εT (| f |2H1

εα,T
+ |g|2H1

ε,T
+ |h|2L2

T
)
)
, (10.69)

with C0 =C( 1
c0
, |(n,v,ϕ)|

W 1,∞
T

, |∂t(n,v,ϕ)|L∞
T
,
√

ε|v|
W2,∞

T
,
√

εα |n|
W2,∞

T
).

Instead of multiplying the first equation of (10.68) by (1+ εn)−1 as in the case
α = 0, we multiply it by Nε,α(φ ,n) to obtain

(
Nε,α(φ ,n)∂t n,n

)
+
(
[1+α

1
1+ εn

Mε(φ )]∇ ·v,n)+ ε
(
Nε,α(φ ,n)v ·∇n,n)

= ε
(
Nε,α (φ ,n) f ,n

)
,

which can be rewritten under the form

1
2

∂t
(
Nε,α (φ ,n)n,n

)− 1
2

(
[∂t ,Nε,α(φ ,n)]n,n

)
+
(
[1+α

1
1+ εn

Mε(φ )]∇ ·v,n)

−ε
1
2

(
n, [v ·∇,Nε,α(φ ,n)]n

)
= ε

(
Nε,α(φ ,n) f ,n

)
.

(10.70)

As in the proof of Theorem 10.2, we take the L2 scalar product of the second equa-
tion with Mε(φ)v; after remarking that

Mε (φ)
(
∇ϕ +α

∇n
1+ εn

)
= [1+αMε(φ)

1
1+ εn

]∇n+ εh

we obtain with the same computations the following generalization of (10.42):

1
2

∂t
(
Mε(φ )v,v

)− 1
2

ε
(
∂tϕeεϕv,v

)− 1
2

ε
(
v,(∇ ·v)Mε (φ )v

)

−1
2

ε
(
v, [v ·∇,Mε(φ )]v

)
+
(
[1+αMε(φ)

1
1+ εn

]∇n,v
)

=−ε
(
h,v

)
+ ε

(
Mε(φ )g,v

)
. (10.71)

Adding (10.71) to (10.70) and proceeding exactly as in the proof of Theorem 10.2,
we get (10.69).

Step 3. Hs estimates for a linearized system
We want to prove here that for all s ≥ 0, the solution (n,v,ϕ) to (10.68) satisfies, for
all s ≥ t0 + 1,

sup
[0,T ]

(|n|2
Hs+1

εα
+ |v|2

Hs+1
ε

) ≤ exp(εCsT )×
(
|n|t=0

|2
Hs+1

εα
+ |v|t=0

|2
Hs+1

ε

)

+εT (| f |2
Hs+1

εα,T
+ |g|2

Hs+1
ε,T

+ |h|2Hs
T
+ |n|2

Hs+1
εα

+ |v|2
Hs+1

ε
)
)
,

(10.72)

with Cs =C( 1
c0
, |n|Hs+1

εα,T
, |v|Hs+1

ε,T
, |ϕ |Hs

T
, |∂t(n,v,ϕ)|Hs

T
).
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Applying Λ s to the three equations of (10.39) and writing ñ =Λ sn, ṽ =Λ sv, and
ϕ̃ = Λ sϕ , we get

⎧⎪⎪⎨
⎪⎪⎩

∂t ñ+(1+ εn)∇ · ṽ+ εv ·∇ñ = ε f̃ ,

∂t ṽ+ ε(v ·∇)ṽ+∇ϕ̃ +α
∇ñ

1+ εn
+ aε−1/2e∧ ṽ = ε g̃,

Mε(φ )∇ϕ̃ = ∇ñ+ εh̃.

(10.73)

with f̃ and h̃ as in the proof of Theorem 10.2, while g̃ must be changed into g̃ =
g̃+α[Λ s, n

1+εn ]∇ñ. Using step 2, one can mimic the proof of the Theorem 10.2. The

only new ingredients needed are a control in H1
εα(R

d) of α[Λ s, n
1+εn ]∇ñ (the new

term in g̃) and a control of f̃ in H1
εα(R

d) instead of L2(Rd). Classical commutator
estimates (see, for instance, [20]) yield for s > d/2+ 1

∣∣α[Λ s,
n

1+ εn
]∇ñ

∣∣
H1

ε
≤C(

1
c0
, |n|Hs+1

εα
)|ñ|Hs+1

εα
,

| f̃ |H1
εα

≤ | f |Hs+1
εα

+
(|n|Hs+1

εα
+ |v|Hs+1

ε

)× (|v|Hs+1
ε

+ |n|Hs+1
εα

)
,

so that (10.72) follows exactly as (10.43).

Step 4. End of the proof.
The end of the proof is exactly similar the same as for Theorem 10.2 (the exact so-
lution is no longer furnished by Theorem 10.1 but by a standard iterative scheme).��
Remark 10.7. The proof given in Theorem 10.1 for the case α = 0 does not work
when α > 0.

10.4.2 Derivation of a Zakharov–Kuznetsov Equation
in Presence of Isothermal Pressure

We proceed similarly to the cold plasma case, but we replace the ansatz (10.45) by

nε = n(1)(x− ct,y,z,εt)+ εn(2)

ϕε = ϕ(1)(x− ct,y,z,εt)+ εϕ(2)

vε
x = v(1)x (x− ct,y,z,εt)+ εv(2)x

vε
y = ε1/2 v(1)y (x− ct,y,z,εt)+ εv(2)y

vε
z = ε1/2 v(1)z (x− ct,y,z,εt)+ εv(2)z ,

(10.74)

where the velocity c has to be determined.
Following the strategy of Sect. 10.3.2, we plug this ansatz into (10.66) and choose

the profiles in (10.74) in order to cancel the leading-order terms.
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10.4.2.1 Cancellation of Terms of Order ε0

Cancelling the leading-order O(1) yields

−c∂X n(1) + ∂Xv(1)x = 0,

−c∂X v(1)x + ∂X ϕ(1) +α∂X n(1) = 0,

(1+α)∂yn(1)− av(1)z = 0,

(1+α)∂zn
(1) + av(1)y = 0.

(10.75)

10.4.2.2 Cancellation of Terms of Order ε1/2

We get at this step

v(2)y =
(1+α)3/2

a2 ∂ 2
Xyn(1), v(2)z =

(1+α)3/2

a2 ∂ 2
Xzn

(1). (10.76)

10.4.2.3 Cancellation of Terms of Order ε

Proceeding as in Sect. 10.3.2.3, we get

∂T n(1) + 2n(1)∂X n(1) +
1
a2 ∂X Δ⊥n(1) =−∂X(v

(2)
x − cn(2)) (10.77)

∂X (cv(2)x −αn(2)−ϕ(2)) = c∂T n(1) + n(1)∂X n(1) (10.78)

∂yϕ(2) =
(1+α)3/2

a2 ∂ 3
XXyn(1) (10.79)

∂zϕ(2) =
(1+α)3/2

a2 ∂ 3
XXzn

(1) (10.80)

ϕ(1) = n(1) (10.81)

After replacing ϕ(1) by n(1) according to (10.81), one readily checks that the first
two equations of (10.75) are consistent if and only if c =

√
1+α.

10.4.2.4 Cancellation of Terms of Order ε3/2

As in Sect. 10.3.2.4, the cancellation of the O(ε3/2) terms for the density and the
longitudinal velocity equations is automatic, but it is not possible for the equations
on the transverse velocity.
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10.4.2.5 Cancellation of Terms of Order ε2

As in Sect. 10.3.2.5 we only need to cancel the O(ε2) terms in the equation for ϕε ,
which yields here

ϕ(2)− n(2) = Δn(1)− 1
2
(n(1))2. (10.82)

10.4.2.6 Derivation of the Zakharov–Kuznetsov Equation

Combining (10.77), (10.78), and (10.82), we find that n(1) must solve the following
Zakharov–Kuznetsov equation (which coincides with (10.60) when α = 0):

2c∂T n(1) + 2cn(1)∂X n(1) + (
c
a2 Δ⊥+Δ)∂X n(1) = 0. (10.83)

10.4.2.7 Construction of the Profiles

The profiles involved in (10.74) are constructed in terms of n(1) as follows:

• In agreement with (10.81) and the first two equations of (10.75), we set ϕ(1) =

n(1) and v(1)x = cn(1), with c =
√

1+α.
• The last two equations of (10.75) then give v(1)y ,v(1)z .

• We then use (10.76) to obtain v(2)y ,v(2)z .

• We take ϕ(2) = (1+α)3/2

a2 ∂ 2
XX n(1) to satisfy (10.79) and (10.80).

• We then get the density corrector n(2) by (10.82).

• We recover v(2)x from (10.77) or (10.78)—this is equivalent since n(1) solves the
ZK equation (10.83).

Finally we get the following consistency result that generalized Proposition 10.2
when isothermal pressure is taken into account.

Proposition 10.3. Let T0 > 0, n0 ∈ Hs(Rd) (s ≥ 5) and n(1) ∈ C([0,T0];Hs(Rd)),
solving (with c =

√
1+α)

2c∂T n(1) + 2cn(1)∂X n(1) + (
c
a2 Δ⊥+Δ)∂X n(1) = 0, n(1)|t=0

= n0.

Constructing the other profiles as indicated above, the approximate solution (nε ,vε ,
ϕε) given by (10.74) solves (10.66) up to order ε3 in ϕε , ε2 in nε , vε

x , and up to order
ε3/2 in vε

y , vε
z :

⎧⎪⎪⎨
⎪⎪⎩

∂t n
ε +∇ · ((1+ εnε)vε) = ε2Nε ,

∂tvε + ε(vε ·∇)vε +∇ϕε +α
∇n

1+ εn
+ aε−1/2e∧vε = ε3/2Rε ,

−ε2Δϕε + eεϕε − 1 = εnε + ε3rε ,

(10.84)
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with Rε = (ε1/2Rε
1,R

ε
2,R

ε
3) and

|Nε |
L∞([0,

T0
ε ];Hs−5)

+
3

∑
j=1

|Rε
j |L∞([0,

T0
ε ];Hs−5)

+ |rε |
L∞([0,

T0
ε ];Hs−4)

≤C
(
T0, |n0|Hs

)
.

10.4.3 Justification of the Zakharov–Kuznetsov Approximation

Proceeding exactly as for Theorem 10.3 but replacing Theorem 10.2 by Theo-
rem 10.4, we get the following justification of the Zakharov–Kuznetsov approxi-
mation in presence of an isothermal pressure.

Theorem 10.5. Let n0 ∈ Hs+5, with s > d/2+ 1, such that 1+ εn0 ≥ c0 on R
d for

some constant c0 > 0. There exists T1 > 0 such that:

i. The Zakharov–Kuznetsov approximation (nε ,vε ,ϕε ) of Proposition 10.3 exists
on the time interval [0,T1/ε].

ii. There exists a unique solution (n,v,ϕ) ∈ C([0, T1
ε ];Hs+1

εα (Rd)×Hs+1
ε (Rd)d ×

Hs+1(Rd)) provided by Theorem 10.4 to the Euler–Poisson equations with
isothermal pressure (10.66) with initial condition (n0,v0,ϕ0) = (nε ,vε ,ϕε )|t=0

.

Moreover, one has the error estimate

∀0 ≤ t ≤ T1/ε, |n(t)− nε(t)|2
Hs+1

εα
+ |v(t)− vε(t)|2

Hs+1
ε

≤ ε3/2tC(
1
c0
,T1, |n0|Hs+5).

Remark 10.8. The comments made in Remarks 10.4 and 10.5 on the precision of
the Zakharov–Kuznetsov approximation for cold plasmas can be transposed to the
more general case considered here.

Remark 10.9. As already said, the ZK equation (10.83) coincides in dimension d = 1
with the KdV equation derived in [13]. A consequence of the uniformity of the
existence time with respect to α in Theorem 10.4 is that Theorem 10.5 provides a
justification on a time scale of order O(1/ε) which is uniform with respect to α ,
whereas it shrinks to zero when α → 0 in [13].

Added in proofs. After this paper was submitted, Christof Sparber has informed us
of the preprint [29] where related results are obtained in the spirit of [13]. Pu does
not provide an error estimate but performs the expansion at higher orders. As in
[13], the methods used do not allow uniform estimates as α → 0.
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34. Tiǧlay, F.: The Cauchy problem and integrability of a modified Euler–Poisson equation. Trans.
A.M.S. 360(4), 1861–1877 (2008)

35. Verheest, F., Mace, R.L., Pillay, S.R., Hellberg, M.A.: Unified derivation of Korteweg-de
Vries-Zakharov–Kuznetsov equations in multispecies plasmas, J. Phys. A: Math. Gen. 35,
795–806 (2002)

36. Zakharov, V.E., Kuznetsov, E.A.: On three dimensional solitons. Sov. Phys. JETP. 39, 285–286
(1974)



Chapter 11
L1 Estimates for Oscillating Integrals Related
to Structural Damped Wave Models

Takashi Narazaki and Michael Reissig

Abstract The goal of this paper is to derive Lp − Lq estimates away from the
conjugate line for structural damped wave models. The damping term interpolates
between exterior damping and viscoelastic damping. The crucial point is to derive at
first L1 −L1 estimates. Depending on the behavior of the characteristic roots of the
operator, one has to take into consideration oscillations in one part of the extended
phase space. The radial symmetric behavior of the roots allows to apply the theory
of modified Bessel functions. Oscillations may produce unbounded time-dependent
constants (either for small times close to 0 or for large times close to infinity) in
the L1 −L1 estimates. Some interpolation techniques imply the desired Lp −Lq es-
timates away from the conjugate line.

Key words: Modified Bessel functions, L1–L1 estimates, Structural damping, Wave
models
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11.1 Introduction

Let us consider the Cauchy problem for the structural damped wave equation

utt −Δu+ μ(−Δ)σut = 0, u(0,x) = u0(x), ut(0,x) = u1(x), (11.1)
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where μ is a positive constant and σ ∈ (0,1]. Here we have two limit cases. The
case σ = 0 describes waves with external damping, and σ = 1 describes waves
with viscoelastic damping. In both cases Lp−Lq estimates for the solutions are well
understood; see [4–7, 10] and [11] for the case σ = 0 (linear or semi-linear models)
and [8] for the case σ = 1. Applying partial Fourier transformation to (11.1), we
have the following representation of solution (let us assume λ1 �= λ2):

u(t,x) = F−1(v(t,ξ )) = F−1
(λ1eλ2t −λ2eλ1t

λ1 −λ2
v0(ξ )

)

+F−1
(eλ1t − eλ2t

λ1 −λ2
v1(ξ )

)
,

where

λ1,2 =
−μ |ξ |2σ ±

√
μ2|ξ |4σ − 4|ξ |2
2

, v0(ξ ) = F(u0)(ξ ), v1(ξ ) = F(u1)(ξ ).

(11.2)

We introduce the notations

J0(t,x)(u0) := F−1
(λ1eλ2t −λ2eλ1t

λ1 −λ2
v0(ξ )

)
,

J1(t,x)(u1) := F−1
(eλ1t − eλ2t

λ1 −λ2
v1(ξ )

)
.

Let χ = χ(|ξ |) be a smooth function which localizes to small frequencies, then we
shall estimate the Fourier multipliers

J01(t,x)(u0) := F−1
(λ1eλ2t −λ2eλ1t

λ1 −λ2
χ(|ξ |)v0(ξ )

)
, (11.3)

J02(t,x)(u0) := F−1
(λ1eλ2t −λ2eλ1t

λ1 −λ2
(1− χ(|ξ |))v0(ξ )

)
, (11.4)

J11(t,x)(u1) := F−1
(eλ1t − eλ2t

λ1 −λ2
χ(|ξ |)v1(ξ )

)
, (11.5)

J12(t,x)(u1) := F−1
(eλ1t − eλ2t

λ1 −λ2
(1− χ(|ξ |))v1(ξ )

)
. (11.6)

In every part of the phase space we have to take into consideration the asymptotic
behavior of the characteristic roots from (11.2).

Remark 11.1. In the further considerations it is sufficient to study the Fourier mul-
tipliers (11.3)–(11.6) for sufficiently small and sufficiently large frequencies. This
is arranged by the choice of χ . For the middle frequencies {ξ ∈ R

n : |ξ | ∈ [ε,N]},
where ε is small and N is large we have Rλk ≤C(ε,N) < 0. So, we have no domi-
nant influence on the desired estimates.
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Different strategies appear because in one part of the phase space, we have
oscillations in the characteristic roots. If σ ∈ (0,1/2), this effect appears for large
frequencies; if σ ∈ (1/2,1), this effect appears for small frequencies. The oscilla-
tions produce some unbounded behavior of the time-dependent constants close to
t = 0 in the case σ ∈ (0,1/2) and some unbounded behavior of the time-dependent
constants close to t = ∞ in the case σ ∈ (1/2,1). In our considerations we want to
understand the critical case σ = 1/2. The estimates for the Fourier multipliers hav-
ing no oscillations are quite satisfied; we estimate all of them by � 1. Here we apply
heavily radial symmetry and theory of modified Bessel functions (see Appendix).
More difficulties appear for Fourier multipliers with oscillations. We obtain time-
dependent bounds in Lemmas 11.7–11.10 and in Lemmas 11.14 and 11.15 which
are reasonable. Here we take into consideration the connection to Fourier multipliers
appearing for wave models (see Appendix).

By using rules for modified Bessel functions (see Appendix) we will derive Lp −
Lq estimates for Jkl(t,x)(uk) in the next sections. To explain our motivation for this
paper we apply Young’s inequality to estimate J01(t,x)(u0) in the following way:

‖J01(t,x)(u0)(t, ·)‖Lp ≤
∥∥∥F−1

(λ1eλ2t −λ2eλ1t

λ1 −λ2
χ(|ξ |)

)
(t, ·)

∥∥∥
Lr
‖u0‖Lq ,

where 1 ≤ q ≤ p ≤ ∞ and 1+ 1
p = 1

r +
1
q . Here we assume u0 ∈ S(Rn). So, the

interesting question is for Lr estimates of the oscillating integral

F−1
(λ1eλ2t −λ2eλ1t

λ1 −λ2
χ(|ξ |)

)
.

In general, there is no problem to derive L2 estimates. But, what about L1 estimates?
We will focus our attention to give answers to this question.

We shall divide our considerations into the cases σ ∈ (0,1/2), σ = 1/2, and
σ ∈ (1/2,1]. To get an idea about expected results, let us study the very special case
σ = 1/2 and μ = 2. In this case λ1 ≡ λ2 and we have

J0(t,x)(u0) = F−1(e−|ξ |t v0(ξ )
)
+ tF−1(e−|ξ |t |ξ |v0(ξ )

)
,

J1(t,x)(u1) = tF−1(e−|ξ |tv1(ξ )
)
.

Due to [9] we have for all t > 0 the relation
∫

Rn
e−2π |ξ |te−2π ix·ξ dξ = cn

t

(t2 + |x|2) n+1
2

.

So, we can conclude immediately the following statement:

Lemma 11.1. We have the following estimates:

∥∥F−1(e−c|ξ |t)∥∥
Lr(Rn)

� t−n(1− 1
r ) for r ∈ [1,∞], c > 0 and t > 0. (11.7)
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Moreover, we can conclude
∥∥F−1(e−c|ξ |t |ξ |t)∥∥Lr(Rn)

� t−n(1− 1
r ) for r ∈ [1,∞], c > 0 and t > 0. (11.8)

Using Young’s inequality we conclude the next result.

Proposition 11.1. Let us consider the Cauchy problem

utt −Δu+ 2(−Δ)1/2ut = 0, u(0,x) = u0(x), ut(0,x) = u1(x). (11.9)

Then the solution satisfies the Lp −Lq estimate

‖u(t, ·)‖Lp � t−n(1− 1
r )‖u0‖Lq + t1−n(1− 1

r )‖u1‖Lq , (11.10)

where 1 ≤ q ≤ p ≤ ∞ and 1+ 1
p = 1

r +
1
q .

The main goal of this paper is to derive L1 −L1 estimates for the solutions to (11.1)
of the following type:

‖u(t, ·)‖L1 ≤C0(t)‖u0‖L1 +C1(t)‖u1‖L1 .

We are interested to explain the behavior of the functions C0(t) and C1(t) for t →+0
and for t → ∞.

By using a rough interpolation strategy the statement of Proposition 11.1 for σ =
1/2 is generalized in Propositions 11.8 and 11.11 to the cases σ ∈ (0,1/2) and σ ∈
(1/2,1). In this way we derive Lp −Lq estimates not necessarily on the conjugate
line. Here we use the interpolation between L1 and L∞ estimates for the oscillating
integrals appearing in (11.3) to (11.6) (see (11.81), (11.82), (11.113), and (11.114)).
The case σ = 1 is already studied in [8].

11.2 Lp Estimates for a Model Oscillating Integrals

In this section we derive Lp estimates for the oscillating integral

F−1(e−c|ξ |2κ t). (11.11)

Our main goal is to show how the theory of modified Bessel functions coupled with
some new ideas can be used to prove the desired estimates. In Lemma 11.2 we
study the 3d-case. The 2d-case is studied in Lemma 11.3. In Lemma 11.4 we will
explain how the higher-dimensional case can be reduced to one of the basic cases
from Lemmas 11.2 and 11.3.

Lemma 11.2. The following estimate holds in R
3:

‖F−1(e−c|ξ |2κ t)‖Lp(R3) � t−
3

2κ (1− 1
p ) (11.12)

for κ ∈ (0,1], p ∈ [1,∞] and t > 0. Here c is supposed to be a positive constant.
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Proof. Using the radial symmetry of e−c|ξ |2κ t we have

F−1(e−c|ξ |2κ t) =
∫ ∞

0
e−cr2κ t r2J̃ 1

2
(r|x|)dr, (11.13)

where J̃ 1
2
(r|x|) is the modified Bessel function. For κ = 1

2 the explicit representation

of F−1(e−c|ξ |t) for t = 1 gives

F−1(e−c|ξ |)∼ 1
〈x〉4 . (11.14)

Our strategy is the following:
First we prove

|F−1(e−c|ξ |2κ
)|� 1

〈x〉3+2κ for all x ∈ R
3. (11.15)

Then after a change of variables we derive the representation

F−1(e−c|ξ |2κ t) =
1

t
3

2κ
G
( x

t
1

2κ

)
, (11.16)

where

G(y) =
∫

R3
eiyη e−c|η|2κ

dη . (11.17)

So, from the first step we have

‖G‖Lp(R3
y)
� 1 (11.18)

and after backward transformation

‖F−1(e−c|ξ |2κ t)‖L1(R3
x )
=

1

t
3

2κ

∥∥∥G
( x

t
1

2κ

)∥∥∥
L1(R3

x)
� 1,

‖F−1(e−c|ξ |2κ t)‖Lp(R3
x)
=

1

t
3

2κ

∥∥∥G
( x

t
1

2κ

)∥∥∥
Lp(R3

x)
� t−

3
2κ (1− 1

p )

for p ∈ (1,∞], respectively. Let us devote how to show the basic estimate

|F−1(e−c|ξ |2κ
)|� 1

〈x〉3+2κ . (11.19)

If |x| ≤ 1, then

|F−1(e−c|ξ |2κ
)| ≤

∫

Rn
e−c|ξ |2κ

dξ � 1.

Now let us restrict ourselves to {|x| ≥ 1}. For this reason we take account of the
radial symmetry representation and study for t = 1 the integral
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∫ ∞

0
e−cr2κ t r2J̃ 1

2
(r|x|)dr. (11.20)

Using for the modified Bessel functions the relation

J̃ 1
2
(r|x|) =− 1

r|x|2 ∂rJ̃− 1
2
(r|x|) (11.21)

and for x ∈R
3 the explicit representation J̃− 1

2
(r|x|) = cos(r|x|), we arrive at

G(x) =
1
|x|2

∫ ∞

0
dr
(
e−cr2κ

r
)

cos(r|x|)dr

=
1
|x|2

∫ ∞

0

(
1− 2κcr2κ)e−cr2κ

cos(r|x|)dr.

To generate the decay rate 〈x〉−(3+2κ) we will apply two more steps of partial inte-
gration. First

G(x) = − 1
|x|3

∫ ∞

0
dr
((

1− 2κcr2κ)e−cr2κ )
sin(r|x|)dr

=
1
|x|3

∫ ∞

0

(
c2κ + 4cκ2 − 4c2κ2r2κ)r2κ−1e−cr2κ

sin(r|x|)dr.

To estimate the integral
∫ ∞

0 r2κ−1e−cr2κ
sin(r|x|)dr we divide it into

∫ 1
|x|

0
r2κ−1e−cr2κ

sin(r|x|)dr+
∫ ∞

1
|x|

r2κ−1e−cr2κ
sin(r|x|)dr. (11.22)

The first integral is estimated by 〈x〉−2κ . In the second integral we carry out one
more step of partial integration. Then we obtain

∫ ∞

1
|x|

r2κ−1e−cr2κ
sin(r|x|)dr =− 1

|x|
∫ ∞

1
|x|

r2κ−1e−cr2κ
∂r cos(r|x|)dr

=
1
|x|
∫ ∞

1
|x|

(
(2κ − 1)r2κ−2− c2κr4κ−2)e−cr2κ

cos(r|x|)dr + additional term,

where the additional term can be estimated by 〈x〉−2κ . Dividing the last integral into,
∫ ∞

1
|x|

(
(2κ − 1)r2κ−2 − c2κr4κ−2)e−cr2κ

cos(r|x|)dr

=

∫ 1

1
|x|

(
(2κ − 1)r2κ−2 − c2κr4κ−2)e−cr2κ

cos(r|x|)dr

+

∫ ∞

1

(
(2κ − 1)r2κ−2 − c2κr4κ−2)e−cr2κ

cos(r|x|)dr
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straightforward estimates lead to

∫ ∞

0
r2κ−1e−cr2κ

sin(r|x|)dr �

⎧
⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

1
〈x〉2κ , 0 < κ < 1/2,

log〈x〉
〈x〉 , κ = 1/2,

1
〈x〉 , 1/2 < κ ≤ 1.

(11.23)

Summarizing we have shown ‖G‖Lp(R3) � 1. This completes the proof. �

Following the same proof we are able to derive the following result:

Corollary 11.1. The following estimate holds in R
3:

‖F−1(|ξ |ae−c|ξ |2κ t)‖Lp(R3) � t−
a

2κ − 3
2κ (1− 1

p ) (11.24)

for κ ∈ (0,1], p ∈ [1,∞] and t > 0. Here c and a are supposed to be positive
constants.

Lemma 11.3. The following estimate holds in R
2:

‖F−1(e−c|ξ |2κ t)‖Lp(R2) � t−
2

2κ (1− 1
p ) (11.25)

for κ ∈ (0,1], p ∈ [1,∞] and t > 0. Here c is supposed as a positive constant.

Proof. As in the proof to Lemma 11.2 we have finally to study the integral
∫ ∞

0
e−cr2κ

r J̃0(r|x|)dr. (11.26)

From the relation J0(s) =
J1(s)

s + d
ds J1(s), it follows immediately J̃0(s) = 2J̃1(s)+

s d
ds J̃1(s). Instead of the last integral we will study

∫ ∞

0
e−cr2κ

r
(
2J̃1(r|x|)+ r∂rJ̃1(r|x|)

)
dr. (11.27)

After partial integration this integral is equal to

2κc
∫ ∞

0
e−cr2κ

r2κ+1 J̃1(r|x|)dr. (11.28)

This integral we divide into

∫ 1
|x|

0
e−cr2κ

r2κ+1 J̃1(r|x|)dr+
∫ ∞

1
|x|

e−cr2κ
r2κ+1 J̃1(r|x|)dr. (11.29)
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Using the boundedness of J̃1(s) for s ∈ [0,1] the first integral can be estimated by
〈x〉−(2κ+2). To estimate the second integral we apply the following asymptotic for-
mula for J̃1(s) for s ≥ 1:

J̃1(s) =C1
1

s
3
2

cos
(

s− 3
4

π
)
+O

( 1

|s| 5
2

)
. (11.30)

The integral can be estimated as follows:

∫ ∞

1
|x|

e−cr2κ
r2κ+1 O

( 1

(r|x|) 5
2

)
dr �

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

1
〈x〉2κ+2 , 0 < κ < 1/4,

log〈x〉
〈x〉 5

2

, κ = 1/4,

1

〈x〉 5
2

, 1/4 < κ ≤ 1.

(11.31)

It remains to estimate the integrals

1

|x| 3
2

∫ ∞

1
|x|

e−cr2κ
r2κ− 1

2 cos(r|x|)dr,
1

|x| 3
2

∫ ∞

1
|x|

e−cr2κ
r2κ− 1

2 sin(r|x|)dr. (11.32)

Here we proceed as in the proof to Lemma 11.2. We explain only the first integral
which we split into

1

|x| 3
2

∫ 1

1
|x|

e−cr2κ
r2κ− 1

2 cos(r|x|)dr+
1

|x| 3
2

∫ ∞

1
e−cr2κ

r2κ− 1
2 cos(r|x|)dr. (11.33)

The first integral is equal to

1

|x| 5
2

∫ 1

1
|x|

e−cr2κ
r2κ− 1

2 ∂r sin(r|x|)dr. (11.34)

After partial integration the limit terms behave as 〈x〉−(2κ+2). The new integral is
estimated by

1

|x| 5
2

∫ 1

1
|x|

e−cr2κ
r2κ− 3

2 dr �

⎧
⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

1
〈x〉2κ+2 , 0 < κ < 1/4,

log〈x〉
〈x〉 5

2

, κ = 1/4,

1

〈x〉 5
2

, 1/4 < κ ≤ 1.

(11.35)

The second integral is equal to

1

|x| 5
2

∫ ∞

1
e−cr2κ

r2κ− 1
2 ∂r sin(r|x|)dr. (11.36)



11 L1 Estimates for Oscillating Integrals Related to Structural Damped Wave Models 223

It can be estimated by 〈x〉− 5
2 . In the same way we treat the integral

1

|x| 3
2

∫ ∞

1
|x|

e−cr2κ
r2κ− 1

2 sin(r|x|)dr. (11.37)

This completes the proof. �

Corollary 11.2. The following estimate holds in R

2:

‖F−1(|ξ |ae−c|ξ |2κ t)‖Lp(R2) � t−
a

2κ − 2
2κ (1− 1

p ) (11.38)

for κ ∈ (0,1], p ∈ [1,∞] and t > 0. Here c and a are supposed to be positive
constants.

The next goal is to prove the following generalization of Lemmas 11.2 and 11.3.

Lemma 11.4. The following estimate holds in R
n for n ≥ 4:

‖F−1(e−c|ξ |2κ t)‖Lp(Rn) � t−
n

2κ (1− 1
p ) (11.39)

for κ ∈ (0,1], p ∈ [1,∞], and t > 0. Here c is supposed to be a positive constant.

Proof. If n ≥ 4 is odd, then we carry out n+1
2 steps of partial integration. We can in

n−1
2 steps apply the rules

J̃μ+1(r|x|) =− 1
r|x|2 ∂rJ̃μ(r|x|), |J̃μ(s)| ≤Cμ (11.40)

for real nonnegative μ to conclude

F−1(e−c|ξ |2κ
) =

∫ ∞

0
e−cr2κ

rn−1J̃ n
2−1(r|x|)dr

= (−1)
n−1

2
1

|x|n−1

∫ ∞

0

( ∂
∂ r

1
r

) n−1
2 (

e−cr2κ
rn−1)J̃− 1

2
(r|x|)dr.

Among all integrals the integrals
∫ ∞

0
e−cr2κ

cos(r|x|)dr,
∫ ∞

0
e−cr2κ

r2κ cos(r|x|)dr (11.41)

have the dominant influence. The same approach as in the proof to Lemma 11.2
gives immediately ‖G‖Lp(R3) � 1. This completes the proof for odd n ≥ 4. Let us
devote to the case of even n ≥ 4. Analogous to the odd case we can carry out n

2 − 1
steps of partial integration by using the rule

J̃μ+1(r|x|) =− 1
r|x|2 ∂rJ̃μ(r|x|). (11.42)
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Among all integrals the integrals
∫ ∞

0
e−cr2κ

rJ̃0(r|x|)dr,
∫ ∞

0
e−cr2κ

r1+2κ J̃0(r|x|)dr (11.43)

have the dominant influence. The same approach as in the proof to Lemma 11.3
gives immediately ‖G‖Lp(R3) � 1. This completes the proof. �


Corollary 11.3. The following estimate holds in R
n, n ≥ 4:

‖F−1(|ξ |ae−c|ξ |2κ t)‖Lp(Rn) � t−
a

2κ − n
2κ (1− 1

p ) (11.44)

for κ ∈ (0,1], p ∈ [1,∞] and t > 0. Here c and a are supposed to be positive con-
stants.

11.3 The General Case σ = 1
2

Let us consider the model (11.1) with a positive μ �= 2.

If μ ∈ (2,∞), then we get λ1,2 =
1
2 (−μ ±

√
μ2 − 4)|ξ |. The estimate of J0(t,x)u0

can be reduced to the application of Lemma 11.1. To estimate J1(t,x)u1 we apply

J1(t,x)u1 = tF−1
(∫ 1

0
e

1
2

(
−μ+(2θ−1)

√
μ2−4

)
|ξ |t dθ v1(ξ )

)
. (11.45)

Taking into consideration −μ +
√

μ2 − 4 ≤ − 2
μ we can reduce this case to the ap-

plication of Lemma 11.1, too. We may conclude from (11.45)

‖J1(t,x)u1‖Lp � t
∫ 1

0

∥∥F−1(e 1
2

(
−μ+(2θ−1)

√
μ2−4

)
|ξ |t v1(ξ )

)∥∥
Lp dθ

� t1−n(1− 1
r )‖u1‖Lq .

In this way we have shown the following statement:

Proposition 11.2. Let us consider for μ ∈ (2,∞) the Cauchy problem

utt −Δu+ μ(−Δ)1/2ut = 0, u(0,x) = u0(x), ut(0,x) = u1(x). (11.46)

Then the solution satisfies the Lp −Lq estimate

‖u(t, ·)‖Lp � t−n(1− 1
r )‖u0‖Lq + t1−n(1− 1

r )‖u1‖Lq , (11.47)

where 1 ≤ q ≤ p ≤ ∞ and 1+ 1
p = 1

r +
1
q .

Now let us devote to the case μ ∈ (0,2). The characteristic roots are λ1,2 =
1
2 (−μ ±

i
√

4− μ2)|ξ |. We feel some relation to wave models due to the term i
√

4− μ2)|ξ |.
As model Fourier multipliers we will study
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F−1(e−c1|ξ |t cos(c2|ξ |t)
)
, F−1(e−c1|ξ |t sin(c2|ξ |t)

)

with a positive constant c1 and a real constant c2 �= 0.

Lemma 11.5. The following estimates hold in R
n for n ≥ 2:

‖F−1(e−c1|ξ |t cos(c2|ξ |t))‖Lp(Rn) � t−n(1− 1
p ),

‖F−1(e−c1|ξ |t sin(c2|ξ |t))‖Lp(Rn) � t−n(1− 1
p )

for p ∈ [1,∞] and t > 0.

Proof. Here we can follow the proofs to the Lemmas 11.2–11.4. Let us only sketch
how to obtain the estimate for ‖F−1(e−c1|ξ |t cos(c2|ξ |t))‖Lp(R3). The change of vari-
ables from the proof to Lemma 11.2 reduces the considerations to the Fourier mul-
tiplier F−1(e−c1|η| cos(c2|η |)). We have

F−1(e−c1|η| cos(c2|η |)) = 1
|x|2

∫ ∞

0
dr
(
e−c1r cos(c2r)r

)
cos(r|x|)dr. (11.48)

In the next step of partial integration we use sin(r|x|) = 0 for r = 0. A fourth step of
partial integration gives immediately the estimate

|F−1(e−c1|η| cos(c2|η |))|=
∣∣∣ 1
|x|2

∫ ∞

0
dr
(
e−c1r cos(c2r)r

)
cos(r|x|)dr

∣∣∣

� 1
〈x〉4 .

This implies ‖F−1(e−c1|η| cos(c2|η |))‖L1(R3) � 1. It follows the desired statement.�


The estimate of J0(t,x)u0 can be reduced to the application of Lemma 11.5.
To estimate J1(t,x)u1 we apply

J1(t,x)u1 = tF−1
(∫ 1

0
e

1
2 (−μ+i(2θ−1)

√
4−μ2)|ξ |t dθ v1(ξ )

)
. (11.49)

We may conclude from (11.49)

‖J1(t,x)u1‖Lp � t
∫ 1

0

∥∥F−1(e 1
2 (−μ+i(2θ−1)

√
4−μ2)|ξ |t v1(ξ )

)∥∥
Lp dθ

� t1−n(1− 1
r )‖u1‖Lq .

In this way we have shown the following statement:

Proposition 11.3. Let us consider for μ ∈ (0,2) the Cauchy problem

utt −Δu+ μ(−Δ)1/2ut = 0, u(0,x) = u0(x), ut(0,x) = u1(x). (11.50)
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Then the solution satisfies the Lp −Lq estimate

‖u(t, ·)‖Lp � t−n(1− 1
r )‖u0‖Lq + t1−n(1− 1

r )‖u1‖Lq , (11.51)

where 1 ≤ q ≤ p ≤ ∞ and 1+ 1
p = 1

r +
1
q .

11.4 The Case σ ∈ (0,1/2)

In this section we will study for σ ∈ (0,1/2) the Cauchy problem

utt −Δu+(−Δ)σut = 0, u(0,x) = u0(x), ut(0,x) = u1(x). (11.52)

A change of variables in (11.1) implies without loss of generality μ = 1. The char-
acteristic roots are

λ1,2 =
−|ξ |2σ ±

√
|ξ |4σ − 4|ξ |2
2

.

Lemma 11.6. We have the following asymptotic behavior of the characteristic
roots:

1. λ1 ∼−|ξ |2(1−σ), λ2 ∼−|ξ |2σ and λ1 −λ2 ∼ |ξ |2σ if |ξ | is small,
2. λ1 ∼−|ξ |2σ + i|ξ |, λ2 ∼−|ξ |2σ − i|ξ | and λ1 −λ2 ∼ i|ξ | if |ξ | is large.

11.4.1 L1 Estimates for Small Frequencies

Taking into consideration Lemma 11.6 and the Fourier multipliers (11.3)–(11.6),
then we shall estimate the L1-norms of the following oscillating integrals for all
t > 0:

F−1(eλ1t χ(|ξ |)), F−1(|ξ |2−4σ eλ2t χ(|ξ |)), F−1(e(λ2−λ1)t χ(|ξ |)).

Here we proceed as follows: at first we estimate the L1-norm of F−1
(
e(λ2−λ1)t χ(|ξ |)).

Then we give a remark about the estimate for the L1-norm of

F−1(|ξ |ae(λ1+λ2)t χ(|ξ |)).

The last two estimates allow to estimate the L1-norm of F−1
(|ξ |2−4σ eλ2t χ(|ξ |)).

Finally, we devote to the L1-estimate of F−1
(
eλ1t χ(|ξ |)).

Proposition 11.4. The following estimate holds for all t > 0:
∥∥F−1(e(λ2−λ1)t χ(|ξ |))∥∥L1(Rn)

� 1.
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Proof. If we localize to small |x|, then we have immediately

∥∥F−1(e(λ2−λ1)t χ(|ξ |))χ(|x|)∥∥L1(Rn)
� 1.

For this reason we assume in the following |x| ≥ 1. A lot of steps in the proof are
similar to those from Lemmas 11.2–11.4, nevertheless, we shall give a proof in detail
to feel changes which are necessary due to nonhomogeneous function λ2 −λ1.

At first we consider the case t ∈ (0,1]. Let us introduce the function

I(t,x) := F−1(et(λ2−λ1)χ(|ξ |))(x).
Using the radial symmetry of the integrand and modified Bessel functions we have
to consider

I(t,x) = c
∫ ∞

0
e−t

√
r4σ−4r2 χ(r)rn−1J̃n/2−1(r|x|)dr.

Introducing the vector field

X f (r) :=
d
dr

(
1
r

f (r)

)

we get

Xk
(

f (r)rl
)
=

k

∑
j=0

ck jd
j
r f (r)rl−2k+ j for all r > 0. (11.53)

Let us choose an odd n = 2m+ 1, m ≥ 1. Then

I(t,x) = c
∫ ∞

0
e−t

√
r4σ−4r2 χ(r)r2mJ̃m−1/2(r|x|)dr.

Since

Xk
(

e−t
√

r4σ−4r2 χ(r)r2m
)∣∣∣∣

∞

0
= 0

when k = 0, · · · ,m− 1, Lemma 11.22 from the Appendix and integration by parts
imply

I(t,x) =
c

|x|2m

∫ ∞

0
Xm
(

e−t
√

r4σ−4r2 χ(r)r2m
)

cos(r|x|)dr.

Now we can apply one more step of partial integration (we use sin0 = 0) and obtain

I(t,x) =− c
|x|n

∫ ∞

0
∂r

(
Xm
(

e−t
√

r4σ−4r2 χ(r)r2m
))

sin(r|x|)dr.

A formal calculation gives with (11.53) that the right-hand side is equal to
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m

∑
j=0

j+1

∑
k=0

c jk

|x|n
∫ ∞

0
∂ j+1−k

r e−t
√

r4σ−4r2 χ (k)(r)r j sin(r|x|)dr

+
m

∑
j=0

j

∑
k=0

c jk

|x|n
∫ ∞

0
∂ j−k

r e−t
√

r4σ−4r2 χ (k+1)(r)r j sin(r|x|)dr

+
m

∑
j=1

j

∑
k=0

c jk

|x|n
∫ ∞

0
∂ j−k

r e−t
√

r4σ−4r2 χ (k)(r)r j−1 sin(r|x|)dr

with universal constants c jk. Using for k ≥ 1 that
∣∣∣∂ j

r e−t
√

r4σ−4r2
∣∣∣≤Cj for all j ≥ 0 and t > 0

on the support of the derivatives of χ (which is away from r = 0), one more step
of partial integration leads to the bound � |x|−(n+1) for all integrals with k ≥ 1.
It remains to study for j = 0, · · · ,m the integrals

I j,0(t,x) :=
∫ ∞

0
∂ j+1

r e−t
√

r4σ−4r2 χ(r)r j sin(r|x|)dr.

We note that for j = 1, · · · ,m+ 1
∣∣∣∂ j

r e−t
√

r4σ−4r2
∣∣∣≤Cjr

2σ− j

on the support of χ . Hence, the splitting of the integral
∫ ∞

0 as in Sect. 11.2 gives on
the one hand

∫ 1
|x|

0

∣∣∣∂ j
r e−t

√
r4σ−4r2 χ(r)r j−1 sin(r|x|)

∣∣∣dr ≤ Cj

|x|2σ ,

and on the other hand
∣∣∣
∫ ∞

1
|x|

∂ j
r e−t

√
r4σ−4r2 χ(r)r j−1 sin(r|x|)dr

∣∣∣

≤ 1
|x|
∣∣∣∂ j

r e−t
√

r4σ−4r2 χ(r)r j−1 cos(r|x|)
∣∣∣
r= 1

|x|

+
1
|x|
∫ ∞

1
|x|

∣∣∣∂r

(
∂ j

r e−t
√

r4σ−4r2 χ(r)r j−1
)

cos(r|x|)
∣∣∣dr

� 1
|x|2σ +

1
|x|
∫ ∞

1
|x|

r2σ−2dr � 1
|x|2σ .

Summarizing we have shown

∣∣I j,0(t,x)
∣∣� 1

|x|2σ .
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From the above estimates we have the desired estimate
∥∥∥F−1

(
e(λ2−λ1)t χ(|ξ |)

)
(1− χ(|x|))

∥∥∥
L1(Rn)

≤C

for all t ∈ (0,1] and n = 2m+ 1.
(11.54)

Now we devote to the case t ∈ (0,1] and n = 2m, m ≥ 1. In this case we shall study

I(t,x) = c
∫ ∞

0
e−t

√
r4σ−4r2 χ(r)r2m−1J̃m−1(r|x|)dr.

Applying m− 1 times the second rule from Lemma 11.22 we obtain

I(t,x) =
c

|x|2m−2

∫ ∞

0
Xm−1

(
e−t

√
r4σ−4r2 χ(r)r2m−1

)
J0(r|x|)dr.

By (11.53) the right-hand side is equal to

m−1

∑
j=0

c j

|x|2m−2

∫ ∞

0
∂ j

r

(
e−t

√
r4σ−4r2 χ(r)

)
r j+1J0(r|x|)dr =:

m−1

∑
j=0

c jI j(t,x).

Using the first rule of Lemma 11.22 from the Appendix for μ = 1 and the fifth rule
for μ = 0 after partial integration we conclude

I0(t,x) =− 1
|x|2m−2

∫ ∞

0
∂r

(
e−t

√
r4σ−4r2 χ(r)

)
r2J̃1(r|x|)dr

=− 1
|x|2m

∫ ∞

0
∂r

(
∂r

(
e−t

√
r4σ−4r2 χ(r)

)
r
)

J̃0(r|x|)dr.

Taking into consideration
∣∣∣∂r

(
∂r

(
e−t

√
r4σ−4r2 χ(r)

)
r
)∣∣∣≤Cr2σ−1 for all t ∈ (0,1]

on the support of χ , we have

∣∣∣
∫ 1

|x|

0
∂r

(
∂r

(
e−t

√
r4σ−4r2 χ(r)

)
r
)

J0(r|x|)dr
∣∣∣� 1

|x|2σ .

Here we have used the estimate |J0(s)| ≤ C for s ∈ [0,1]. We also have |J0(s)| ≤
Cs−1/2 for s > 1 and χ(r) = 0 when r ≥ 1. Hence,

∣∣∣
∫ ∞

1
|x|

∂r

(
∂r

(
e−t

√
r4σ−4r2 χ(r)

)
r
)

J0(r|x|)dr
∣∣∣

≤ c

|x| 1
2

∫ 1

1
|x|

r2σ− 3
2 dr ≤

⎧
⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

C

|x| 1
2

, 1/4 < σ < 1/2,

C log |x|
|x| 1

2

, σ = 1/4,

C
|x|2σ , 0 < σ < 1/4.
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From the above two estimates we have

‖I0(t, ·)‖L1(R2m) ≤C for all t ∈ (0,1] and m ≥ 1. (11.55)

Let j ∈ [1,m− 1] be an integer. Then the same treatment as for I0(t,x) implies

I j(t,x) =
1

|x|2m−2

∫ ∞

0
∂ j

r

(
e−t

√
r4σ−4r2 χ(r)

)

×
(

∂r

(
r j+2J̃1(r|x|)

)
− jr j+1J̃1(r|x|)

)
dr

=− 1
|x|2m

∫ ∞

0
∂r

(
∂ j+1

r

(
e−t

√
r4σ−4r2 χ(r)

)
r j+1

)
J0(r|x|)dr

− j
|x|2m

∫ ∞

0
∂r

(
∂ j

r

(
e−t

√
r4σ−4r2 χ(r)

)
r j
)

J0(r|x|)dr.

The same splitting of the integral as for I0(t,x) leads to the same estimate

‖I j(t, ·)‖L1(R2m) ≤C for all t ∈ (0,1] and m ≥ 1. (11.56)

From the above estimates (11.55) and (11.56) we have the desired estimate
∥∥∥F−1

(
e(λ2−λ1)t χ(|ξ |)

)
(1− χ(|x|))

∥∥∥
L1(Rn)

≤C

for all t ∈ (0,1] and n = 2m, m ≥ 1.
(11.57)

Now we consider the case t ≥ 1. By the change of variables ξ = t−
1

2σ η we have

F−1
(

e(λ2−λ1)t χ(|ξ |)
)
(x) = t−

n
2σ F−1

(
e−
√
|η|4σ−4t2− 1

σ |η|2 χ
(

t−
1

2σ |η |
))(

t−
1

2σ x
)
.

It is clear that it suffices to show that

‖H(t, ·)‖L1(Rn) ≤C for all t ∈ [1,∞),

where

H(t,x) = F−1
(

e−
√
|η|4σ−4t2− 1

σ |η|2 χ
(

t−
1

2σ |η |
))

(x). (11.58)

We note that |η |2σ ∼
√
|η |4σ − 4t2− 1

σ |η |2 on the support (which is chosen small

enough) of χ(t−
1

2σ |η |). We shall study

H(t,x) = c
∫ ∞

0
e−
√

r4σ−4t2− 1
σ r2 χ

(
t−

1
2σ r
)

rn−1J̃ n
2−1(r|x|)dr.

Let n = 2m+ 1, m ≥ 1. Then
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H(t,x) =
c
|x|n

∫ ∞

0
∂r

(
Xm
(

e−
√

r4σ−4t2− 1
σ r2 χ

(
t−

1
2σ r
)

r2m
))

sin(r|x|)dr

=: ∑
1≤ j+k≤m+1, j≥0,k≥0

c jkHjk(t,x),

whereby (11.53)

Hjk(t,x) :=
t−

k
2σ

|x|n
∫ ∞

0
∂ j+1

r e−
√

r4σ−4t2− 1
σ r2 χ (k)

(
t−

1
2σ r
)

r j+k sin(r|x|)dr.

For k = 1, · · · ,m+ 1 we may conclude as follows:

|Hjk(t,x)| ≤ t−
k

2σ

|x|n+1

∣∣∣
∫ ∞

0
∂r

(
∂ j+1

r e−
√

r4σ−4t
2− 1

σ r2
χ (k)

(
t−

1
2σ r
)

r j+k
)

cos(r|x|)dr
∣∣∣

≤ Ct−
k

2σ

|x|n+1

∫ ∞

0
r2σ+k−2e−

√
r4σ−4t2− 1

σ r2
dr ≤ C

|x|n+1 e−at

with some positive constant a. Here we used the location of the support of deriva-
tives of χ(t−1/2σr), in particular, r ∼ t

1
2σ on this set. Now let us devote to k = 0.

Taking account of
∣∣∣∂ j+1

r e−
√

r4σ−4t2− 1
σ r2
∣∣∣≤Cjr

2σ− j−1

on the support of χ
(
t−

1
2σ r
)
, we have the following two estimates after splitting the

integral
∫ ∞

0 :

∫ 1
|x|

0

∣∣∣∂ j+1
r e−

√
r4σ−4t2− 1

σ r2 χ
(

t−
1

2σ r
)

r j sin(r|x|)
∣∣∣dr ≤ Cj

|x|2σ ,

and

∣∣∣
∫ ∞

1
|x|

∂ j+1
r e−

√
r4σ−4t2− 1

σ r2 χ
(

t−
1

2σ r
)

r j sin(r|x|)dr
∣∣∣

≤ 1
|x|
∣∣∣∂ j+1

r e−
√

r4σ−4t2− 1
σ r2 χ

(
t−

1
2σ r
)

r j cos(r|x|)
∣∣∣
r=1/|x|

+
1
|x|
∫ ∞

1
|x|

∣∣∣∂r

(
∂ j+1

r e−
√

r4σ−4t2− 1
σ r2 χ

(
t−

1
2σ r
)

r j
)∣∣∣dr

≤Cj

( 1
|x|2σ +

1
|x|
∫ ∞

1
|x|

r2σ−2dr
)
≤ Cj

|x|2σ .

Summarizing we have shown

∣∣Hjk(t,x)
∣∣≤ Cj

|x|n+2σ for all t ≥ 1, |x| ≥ 1.
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But this gives us immediately
∥∥∥F−1

(
e(λ2−λ1)t χ(|ξ |)

)
(1− χ(|x|))

∥∥∥
L1(Rn)

� 1 for all t ≥ 1. (11.59)

Let n = 2m. Then repeating the above calculations for large t, we have the same
estimate (11.59). Here we have used the following inequalities:

∫ ∞

1
|x|

r2σ− 3
2 e−ar2σ

dr

≤
∫ 1

1
|x|

r2σ− 3
2 dr+

∫ ∞

1
e−ar2σ

dr ≤C

⎧
⎨
⎩

|x| 1
2−2σ , σ < 1/4,

log(|x|+ 2), σ = 1/4,
1, 1/4 < σ < 1/2.

In this way the proof is completed. �

Following the proof of Proposition 11.4 we expect the following L1 estimate for

the oscillating integral:

F−1(|ξ |2−4σ e(λ1+λ2)t χ(|ξ |))= F−1(|ξ |2−4σe−|ξ |2σ t χ(|ξ |)).

Corollary 11.4. The following estimate holds for all t > 0:
∥∥F−1(|ξ |2−4σ e(λ1+λ2)t χ(|ξ |))∥∥L1(Rn)

� 1.

Proof. If t ∈ (0,1], then we can follow directly the proof to Proposition 11.4.

The only change is that instead of e−t
√

r4σ−4r2
, we have the much better term

r2−4σ e−tr2σ
. This term satisfies of course the same estimates we used for e−t

√
r4σ−4r2

in the proof. Even the additional power of r is helpful.

If t ∈ [1,∞), then we have to prove the uniform L1-boundedness for

H(t,x) = F−1
(

e−|η|2σ
χ
(

t−
1

2σ |η |
))

(x).

But this follows exactly by the same reasoning. �

From Proposition 11.4 and Corollary 11.4 we conclude the following corollary:

Corollary 11.5. The following estimate holds for all t > 0:
∥∥F−1(|ξ |2−4σ eλ2t χ(|ξ |))∥∥L1(Rn)

� 1.

Proof. The statement follows immediately from the representation
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F−1(|ξ |2−4σeλ2t χ(|ξ |)2) = F−1(|ξ |2−4σ e(λ1+λ2)
t
2 χ(|ξ |))∗F−1(e(λ2−λ1)

t
2 χ(|ξ |))

together with the above-mentioned results. �

It remains to consider the oscillating integral

F−1(eλ1t χ(|ξ |)) = F−1
(

e−
1
2

(
|ξ |2σ−

√
|ξ |4σ−4|ξ |2

)
t χ(|ξ |)

)
.

Proposition 11.5. The following estimate holds for all t > 0:
∥∥F−1(eλ1t χ(|ξ |))∥∥L1(Rn)

� 1.

Proof. Here we can follow again the proof to Proposition 11.4 because from
Lemma 11.6 we know that for small frequencies λ1 is real and behaves as−|ξ |2(1−σ).
So, if terms are estimated by 〈x〉−2σ , then now these terms can be estimated by
〈x〉−2(1−σ) or by 〈x〉−1. The basic estimates which are used in the proof are

∣∣∂ j
r e−λ1t

∣∣≤Cj for all j ≥ 0 and t > 0 on the support of χ (k), k ≥ 1;∣∣∂ j
r e−λ1t

∣∣≤Cjr
2(1−σ)− j for all j = 1, · · · ,m+ 1, on the support of χ ;

∣∣∣∂ j+1
r e−λ1

(
t
− 1

2(1−σ) r
)

t
∣∣∣≤Cjr

2(1−σ)− j−1 on the support of χ
(
t
− 1

2(1−σ) r
)
.

�

From Corollary 11.5 and Proposition 11.5 we conclude the following statement:

Corollary 11.6. The following estimate holds for all t > 0:

∥∥∥F−1
(λ2eλ1t −λ1eλ2t

λ1 −λ2
χ(|ξ |)

)∥∥∥
L1(Rn)

� 1.

From Propositions 11.4 and 11.5 we conclude the following statement:

Corollary 11.7. The following estimate holds for all t > 0:

∥∥∥F−1
(eλ1t − eλ2t

λ1 −λ2
χ2(|ξ |)

)∥∥∥
L1(Rn)

≤Ct.

Proof. Since

eλ1t − eλ2t

λ1 −λ2
= t

∫ 1

0
eθλ1t+(1−θ)λ2tdθ

= tetλ1

∫ 1

0
e−tθ

√
|ξ |4σ−4|ξ |2dθ
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the application of Propositions 11.4 and 11.5 allows the following conclusion:

∥∥∥F−1
(etλ1 − etλ2

λ1 −λ2
χ2(|ξ |)

)∥∥∥
L1(Rn)

≤ t
∫ 1

0

∥∥∥F−1
(

etλ1 χ(|ξ |)e−tθ
√

|ξ |4σ−4|ξ |2 χ(|ξ |)
)∥∥∥

L1(Rn)
dθ

≤Ct
∫ 1

0

∥∥∥F−1
(

etλ1 χ(|ξ |)
)∥∥∥

L1(Rn)

∥∥∥F−1
(

e−tθ
√

|ξ |4σ−4|ξ |2 χ(|ξ |)
)∥∥∥

L1(Rn)
dθ

≤Ct.

This proves the desired result. �


11.4.2 L1 Estimates for Large Frequencies

In this section we shall estimate the following L1 norms for all t > 0:

∥∥∥F−1
(eλ1t − eλ2t

λ1 −λ2
(1− χ(|ξ |))

)∥∥∥
L1(Rn)

, (11.60)

∥∥∥F−1
(λ1eλ2t −λ2eλ1t

λ1 −λ2
(1− χ(|ξ |))

)∥∥∥
L1(Rn)

. (11.61)

To get those estimates we have to understand in a first step the following model
oscillating integral:

F−1
(

e−c1|ξ |2κ t |ξ |2β sin(c2|ξ |t)
|ξ | (1− χ(|ξ |))

)
,

F−1
(

e−c1|ξ |2κ t cos(c2|ξ |t)(1− χ(|ξ |))
)
.

In a second step we have to estimate the oscillating integrals

F−1
(

e−c1|ξ |2κ t |ξ |2β sin
(
c2|ξ | f (|ξ |)t

)
|ξ | f (|ξ |)

(
1− χ(|ξ |))

)
, (11.62)

F−1
(

e−c1|ξ |2κ t cos(c2|ξ | f (|ξ |)t)
(
1− χ(|ξ |))

)
, (11.63)

where f (|ξ |) =√1−|ξ |4κ−2/4. If β = 0, then an estimate for (11.62) implies an
estimate for the first oscillating integral (11.60). If β = κ = σ , then estimates for
(11.62) and (11.63) imply an estimate for the second oscillating integral (11.61).

Lemma 11.7. Let us given the model oscillating integral

F−1
(

e−c1|ξ |2κ t |ξ |2β sin(c2|ξ |t)
|ξ |

(
1− χ(|ξ |))

)
(11.64)
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with β ≥ 0, κ ∈ (0,1/2) and t > 0. Here c1 is a positive and c2 �= 0 is a real constant.
Then the following estimate holds in R

n:

∥∥∥F−1
(

e−c1|ξ |2κ t |ξ |2β sin(c2|ξ |t)
|ξ |

(
1− χ(|ξ |))

)∥∥∥
L1(Rn)

�

⎧⎨
⎩

t1+[(n−2)/2](1− 1
2κ )− β

κ , t ∈ (0,1],

e−ct , t ∈ [1,∞).

Proof. Let us set

h(s,x) := F−1
(

e−c1|ξ |2κ s|ξ |2β(1− χ(|ξ |))
)
(x) for all s > 0, (11.65)

and

w(t,s,x) := F−1
( sin(c2|ξ |t)

|ξ | e−c1|ξ |2κ s|ξ |2β(1− χ(|ξ |))
)
(x) for all t,s > 0.

(11.66)

After using Lemma 11.23 from the Appendix, we have for n ≥ 2 the estimate

‖w(t,s, ·)‖Lp ≤ ∑
0≤|α |≤[(n−2)/2]

|aα |t |α |+1‖∂ α
x h(s, ·)‖Lp for all p ∈ [1,∞]. (11.67)

Let s > 0 be arbitrary and fixed. Then due to (11.65) and (11.66), the function w =
w(t,s,x) is the solution to the Cauchy problem for the wave equation

wtt − c2
2Δw = 0, w(0,s,x) = 0, wt(0,s,x) = h(s,x).

Setting s = t in (11.67) yields

‖w(t, t, ·)‖Lp ≤ ∑
0≤|α |≤[(n−2)/2]

|aα |t |α |+1 ‖∂ α
x h(t, ·)‖Lp (11.68)

for any p ∈ [1,∞]. It remains to estimate the following norms

t |α |+1‖∂ α
x h(t, ·)‖L1(Rn)

= t |α |+1
∥∥∥F−1

(
ξ α |ξ |2β e−c1|ξ |2κ t(1− χ(|ξ |))

)∥∥∥
L1(Rn)

for all |α| ≤ [(n− 2)/2].

Since

F−1
(

ξ α |ξ |2β e−c1|ξ |2κ t(1− χ(|ξ |))
)
(x)

= t−
n

2κ − |α|
2κ − β

κ F−1
(

ξ α |ξ |2β e−c1|ξ |2κ
(

1− χ
(
|ξ |t− 1

2κ
)))(

xt−
1

2κ
)
,
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and
∥∥∥F−1

(
ξ α |ξ |2β e−c1|ξ |2κ

(
1− χ

(
|ξ |t− 1

2κ
)))(

xt−
1

2κ
)∥∥∥

L1(Rn)

� t
n

2κ

∥∥∥F−1
(

ξ α |ξ |2β e−c1|ξ |2κ
)∥∥∥

L1(Rn)
,

we conclude

‖w(t, t, ·)‖L1 ≤ ∑
0≤|α |≤[(n−2)/2]

|aα |t |α |+1t−
|α|
2κ − β

κ .

This is the desired estimate for t ∈ (0,1]. To understand the exponential decay for
t ∈ [1,∞), we consider

F−1
(

e−c1|ξ |2κ t |ξ |2β sin(c2|ξ |t)
|ξ |

(
1− χ(|ξ |))

)
χ(|x|)

and

F−1
(

e−c1|ξ |2κ t |ξ |2β sin(c2|ξ |t)
|ξ |

(
1− χ(|ξ |))

)
(1− χ(|x|)).

The L1 norm of the first integral can be estimated by

∥∥∥F−1
(

e−c1|ξ |2κ t |ξ |2β sin(c2|ξ |t)
|ξ |

(
1− χ(|ξ |))

)
χ(|x|)

∥∥∥
L1(Rn)

≤
∫

Rn
χ(|x|)dx

∫

Rn
e−c1|ξ |2κ t |ξ |2β−1(1− χ(|ξ |))dξ � e−ct .

To derive the exponential decay for the second integral, we use the representation
by the aid of modified Bessel functions from the Appendix. So we have to consider

∫ ∞

0
e−c1r2κ t r2β sin(c2r t)

r

(
1− χ(r)

)
rn−1J̃ n

2−1(r|x|)dr for |x| ≥ 1, t ≥ 1.

Now we can follow the procedure of partial integration to produce a term |x|−(n+1)

which guarantees the L1 property in x. Moreover, the integral over any derivative of
the integrand with respect to r possesses an exponential decay. This completes the
proof. �

Lemma 11.8. Let us given the oscillating integral

F−1
(

e−c1|ξ |2κ t cos(c2|ξ |t)
(
1− χ(|ξ |))

)
(11.69)

with κ ∈ (0,1/2) and t > 0. Here c1 is a positive and c2 �= 0 is a real constant. Then
the following estimate holds in R

n:



11 L1 Estimates for Oscillating Integrals Related to Structural Damped Wave Models 237

∥∥∥F−1
(

e−c1|ξ |2κ t cos(c2|ξ |t)
(
1− χ(|ξ |))

)∥∥∥
L1(Rn)

�

⎧⎨
⎩

t [n/2](1− 1
2κ ), t ∈ (0,1],

e−ct , t ∈ [1,∞).

Proof. The proof follows the same lines as the proof to the previous lemma. We
have only to take account of the fact that now we shall use Lemma 11.23 from the
Appendix for

∂tw(t,x) = ∂tF
−1
(sin(|ξ |t)

|ξ | F(h)
)
(x), t > 0.

In this way we conclude the desired estimates. �

Now let us devote to the oscillating integrals (11.62) and (11.63).

Lemma 11.9. Let us given the oscillating integral

F−1
(

e−c1|ξ |2κ t |ξ |2β sin
(
c2|ξ | f (|ξ |)t

)
|ξ | f (|ξ |)

(
1− χ(|ξ |))

)
(11.70)

with β ≥ 0, κ ∈ (0,1/2), t > 0, and f (|ξ |) =√1−|ξ |4κ−2/4. Here c1 is a positive
and c2 �= 0 is a real constant. Then the following estimate holds in R

n:

∥∥∥F−1
(

e−c1|ξ |2κ t |ξ |2β sin(c2|ξ | f (|ξ |)t)
|ξ | f (|ξ |)

(
1− χ(|ξ |))

)∥∥∥
L1(Rn)

�

⎧
⎨
⎩

t1+[(n−2)/2](1− 1
2κ )− β

κ , t ∈ (0,1],

e−ct , t ∈ [1,∞).

Proof. First we consider the oscillating integral for t ∈ (0,1]. It holds

|ξ | f (|ξ |)t = |ξ |t −|ξ |2κg(|ξ |2κ−1)t,

where

g(r) =
r

4(1+
√

1− r2/4)
.

We may assume that there exists a smooth radial function χ1(ξ ) such that 1 −
χ1(ξ ) �= 0 when |ξ | ≤ 1 and (1− χ1(ξ ))(1− χ(|ξ |)) = (1− χ(|ξ |)). Since 1−
1/ f (|ξ |) satisfies the condition in Lemma 11.24 from the Appendix, we have

∥∥∥F−1
( 1

f (|ξ |)h(t,ξ )
(
1− χ(|ξ |))

)∥∥∥
L1(Rn)

�
∥∥∥F−1(h(t,ξ )(1− χ(|ξ |)))

∥∥∥
L1(Rn)

under the assumption that the right-hand side exists. Assuming this existence from
Lemma 11.24 we have



238 T. Narazaki and M. Reissig

∥∥∥F−1
(

e−c1|ξ |2κ t |ξ |2β sin(c2|ξ | f (|ξ |)t)
|ξ | f (|ξ |)

(
1− χ(|ξ |))

)∥∥∥
L1(Rn)

≤
∥∥∥F−1

(
e−c1|ξ |2κ t |ξ |2β sin(c2|ξ |t)

|ξ | cos
(
c2|ξ |2κg(|ξ |2κ−1)t

)(
1− χ(|ξ |))

)∥∥∥
L1(Rn)

+
∥∥∥F−1

(
e−c1|ξ |2κ t |ξ |2β cos(c2|ξ |t) sin

(
c2|ξ |2κ g(|ξ |2κ−1)t

)
|ξ |

(
1− χ(|ξ |))

)∥∥∥
L1(Rn)

� ∑|α |≤[(n−2)/2] t
|α |+1

×
∥∥∥F−1

(
ξ αe−c1|ξ |2κ t |ξ |2β cos

(
c2|ξ |2κg(|ξ |2κ−1)t

)(
1− χ(|ξ |))

)∥∥∥
L1(Rn)

+∑|α |≤[n/2] t
|α |
∥∥∥F−1

(
ξ αe−c1|ξ |2κ t |ξ |2β sin

(
c2|ξ |2κ g(|ξ |2κ−1)t

)
|ξ |

(
1− χ(|ξ |))

)∥∥∥
L1(Rn)

=: I1 + I2.
(11.71)

Moreover, we use

cos
(
c2|ξ |2κg(|ξ |2κ−1)t

)
= 1+∑N−1

k=1
(−1)k−1

(2k)!

(
c2|ξ |2κg(|ξ |2κ−1)t

)2k

+RN(t,ξ ),
(11.72)

where

RN(t,ξ )

=
(−1)N

(2N − 1)!

(
c2|ξ |2κg(|ξ |2κ−1)t

)2N
∫ 1

0
(1−θ )2N−1 cos

(
θc2|ξ |2κg(|ξ |2κ−1)t

)
dθ .

Now we can choose N = N(κ) large enough such that the following estimates hold
for all admissible α in formula (11.71):
∣∣∣∂ γ

ξ

(
ξ αe−c1|ξ |2κ t |ξ |2β RN(t,ξ )

)∣∣∣≤Cα ,β ,γ |ξ |−(n+1) for all t ∈ (0,1] and |γ| ≤ n+1.

The application of Lemma 11.24 yields
∥∥∥F−1

(
ξ α e−c1|ξ |2κ t |ξ |2β RN(t,ξ )

(
1− χ(|ξ |))

)∥∥∥
L1(Rn)

� 1 for all t ∈ (0,1].

(11.73)

The functions g(|ξ |2κ−1)2k for k = 1, · · · ,N − 1 satisfy the assumptions in Lemma
11.24 with positive ν = ν(k). So, we may apply it. Together with the Corollar-
ies 11.1–11.3 we conclude

∥∥∥F−1
(

ξ αe−c1|ξ |2κ t |ξ |2β(|ξ |2κg(|ξ |2κ−1)t
)2k(

1− χ(|ξ |))
)∥∥∥

L1(Rn)

�
∥∥∥F−1

(
ξ αe−c1|ξ |2κ t |ξ |2β(|ξ |2κ t

)2k
)∥∥∥

L1(Rn)
� t−

|α|+2β
2κ

(11.74)

for any t ∈ (0,1]. It follows from (11.73) and (11.74) that
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∥∥∥F−1
(

ξ α e−c1|ξ |2κ t |ξ |2β cos
(
c2|ξ |2κg(|ξ |2κ−1)t

)(
1− χ(|ξ |))

)∥∥∥
L1(Rn)

� t−
|α|+2β

2κ

(11.75)

for any t ∈ (0,1]. Therefore we obtain

I1 � ∑
|α |≤[(n−2)/2]

t1+|α |(1− 1
2κ )− β

κ � t1+[(n−2)/2](1− 1
2κ )− β

κ for any t ∈ (0,1]. (11.76)

By the same reasoning we estimate I2. Using the formula

sin
(
c2|ξ |2κg(|ξ |2κ−1)t

)
|ξ |

= |ξ |2κ−1t
(

c2g(|ξ |2κ−1)+
N−1

∑
k=1

(−1)k

(2k+ 1)!

(
c2|ξ |2κt

)2k
g(|ξ |2κ−1)2k+1 +R′

N(t,ξ )
)
,

where

R′
N(t,ξ ) :=

(−1)N

(2N)!

(
c2|ξ |2κt

)2N
g(|ξ |2κ−1)2N+1

·
∫ 1

0
(1−θ )2N−1 cos

(
θc2|ξ |2κg(|ξ |2κ−1)t

)
dθ ,

the oscillating integral from (11.73) with RN replaced by R′
N can be estimated in the

same way. To derive an estimate of type (11.74) we may apply again Lemma 11.24
together with the Corollaries 11.1–11.3. So we get for all |α| ≥ 0 the estimates
∥∥∥F−1

(
ξ αe−c1|ξ |2κ t |ξ |2β |ξ |2κ−1t

(|ξ |2κt
)2k

g(|ξ |2κ−1)2k+1(1− χ(|ξ |))
)∥∥∥

L1(Rn)

� t
∥∥∥F−1

(
ξ α |ξ |2β+2κ−1e−c1|ξ |2κ t (|ξ |2κt

)2k
)∥∥∥

L1(Rn)
� t−

|α|
2κ − 2β−1

2κ .

From the last inequalities it follows

∥∥∥F−1
(

ξ αe−c1|ξ |2κ t |ξ |2β sin
(
c2|ξ |2κg(|ξ |2κ−1)t

)
|ξ |

(
1− χ(|ξ |))

)∥∥∥
L1(Rn)

� t−
|α|
2κ − 2β−1

2κ for t ∈ (0,1].

Summarizing we may conclude

I2 � ∑|α |≤[n/2] t
|α |(1− 1

2κ )+
1

2κ − β
κ � t [n/2](1− 1

2κ )+
1

2κ − β
κ

� t1+[(n−2)/2](1− 1
2κ )− β

κ for any t ∈ (0,1].
(11.77)
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The estimates (11.76) and (11.77) imply the statement of the lemma for t ∈ (0,1].
To prove the exponential decay for large t we can proceed as in the proof to
Lemma 11.7. The proof is completed. �

Lemma 11.10. Let us given the oscillating integral

F−1
(

e−c1|ξ |2κ t cos(c2|ξ | f (|ξ |)t)
(
1− χ(|ξ |))

)
(11.78)

with κ ∈ (0,1/2), t > 0, and f (|ξ |) =
√

1−|ξ |4κ−2/4. Here c1 is a positive and
c2 �= 0 is a real constant. Then the following estimate holds in R

n:

∥∥∥F−1
(

e−c1|ξ |2κ t cos(c2|ξ | f (|ξ |)t)
(
1−χ(|ξ |))

)∥∥∥
L1(Rn)

�

⎧⎨
⎩

t [n/2](1− 1
2κ ), t ∈ (0,1],

e−ct , t ∈ [1,∞).

Proof. The proof follows the arguments from the proof to Lemma 11.9. �

Taking into consideration the statements from Lemmas 11.7 to 11.10 we have

the following results:

Corollary 11.8. The oscillating integrals

F−1
(λ2eλ1t −λ1eλ2t

λ1 −λ2
(1− χ(|ξ |))

)
(11.79)

with σ ∈ (0,1/2) and t > 0 satisfy the following estimates in R
n, n ≥ 2:

∥∥∥F−1
(λ2eλ1t −λ1eλ2t

λ1 −λ2

(
1− χ(|ξ |))

)∥∥∥
L1(Rn)

�

⎧
⎨
⎩

t [n/2](1− 1
2σ ), t ∈ (0,1],

e−ct , t ∈ [1,∞).

Corollary 11.9. The oscillating integrals

F−1
(eλ1t − eλ2t

λ1 −λ2

(
1− χ(|ξ |))

)
(11.80)

with σ ∈ (0,1/2) and t > 0 satisfy the following estimates in R
n, n ≥ 2:

∥∥∥F−1
(eλ1t − eλ2t

λ1 −λ2

(
1− χ(|ξ |))

)∥∥∥
L1(Rn)

�

⎧
⎨
⎩

t1+[(n−2)/2](1− 1
2σ ), t ∈ (0,1],

e−ct , t ∈ [1,∞).

11.4.3 L∞ Estimates

Using the properties of the Fourier transformation and Lemma 11.6 we conclude the
following results after standard calculations.
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Proposition 11.6. We have the following L∞ estimates for t > 0 and σ ∈ (0,1/2) :

∥∥∥F−1
(λ1eλ2t −λ2eλ1t

λ1 −λ2
χ(|ξ |)

)∥∥∥
L∞(Rn)

� (1+ t)
− n

2(1−σ) ,

∥∥∥F−1
(λ1eλ2t −λ2eλ1t

λ1 −λ2

(
1− χ(|ξ |))

)∥∥∥
L∞(Rn)

� t−
n

2σ ,

∥∥∥F−1
(eλ1t − eλ2t

λ1 −λ2
χ(|ξ |)

)∥∥∥
L∞(Rn)

� (1+ t)
− n−2σ

2(1−σ) ,

∥∥∥F−1
(eλ1t − eλ2t

λ1 −λ2

(
1− χ(|ξ |))

)∥∥∥
L∞(Rn)

�

⎧⎨
⎩

t1− n
2σ , t ∈ (0,1],

t−
n−1
2σ , t ∈ [1,∞).

11.4.4 Lp −Lq Estimates not Necessarily on the Conjugate Line

From Corollaries 11.6–11.9 and Proposition 11.6 we have the following statements:

Proposition 11.7. The following estimates hold for t > 0:

∥∥∥F−1
(λ2eλ1t −λ1eλ2t

λ1 −λ2

)∥∥∥
L1(Rn)

�

⎧
⎨
⎩

t [n/2](1− 1
2σ ), t ∈ (0,1],

1, t ∈ [1,∞),
∥∥∥∥∥F−1

(
eλ1t − eλ2t

λ1 −λ2

)∥∥∥∥∥
L1(Rn)

�

⎧
⎨
⎩

t1+[(n−2)/2](1− 1
2σ ), t ∈ (0,1],

t, t ∈ [1,∞),

∥∥∥F−1
(λ2eλ1t −λ1eλ2t

λ1 −λ2

)∥∥∥
L∞(Rn)

�

⎧
⎨
⎩

t−
n

2σ , t ∈ (0,1],

t
− n

2(1−σ) , t ∈ [1,∞),
∥∥∥∥∥F−1

(
eλ1t − eλ2t

λ1 −λ2

)∥∥∥∥∥
L∞(Rn)

�

⎧⎨
⎩

t1− n
2σ , t ∈ (0,1],

t
− n−2σ

2(1−σ) , t ∈ [1,∞).

By interpolation we conclude from the last proposition

∥∥∥F−1
(λ2eλ1t −λ1eλ2t

λ1 −λ2

)∥∥∥
Lr(Rn)

�

⎧
⎨
⎩

t [n/2](1− 1
2σ ) 1

r − n
2σ (1− 1

r ), t ∈ (0,1],

t
− n

2(1−σ)
(1− 1

r ), t ∈ [1,∞),

(11.81)

∥∥∥∥∥F−1

(
eλ1t − eλ2t

λ1 −λ2

)∥∥∥∥∥
Lr(Rn)

�

⎧⎨
⎩

t1+[(n−2)/2](1− 1
2σ ) 1

r − n
2σ (1− 1

r ), t ∈ (0,1],

t
1− n+2−4σ

2(1−σ)
(1− 1

r ), t ∈ [1,∞),

(11.82)

for all r ∈ [1,∞].



242 T. Narazaki and M. Reissig

Proposition 11.8. Let us consider with σ ∈ (0,1/2) the Cauchy problem

utt −Δu+ μ(−Δ)σut = 0, u(0,x) = u0(x), ut(0,x) = u1(x). (11.83)

Then the solution satisfies the following Lp −Lq estimates:

‖u(t, ·)‖Lp � t [n/2](1− 1
2σ ) 1

r − n
2σ (1− 1

r )‖u0‖Lq + t1+[(n−2)/2](1− 1
2σ ) 1

r − n
2σ (1− 1

r )‖u1‖Lq

for t ∈ (0,1],

‖u(t, ·)‖Lp � t
− n

2(1−σ)
(1− 1

r )‖u0‖Lq + t
1− n+2−4σ

2(1−σ)
(1− 1

r )‖u1‖Lq for t ∈ [1,∞),

where 1 ≤ q ≤ p ≤ ∞ and 1+ 1
p = 1

r +
1
q .

Proof. The statement follows immediately from (11.81) and (11.82) by using the
explicit representation of the solution by Fourier multipliers and the convolution
rule. �

Remark 11.2. Setting σ = 1/2 in the last statement we see that Proposition 11.8
coincides with Proposition 11.3.

11.5 The Case σ ∈ (1/2,1)

In this section we will study for σ ∈ (1/2,1) the Cauchy problem

utt −Δu+(−Δ)σut = 0, u(0,x) = u0(x), ut(0,x) = u1(x). (11.84)

A change of variables in (11.1) implies without loss of generality μ = 1. The char-
acteristic roots are

λ1,2 =
−|ξ |2σ ±

√
|ξ |4σ − 4|ξ |2
2

.

Lemma 11.11. We have the following asymptotic behavior of the characteristic
roots:

1. λ1 ∼−|ξ |2σ + i|ξ |, λ2 ∼−|ξ |2σ − i|ξ | and λ1 −λ2 ∼ i|ξ | if |ξ | is small,
2. λ1 ∼−|ξ |2(1−σ), λ2 ∼−|ξ |2σ and λ1 −λ2 ∼ |ξ |2σ if |ξ | is large.

11.5.1 L1 Estimates for Small Frequencies

In this section we shall estimate the following L1 norms for all t > 0:

∥∥∥F−1
(λ1eλ2t −λ2eλ1t

λ1 −λ2
χ(|ξ |)

)∥∥∥
L1(Rn)

, (11.85)

∥∥∥F−1
(eλ1t − eλ2t

λ1 −λ2
χ(|ξ |)

)∥∥∥
L1(Rn)

. (11.86)
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To get those estimates we shall estimate the oscillating integrals

F−1
(

e−c1|ξ |2κ t |ξ |2β sin(c2|ξ | f (|ξ |)t)
|ξ | f (|ξ |) χ(|ξ |)

)
, (11.87)

F−1
(

e−c1|ξ |2κ t cos(c2|ξ | f (|ξ |)t)χ(|ξ |)
)
, (11.88)

where f (|ξ |) =
√

1−|ξ |4κ−2/4. The localizing function χ is chosen in such a way
that f (|ξ |) is positive on the support of χ . If β = κ = σ , then estimates for (11.87)
and (11.88) imply an estimate for the first oscillating integral (11.85). If β = 0,
then an estimate for (11.87) implies an estimate for the second oscillating integral
(11.86).

Lemma 11.12. Let us given the oscillating integral

F−1
(

e−c1|ξ |2κ t |ξ |2β sin
(
c2|ξ | f (|ξ |)t

)
|ξ | f (|ξ |) χ(|ξ |)

)
(11.89)

with β ≥ 0, κ ∈ (1/2,1), t ∈ (0,1] and f (|ξ |) = √1−|ξ |4κ−2/4. Here c1 is a
positive and c2 �= 0 is a real constant. Then the following estimate holds in R

n:

∥∥∥F−1
(

e−c1|ξ |2κ t |ξ |2β sin
(
c2|ξ | f (|ξ |)t

)
|ξ | f (|ξ |) χ(|ξ |)

)∥∥∥
L1(Rn)

� 1 for t ∈ (0,1].

Proof. We use the radial symmetry and study the integral

∫ b

0
e−c1r2κ t r2β sin

(
c2r f (r)t

)
r f (r)

χ(r)J̃ n
2−1(r|x|)dr.

Then we can proceed as in Sect. 11.2; this means we can carry out a sufficient num-
ber of steps of partial integration to ensure the desired L1 behavior with respect to
x. Here the asymptotic behavior of sin(c2r f (r)t)

r f (r) and its first three derivatives near to
r = 0 helps. �

Lemma 11.13. Let us given the oscillating integral

F−1
(

e−c1|ξ |2κ t cos
(
c2|ξ | f (|ξ |)t

)
χ(|ξ |)

)
(11.90)

with κ ∈ (1/2,1), t ∈ (0,1], and f (|ξ |) =√1−|ξ |4κ−2/4. Here c1 is a positive and
c2 �= 0 is a real constant. Then the following estimate holds in R

nwith n ≥ 2:
∥∥∥F−1

(
e−c1|ξ |2κ t cos

(
c2|ξ | f (|ξ |)t

)
χ(|ξ |)

)∥∥∥
L1(Rn)

� 1 for t ∈ (0,1].

Proof. Repeating the arguments in the proof of the previous lemma we conclude
the desired estimate. �
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Lemma 11.14. Let us given the oscillating integral

F−1
(

e−c1|ξ |2κ t |ξ |2β sin
(
c2|ξ | f (|ξ |)t

)
|ξ | f (|ξ |) χ(|ξ |)

)
(11.91)

with β ≥ 0, κ ∈ (1/2,1), t ≥ 1, and f (|ξ |) =
√

1−|ξ |4κ−2/4. Here c1 is a positive
and c2 �= 0 is a real constant. Then the following estimate holds in R

n:

∥∥∥F−1
(

e−c1|ξ |2κ t |ξ |2β sin
(
c2|ξ | f (|ξ |)t

)
|ξ | f (|ξ |) χ(|ξ |)

)∥∥∥
L1(Rn)

� t1+[(n−2)/2](1− 1
2κ )− β

κ

for t ≥ 1.

Proof. We introduce the abbreviations ν := 1 − 1/2κ and g(t, |ξ |) := tν |ξ | −√
t2ν |ξ |2 −|ξ |4κ/4. In the first step we will show for α ≥ 0 the auxiliary estimates

∥∥∥F−1
(

ξ αe−c1|ξ |2κ sin(g(t, |ξ |))
|ξ | χ

(
t−

1
2κ |ξ |)

)∥∥∥
L1(Rn)

� 1, t ∈ [1,∞), (11.92)

∥∥∥F−1
(

ξ α e−c1|ξ |2κ
cos(g(t, |ξ |))χ(t− 1

2κ |ξ |)
)∥∥∥

L1(Rn)
� 1, t ∈ [1,∞). (11.93)

Let h(ξ ) = h(r), r := |ξ | be a radial smooth function. Then we have

∣∣∣∂ α
ξ h(ξ )

∣∣∣�
|α |
∑

m=1

1

r|α |−m

∣∣dm
r h(r)

∣∣, (11.94)

and, in particular,

∣∣∂ β
ξ g(t, |ξ |)∣∣� |ξ |2 if

(
1− χ(|ξ |))χ(t− 1

2κ |ξ |)�= 0. (11.95)

Here we use 1 � |ξ |, t−ν � |ξ |2κ−1 and 1 �
√

4− t−2ν |ξ |4κ−2. Hence, we obtain

∣∣∣xβ F−1
(

ξ αe−c1|ξ |2κ sin(g(t, |ξ |))
|ξ |

(
1− χ(|ξ |))χ(t− 1

2κ |ξ |)
)
(x)
∣∣∣

∼
∣∣∣F−1

(
∂ β

ξ

(
ξ αe−c1|ξ |2κ sin(g(t, |ξ |))

|ξ |
(
1− χ(|ξ |))χ(t− 1

2κ |ξ |)
))∣∣∣

�
∫

Rn
|ξ ||α |+2e−c1|ξ |2κ

dξ � 1

if |β | ≤ n+ 1. This implies
∥∥∥F−1

(
ξ α e−c1|ξ |2κ sin(g(t, |ξ |))

|ξ |
(
1− χ(|ξ |))χ(t− 1

2κ |ξ |)
)∥∥∥

L1(Rn)
� 1 for all α.

(11.96)

Moreover, we have

∣∣∂ β
ξ g(t, |ξ |)∣∣� |ξ |2κ−|β | if χ(|ξ |)�= 0. (11.97)
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Hence, it follows for large |x|, only these are interesting for the further considera-
tions,
∥∥∥F−1

(
ξ αe−c1|ξ |2κ sin(g(t,|ξ |))

|ξ | χ(|ξ |)χ(t− 1
2κ |ξ |)

)∥∥∥
L1(Rn)

� ∑|β |≤n+1

∥∥∥xβ F−1
(

ξ αe−c1|ξ |2κ sin(g(t,|ξ |))
|ξ | χ(|ξ |)χ(t− 1

2κ |ξ |)
)∥∥∥

L∞(Rn)

� ∑|β |≤n+1

∥∥∥F−1
(

∂ β
ξ

(
ξ α e−c1|ξ |2κ sin(g(t,|ξ |))

|ξ | χ(|ξ |)
))∥∥∥

L∞(Rn)

�
∫

supp χ |ξ |2κ+|α |−n−2 dξ � 1 when |α| ≥ 1.

(11.98)

Now we show that (11.98) holds for α = 0, too. Therefore we note that (sinθ −
θ )/θ 3 =: h(θ ) ∈C∞(R) and |h(k)(θ )| ≤Ck when |θ |� 1. Hence, from (11.97) and
direct calculations we conclude

∣∣∣∂ β
ξ

sin(g(t, |ξ |))− g(t, |ξ |)
|ξ |

∣∣∣=
∣∣∣∂ β

ξ
g(t, |ξ |)3h

(
g(t, |ξ |))

|ξ |
∣∣∣� |ξ |6κ−n−1

when |β | ≤ n+ 1 and χ(|ξ |)�= 0. Since

∣∣∣∂ β
ξ

(g(t, |ξ |)
|ξ | − t−ν |ξ |4κ−2

8

)∣∣∣� |ξ |2κ−n−1

when |β | ≤ n+ 1 and χ(|ξ |)�= 0, similar arguments to those which lead to (11.98)
imply ∣∣∣F−1

(
e−c1|ξ |2κ sin(g(t, |ξ |))− g(t, |ξ |)

|ξ | χ(|ξ |)
)∣∣∣� 〈x〉−n−1,

∣∣∣F−1
(

e−c1|ξ |2κ
(g(t, |ξ |)

|ξ | − t−ν |ξ |4κ−2

8

)
χ(|ξ |)

)∣∣∣� 〈x〉−n−1.

The considerations from Sect. 11.2 give

∥∥∥F−1
(

e−c1|ξ |2κ t−ν |ξ |4κ−2

8
χ(|ξ |)

)∥∥∥
L1(Rn)

� 1.

Therefore we have (11.98) for α = 0, that is,

∥∥∥F−1
(

e−c1|ξ |2κ sin(g(t, |ξ |))
|ξ | χ(|ξ |)χ(t− 1

2κ |ξ |)
)∥∥∥

L1(Rn)
� 1 (11.99)

because χ(|ξ |)χ(t−1/2κ|ξ |) = χ(|ξ |) when t ≥ 1. Summarizing we obtain from
(11.96), (11.98), and (11.99) the desired estimate (11.92). In the same way we prove
(11.93). Applying the change of variables η := t1/2κξ and y := t−1/2κx we have

∥∥∥F−1
(

e−c1|ξ |2κ t |ξ |2β sin(t|ξ | f (|ξ |))
|ξ | χ(|ξ |)

)∥∥∥
L1(Rn)

� t
1

2κ − β
κ

∥∥∥F−1
(

e−c1|ξ |2κ |ξ |2β sin(tν |ξ | f (|ξ |))
|ξ | χ

(
t−

1
2κ |ξ |)

)∥∥∥
L1(Rn)

.
(11.100)
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Since tν |ξ | f (|ξ |) = tν |ξ |−g(t, |ξ |) and F−1
(
e−c1|ξ |2κ |ξ |2β) ∈ L1(Rn) for any pos-

itive constant c1 and nonnegative β , the inequality (11.100) gives

∥∥∥F−1
(

e−c1|ξ |2κ t |ξ |2β sin(t|ξ | f (|ξ |))
|ξ | χ(|ξ |)

)∥∥∥
L1(Rn)

� t
1

2κ − β
κ

∥∥∥F−1
(sin(tν |ξ |)

|ξ | e−c1|ξ |2κ |ξ |2β cos(g(t, |ξ |))χ(t− 1
2κ |ξ |)

)∥∥∥
L1(Rn)

(11.101)

+t
1

2κ − β
κ
∥∥∥F−1

(
cos(tν |ξ |)e−c1|ξ |2κ |ξ |2β sin(g(t, |ξ |))

|ξ | χ
(
t−

1
2κ |ξ |)

)∥∥∥
L1(Rn)

.

Using Lemma 11.23 from the Appendix and the estimates (11.92) and (11.93), we
arrive at

t
1

2κ − β
κ

∥∥∥F−1
(

sin(tν |ξ |)
|ξ | e−c1|ξ |2κ |ξ |2β cos(g(t, |ξ |))χ(t− 1

2κ |ξ |)
)∥∥∥

L1(Rn)

� t
1

2κ − β
κ ∑|α |≤[(n−2)/2] t

(|α |+1)ν

×
∥∥∥F−1

(
ξ α e−c1|ξ |2κ |ξ |2β cos(g(t, |ξ |))χ(t− 1

2κ |ξ |)
)∥∥∥

L1(Rn)

� tν[(n−2)/2]+1− β
κ for all t ∈ [1,∞),

(11.102)

and

t
1

2κ − β
κ
∥∥∥F−1

(
cos(tν |ξ |)e−c1|ξ |2κ |ξ |2β sin(g(t, |ξ |))

|ξ | χ
(
t−

1
2κ |ξ |)

)∥∥∥
L1(Rn)

� t
1

2κ − β
κ ∑
|α |≤[n/2]

t |α |ν
∥∥∥F−1

(
ξ αe−c1|ξ |2κ |ξ |2β sin(g(t, |ξ |))

|ξ | χ
(
t−

1
2κ |ξ |)

)∥∥∥
L1(Rn)

(11.103)

� tν[(n−2)/2]+1− β
κ for all t ∈ [1,∞).

From (11.92), (11.93), and (11.100)–(11.103) we have

∥∥∥F−1
(

e−c1|ξ |2κ t |ξ |2β sin(t|ξ | f (|ξ |))
|ξ | χ(|ξ |)

)∥∥∥
L1(Rn)

� t1+[(n−2)/2](1− 1
2κ )− β

κ for all t ∈ [1,∞).

(11.104)

Let χ1 = χ1(|ξ |) ∈ C∞(Rn) be a radial function such that χ1(|ξ |)χ(|ξ |) = χ(|ξ |)
and f (|ξ |)≥ a > 0 on the support of χ1 with some constant a. Then

F−1
(χ1(|ξ |)

f (|ξ |)
)
∈ L1 (Rn) .

Applying Young’s inequality we obtain the desired estimate
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∥∥∥F−1
(

e−c1|ξ |2κ t |ξ |2β sin(t|ξ | f (|ξ |))
f (|ξ |)|ξ | χ(|ξ |)

)∥∥∥
L1(Rn)

� t1+[(n−2)/2](1− 1
2κ )− β

κ for all t ∈ [1,∞).

This completes the proof. �

Lemma 11.15. Let us given the oscillating integral

F−1
(

e−c1|ξ |2κ t cos
(
c2|ξ | f (|ξ |)t

)
χ(|ξ |)

)
(11.105)

with κ ∈ (1/2,1), t > 0, and f (|ξ |) =√1−|ξ |4κ−2/4. Here c1 is a positive and
c2 �= 0 is a real constant. Then the following estimate holds in R

n with n ≥ 2:
∥∥∥F−1

(
e−c1|ξ |2κ t cos

(
c2|ξ | f (|ξ |)t

)
χ(|ξ |)

)∥∥∥
L1(Rn)

� (1+ t)[n/2](1− 1
2κ ) for t > 0.

Proof. Repeating the arguments in the proof of the previous lemma we conclude
the desired estimate. �


Taking into consideration the statements from Lemmas 11.12 to 11.15 we have
the following results:

Corollary 11.10. The oscillating integrals

F−1
(λ2eλ1t −λ1eλ2t

λ1 −λ2
χ(|ξ |)

)
(11.106)

with σ ∈ (1/2,1) and t > 0 satisfy the following estimates in R
n, n ≥ 2:

∥∥∥F−1
(λ2eλ1t −λ1eλ2t

λ1 −λ2
χ(|ξ |)

)∥∥∥
L1(Rn)

� (1+ t)[n/2](1− 1
2σ ) for t > 0.

Corollary 11.11. The oscillating integrals

F−1
(eλ1t − eλ2t

λ1 −λ2
χ(|ξ |)

)
(11.107)

with σ ∈ (1/2,1) and t > 0 satisfy the following estimates in R
n, n ≥ 2:

∥∥∥F−1
(eλ1t − eλ2t

λ1 −λ2
χ(|ξ |)

)∥∥∥
L1(Rn)

� (1+ t)1+[(n−2)/2](1− 1
2σ ) for t > 0.

11.5.2 L1 Estimates for Large Frequencies

Lemma 11.16. The following estimate holds for all t > 0 :
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‖F−1(|ξ |ae(λ1+λ2)t
(
1− χ(|ξ |)))‖L1(Rn) � 1.

Here a < 1 is supposed to be a real constant.

Proof. We only prove the result for odd n ≥ 3. Using modified Bessel functions, we
have to consider for large |x| the integral

I(t,x) :=
∫ ∞

1
e−cr2σ t(1− χ(r)

)
rn−1+aJ̃1/2(r|x|)dr

=
1
|x|2

∫ ∞

1
∂r

(
e−cr2σ t(1− χ(r)

)
rn−2+a

)
cos(r|x|)dr.

We carry out n− 1 more steps of partial integration (in each step boundary values
vanish) and obtain modulo a factor

In(t,x) =
1

|x|n+1

∫ ∞

1
∂ n

r

(
e−cr2σ t(1− χ(r)

)
rn−2+a

)
· · ·(r|x|)dr,

where · · · is staying for sin or cos. Integrals containing derivatives of χ are not of
interest. Any derivative of e−cr2σ t gives r−1r2σ t. The second factor is linked with
e−cr2σ t . For this reason we have a term r−2+a which is integrable over (1,∞) due to
the assumption a < 1. �


In this section we shall estimate the following L1 norms for all t > 0:
∥∥∥F−1

(
eλ1t(1− χ(|ξ |))

)∥∥∥
L1(Rn)

,
∥∥∥F−1

(
|ξ |2−4σ eλ2t(1− χ(|ξ |))

)∥∥∥
L1(Rn)

,

∥∥∥F−1
(

e(λ2−λ1)t
(
1− χ(|ξ |))

)∥∥∥
L1(Rn)

,
∥∥∥F−1

(eλ1t − eλ2t

λ1 −λ2

(
1− χ(|ξ |))

)∥∥∥
L1(Rn)

.

Lemma 11.17. Let us given the oscillating integral

F−1
(

e(λ2−λ1)t
(
1− χ(|ξ |))

)
(11.108)

with σ ∈ (1/2,1] and t > 0. Then the following estimate holds in R
n :

∥∥∥F−1
(

e(λ2−λ1)t
(
1− χ(|ξ |))

)(
1− χ(|x|))

∥∥∥
L1(Rn)

� 1.

Proof. We only prove the statement for n = 3. As in the proof to Lemma 11.2 we
carry out several steps of partial integration, now three steps. Then we reduce our
considerations to the integral

1
|x|4

∫ ∞

0
∂ 3

r

(
e−t

√
r4σ−4r2(

1− χ(r)
)
r
)

cos(r|x|)dr.

Taking account of
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∣∣∣∂ j
r

(
e−t

√
r4σ−4r2)∣∣∣≤ Cj

r j for t > 0 and r ≥ 1 in the case j = 3,

we conclude the desired statement. �

Lemma 11.18. Let us given the oscillating integral

F−1
(

e(λ2−λ1)t
(
1− χ(|ξ |))

)
(11.109)

with σ ∈ (1/2,1] and t > 0. Then the following estimate holds in R
n :

∥∥∥F−1
(

e(λ2−λ1)t
(
1− χ(|ξ |))

)
χ(|x|)

∥∥∥
L1(Rn)

� 1.

Proof. If t ≥ 1/2, then we conclude as follows:
∥∥∥F−1

(
e(λ2−λ1)t

(
1− χ(|ξ |))

)
χ(|x|)

∥∥∥
L1(Rn)

≤
∫

Rn
χ(|x|)dx

∫

Rn
e−c1|ξ |2σ (

1− χ(|ξ |))dξ � 1.

If t ∈ (0,1/2], then we split the integral
∫

Rn
F−1

(
e(λ2−λ1)t

(
1− χ(|ξ |))

)
χ(|x|)dx

=
∫

Rn
F−1

(
e(λ2−λ1)t

(
1− χ(|ξ |))

)
χ(|x|)χ

(
t−

1
2σ x
)

dx

+

∫

Rn
F−1

(
e(λ2−λ1)t

(
1− χ(|ξ |))

)
χ(|x|)

(
1− χ

(
t−

1
2σ x
))

dx.

To estimate both integrals we use as in the proof to Lemma 11.2 the transformations

η := ξ t
1

2σ and x =: yt
1

2σ . We may conclude for the first integral
∫

Rn

∣∣∣F−1
(

e(λ2−λ1)t
(
1− χ(|ξ |))

)
χ(|x|)χ

(
t−

1
2σ r
)∣∣∣dx

≤C
∫

Rn
χ(y)dy

∫

Rn
e−c1|η|2σ

dη � 1.

We show only for n = 3 how to estimate the second integral. The integral of
interest is

∫

R3

(
1− χ(y)

)(∫ ∞

0
e−r2σ

√
1−t

2σ−1
σ r2−4σ

r2
(

1− χ
(

t−
1

2σ r
))

J̃ 1
2
(r|y|)dr

)
dy.

We apply the approach from the proof to Lemma 11.2 and observe the following
after three steps of partial integration: our starting integral is transformed to

1
|y|4

∫ ∞

0
∂ 3

r

(
e
−r2σ

√
1−
(

t
1

2σ
r

)4σ−2

r
(

1− χ
(

t−
1

2σ r
)))

cos(r|y|)dy.
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Integrals containing derivatives of χ
(

r

t
1

2σ

)
are not of interest because on its support

we have t
1

2σ ∼ r, so a power of r is produced. Differentiation of e
−r2σ

√
1−
(

t
1

2σ
r

)4σ−2

gives the factor r2σ−1. Taking into consideration the support of 1− χ
(

r

t
1

2σ

)
, we

see that all integrands appearing after three steps of partial integration have at least
the asymptotic behavior r2σ−2 near 0. So, the integral

∫ 1
0 exists for σ ∈ (1/2,1].

Due to the term e−c1r2σ
the integral

∫ ∞
1 exists, too. The asymptotic behavior O(|y|−4)

implies the desired estimate

∫

R3

∣∣∣F−1
(

e(λ2−λ1)t
(
1− χ(|ξ |))

)
χ(|x|)

(
1− χ

(
t−

1
2σ x
))∣∣∣dx � 1.

This completes the proof. �

From Lemmas 11.17 and 11.18 we obtain the following corollary:

Corollary 11.12. Let us given the oscillating integral

F−1
(

e(λ2−λ1)t
(
1− χ(|ξ |))

)
(11.110)

with σ ∈ (1/2,1] and t > 0. Then the following estimate holds in R
n :

∥∥∥F−1
(

e(λ2−λ1)t
(
1− χ(|ξ |))

)∥∥∥
L1(Rn)

� 1.

From Lemma 11.16 and Corollary 11.12 we conclude the following statement:

Corollary 11.13. The following estimate holds for all t > 0 :
∥∥∥F−1

(
|ξ |2−4σeλ2t(1− χ(|ξ |))

)∥∥∥
L1(Rn)

� 1.

Proof. The statement follows immediately from the representation

F−1
(
|ξ |2−4σ eλ2t(1− χ(|ξ |))2

)

= F−1
(
|ξ |2−4σ e(λ1+λ2)

t
2
(
1− χ(|ξ |))

)
∗F−1

(
e(λ2−λ1)

t
2
(
1− χ(|ξ |))

)

together with the above-mentioned results. �

It remains to consider the oscillating integral F−1

(
eλ1t
(
1 − χ(|ξ |))) for σ ∈

(1/2,1].

Lemma 11.19. Let us given the oscillating integral

F−1
(

eλ1t(1− χ(|ξ |))
)

(11.111)
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with σ ∈ (1/2,1] and t > 0. Then the following estimate holds in R
n :

∥∥∥F−1
(

eλ1t(1− χ(|ξ |))
)(

1− χ(|x|))
∥∥∥

L1(Rn)
� 1.

Proof. We prove the statement only for n = 3. As in the proof to Lemma 11.2 we
carry out several steps of partial integration, now three steps. Then we reduce our
considerations to the integral

1
|x|4

∫ ∞

0
∂ 3

r

(
eλ1(r)t

(
1− χ(r)

)
r
)

cos(r|x|)dr.

Taking account of
∣∣∂ j

r eλ1(r)t
∣∣≤Cjr

2−2σ− j for t > 0 and r ≥ 1 in the case j = 3,

we conclude the desired statement. �

Lemma 11.20. Let us given the oscillating integral

F−1
(

eλ1t(1− χ(|ξ |))
)

(11.112)

with σ ∈ (1/2,1) and t > 0. Then the following estimate holds in R
n :

∥∥∥F−1
(

eλ1t(1− χ(|ξ |))
)

χ(|x|)
∥∥∥

L1(Rn)
� 1.

Proof. If t ≥ 1/2, then we conclude as follows:
∥∥∥F−1(eλ1t(1− χ(|ξ |)))χ(|x|)

∥∥∥
L1(Rn)

≤
∫

Rn
χ(|x|)dx

∫

Rn
e−c1|ξ |2−2σ (

1− χ(|ξ |))dξ � 1.

If t ∈ (0,1/2], then we split the integral
∫

Rn
F−1

(
eλ1t(1− χ(|ξ |))

)
χ(|x|)dx

=

∫

Rn
F−1

(
eλ1t(1− χ(|ξ |))

)
χ(|x|)χ

(
t−

1
2−2σ x

)
dx

+

∫

Rn
F−1

(
eλ1t(1− χ(|ξ |))

)
χ(|x|)

(
(1− χ)t−

1
2−2σ x

)
dx.

To estimate both integrals we use as in the proof to Lemma 11.2 the transformations

η := ξ t
1

2−2σ and x =: yt
1

2−2σ . We may conclude for the first integral
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∫

Rn

∣∣∣F−1
(

eλ1t(1− χ(|ξ |))
)

χ(|x|)χ
(

t−
1

2−2σ x
)∣∣∣dx

≤C
∫

Rn
χ(y)dy

∫

Rn
e−c1|η|2−2σ

dη � 1.

We show only for the case n = 3 how to estimate the second integral. The integral
of interest is

∫

R3

(
1− χ(y)

)(∫ ∞

0
eλ1

(
rt
− 1

2−2σ
)

t r2
(

1− χ
(

t−
1

2−2σ r
))

J̃ 1
2
(r|y|)dr

)
dy.

We apply the approach from the proof to Lemma 11.2 and observe the following
after two steps of partial integration: our starting integral is transformed to

1
|y|3

∫ ∞

0
∂ 2

r

(
eλ1

(
rt
− 1

2−2σ
)

t r
(

1− χ
(

t−
1

2−2σ r
)))

sin(r|y|)dy.

Integrals containing derivatives of χ
(

r

t
1

2−2σ

)
are not of interest because on its sup-

port we have t
1

2−2σ ∼ r, so a power of r is produced. Differentiation of eλ1

(
rt
− 1

2−2σ
)

t

gives the factor r1−2σ . Taking into consideration the support of 1−χ
(

r

t
1

2−2σ

)
we see

that all integrands appearing after two steps of partial integration have at least the
asymptotic behavior r1−2σ near 0. Now we apply the splitting

∫ ∞

0
=

∫ 1
|y|

0
+

∫ 1

1
|y|
+

∫ ∞

1
.

The weak singularity r1−2σ implies for the first integral the behavior |y|2σ−5. To
estimate the other integrals we carry out a third step of partial integration. Then the
second integral is estimated by |y|2σ−5, too. Finally, the last integral is estimated by
|y|−4. Summarizing we obtain the asymptotic behavior O(|y|2σ−5). This implies the
desired estimate

∫

R3

∣∣∣F−1
(

eλ1t(1− χ(|ξ |))
)

χ(|x|)
(

1− χ
(

t−
1

2−2σ x
))∣∣∣dx � 1.

This completes the proof. �

Remark 11.3. In Lemma 11.20 we exclude σ = 1. In this case λ1(|ξ |)+ 1 ∼ |ξ |−2.
Consequently, we get e−t in the estimate; on the other hand, we cannot expect the
existence of F−1(ec|ξ |−2

(1− χ(|ξ |))) for c > 0.

Finally, it remains to estimate

∥∥∥F−1
(eλ1t − eλ2t

λ1 −λ2

(
1− χ(|ξ |))

)∥∥∥
L1(Rn)

.

Here we follow the proof of Corollary 11.7.
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Corollary 11.14. The following estimate holds for all t > 0:
∥∥∥∥∥F−1

(
eλ1t − eλ2t

λ1 −λ2

(
1− χ(|ξ |))

)∥∥∥∥∥
L1(Rn)

≤Ct.

11.5.3 L∞ Estimates

Using the properties of the Fourier transformation and Lemma 11.11 we conclude
the following results after standard calculations.

Proposition 11.9. We have the following L∞ estimates for t > 0 and σ ∈ (1/2,1) :

∥∥∥F−1
(λ1eλ2t −λ2eλ1t

λ1 −λ2
χ(|ξ |)

)∥∥∥
L∞(Rn)

� (1+ t)−
n

2σ ,

∥∥∥F−1
(λ1eλ2t −λ2eλ1t

λ1 −λ2

(
1− χ(|ξ |))

)∥∥∥
L∞(Rn)

� t−
n+2−4σ

2σ ,

∥∥∥F−1
(eλ1t − eλ2t

λ1 −λ2
χ(|ξ |)

)∥∥∥
L∞(Rn)

� (1+ t)−
n−2σ

2σ ,

∥∥∥F−1
(eλ1t − eλ2t

λ1 −λ2

(
1− χ(|ξ |))

)∥∥∥
L∞(Rn)

� t−
n−2σ

2σ .

11.5.4 Lp −Lq Estimates not Necessarily on the Conjugate Line

From Corollaries 11.10–11.14, Lemmas 11.19 and 11.20, and Proposition 11.9, we
have the following statements:

Proposition 11.10. The following estimates hold for t > 0, σ ∈ (1/2,1) and n ≥ 2:

∥∥∥F−1
(λ2eλ1t −λ1eλ2t

λ1 −λ2

)∥∥∥
L1(Rn)

� (1+ t)[n/2](1− 1
2σ ),

∥∥∥∥∥F−1

(
eλ1t − eλ2t

λ1 −λ2

)∥∥∥∥∥
L1(Rn)

� t(1+ t)[(n−2)/2](1− 1
2σ ),

∥∥∥F−1
(λ2eλ1t −λ1eλ2t

λ1 −λ2

)∥∥∥
L∞(Rn)

� t−
n+2−4σ

2σ ,

∥∥∥∥∥F−1

(
eλ1t − eλ2t

λ1 −λ2

)∥∥∥∥∥
L∞(Rn)

� t−
n−2σ

2σ .

By interpolation we conclude from the last proposition
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∥∥∥F−1
(λ2eλ1t −λ1eλ2t

λ1 −λ2

)∥∥∥
Lr(Rn)

�

⎧
⎨
⎩

t−
n+2−4σ

2σ (1− 1
r ), t ∈ (0,1],

t−
n+2−4σ

2σ (1− 1
r )+[n/2] 2σ−1

2σ
1
r , t ∈ [1,∞),

(11.113)
∥∥∥∥∥F−1

(
eλ1t − eλ2t

λ1 −λ2

)∥∥∥∥∥
Lr(Rn)

�

⎧
⎨
⎩

t1− n
2σ (1− 1

r ), t ∈ (0,1],

t1− n
2σ (1− 1

r )+[(n−2)/2] 2σ−1
2σ

1
r , t ∈ [1,∞),

(11.114)

for all r ∈ [1,∞].

Proposition 11.11. Let us consider with σ ∈ (1/2,1) the Cauchy problem

utt −Δu+ μ(−Δ)σut = 0, u(0,x) = u0(x), ut(0,x) = u1(x). (11.115)

Then the solution satisfies the following Lp −Lq estimates :

‖u(t, ·)‖Lp � t−
n+2−4σ

2σ (1− 1
r )‖u0‖Lq + t1− n

2σ (1− 1
r )‖u1‖Lq for t ∈ (0,1],

‖u(t, ·)‖Lp � t−
n+2−4σ

2σ (1− 1
r )+[n/2] 2σ−1

2σ
1
r ‖u0‖Lq + t1− n

2σ (1− 1
r )+[(n−2)/2] 2σ−1

2σ
1
r ‖u1‖Lq

for t ∈ [1,∞),

where 1 ≤ q ≤ p ≤ ∞ and 1+ 1
p = 1

r +
1
q .

Proof. The statement follows immediately from (11.113) and (11.114) by using the
explicit representation of the solution by Fourier multipliers and the convolution
rule. �

Remark 11.4. Setting σ = 1/2 in the last statement we see that Proposition 11.11
coincides with Proposition 11.3. If we set formally σ = 1, then we conclude

‖u(t, ·)‖Lp � t−
n−2

2 (1− 1
r )‖u0‖Lq + t1− n

2 (1− 1
r )‖u1‖Lq for t ∈ (0,1],

‖u(t, ·)‖Lp � t−
n−2

2 (1− 1
r )+[n/2] 1

2
1
r ‖u0‖Lq + t1− n

2 (1− 1
r )+[(n−2)/2] 1

2
1
r ‖u1‖Lq

for t ∈ [1,∞),

where 1 ≤ q ≤ p ≤ ∞ and 1+ 1
p = 1

r +
1
q . Our main goal of this paper is to prove the

basic L1 −L1 estimates for σ ∈ (0,1). So, setting p = q = r = 1 in these estimates
we may conclude

‖u(t, ·)‖L1 � ‖u0‖L1 + t‖u1‖L1 for t ∈ (0,1],

‖u(t, ·)‖L1 � t [n/2] 1
2 ‖u0‖L1 + t1+[(n−2)/2] 1

2 ‖u1‖L1 for t ∈ [1,∞).

In [8] the following result was proved for the case σ = 1:

1. If n = 2k is an even number and n ≥ 2, then

‖u(t, ·)‖L1 � (1+ t)
k
2 ‖u0‖L1 +(1+ t)

1
2+

k
2 ‖u1‖L1 for t > 0.
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2. If n = 2k+ 1 is an odd number and n ≥ 3, then

‖u(t, ·)‖L1 � (1+ t)
k
2 ‖u0‖L1 +(1+ t)

1
2+

k
2 ‖u1‖L1 for t > 0.

We see that in the estimates for ‖u(t, ·)‖L1 our upper bounds for t → ∞ coincide with
those from [8].

Remark 11.5. In the future we will use the L1 − L1 estimates to treat semi-linear
structural damped wave models (see [2] and [3]). A first step is to derive optimal
Lp − Lq estimates not necessarily on the conjugate line for Fourier integrals with
amplitudes localized to small or to large frequencies [2]. The interested reader can
study such results for semi-linear classical damped waves in the recent paper [1].

Appendix

Modified Bessel Functions

Here we summarize some rules for modified Bessel functions.

Let Jμ = Jμ(s) be the Bessel function of order μ ∈ (−∞,∞), and let J̃μ(s) :=
Jμ(s)/sμ when μ is not a negative integer.

Lemma 11.21. Let f ∈ Lp(Rn), p ∈ [1,2], be a radial function. Then the Fourier
transform F( f ) is also a radial function and it satisfies

F( f )(ξ ) = c
∫ ∞

0
g(r)rn−1J̃n/2−1(r|ξ |)dr, g(|x|) := f (x).

Lemma 11.22. Assume that μ is not a negative integer. Then the following rules
hold:

(1) sdsJ̃μ(s) = J̃μ−1(s)− 2μ J̃μ(s).
(2) dsJ̃μ(s) =−sJ̃μ+1(s).

(3) J̃−1/2(s) =

√
π
2

coss.

(4) We have for any μ the relations

|J̃μ(s)| ≤Ceπ |Imμ| if |s| ≤ 1,

Jμ(s) =Cs−1/2 cos
(

s− μ
2

π − π
4

)
+O(|s|−3/2) if |s| ≥ 1.

(5) J̃μ+1(r|x|) =− 1
r|x|2 ∂rJ̃μ(r|x|), r �= 0, x �= 0.
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Solutions to Wave Equations

Lemma 11.23 (Lemma 3.2 from [8]). Put

w(t,x) = F−1
(sin(|ξ |t)

|ξ | F(h)
)
(x), t > 0.

Then, for suitable constants aα we have

w(t,x) = ∑
0≤|α |≤(n−3)/2

aα t |α |+1
∫

|y|=1
yα(∂ α

x h
)
(x+ ty)dσy

for odd n ≥ 3;
and

w(t,x) = ∑
0≤|α |≤(n−2)/2

aαt |α |+1
∫

|y|≤1
yα(∂ α

x h
)
(x+ ty)

1√
1−|y|2 dy

for even n ≥ 2.

Estimates for Fourier Multipliers

Lemma 11.24. Let ν be positive constant. Let h = h(|ξ |) be a smooth radial func-
tion on {ξ ∈ R

n : |ξ | ≥ 1} such that
∣∣∣∂ α

ξ h(|ξ |)
∣∣∣� |ξ |−ν−|α | for all |α| ≤ n+ 1.

Then F−1
(

h(|ξ |)(1− χ(|ξ |))
)
∈ L1(Rn) and

∥∥∥F−1
(

h(|ξ |)(1− χ(|ξ |))
)∥∥∥

L1(Rn)
≤C ∑

|α |≤n+1

sup
{|ξ |≥1}

|ξ |ν+|α ||∂ α
ξ h(|ξ |)|.

Here the function 1− χ(|ξ |) localizes to {|ξ | ≥ 1}.

Proof. We put for all j ∈ N

ϕ(x) = F−1(h(|ξ |)(1− χ(|ξ |))), ϕ j(x) = F−1(h(|ξ |)(1− χ(|ξ |))χ(2− j|ξ |)).

Then we have ϕ j ∈ S (Rn)⊂ L1 (Rn)∩L∞ (Rn). On the one hand we have

∣∣ϕ j(x)−ϕ j+1(x)
∣∣≤ c

∫

Rn
|h(|ξ |)|(1− χ(|ξ |))∣∣χ(2− j|ξ |)− χ(2− j−1|ξ |)∣∣dξ

≤ c
∫

2 j−1≤|ξ |≤2 j+1
|ξ |−ν dξ ≤ c

∫ 2 j+1

2 j−1
r−ν+n−1 dr ≤C2 j(n−ν),
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and, on the other hand, we have for n ≤ |α| ≤ n+ 1 the estimates
∣∣xα (ϕ j+1(x)−ϕ j(x)

)∣∣

≤ c
∫

Rn

∣∣∣∂ α
ξ

(
h(ξ )(1− χ(|ξ |))(χ(2− j|ξ |)− χ(2− j−1|ξ |))

)∣∣∣dξ

≤ c
|α |
∑
k=0

∫

Rn
|ξ |−ν−n+k2− jk

∣∣∣χ(2− j|ξ |)− 2−kχ(2− j−1|ξ |)
∣∣∣ dξ

≤ c
|α |
∑
k=0

∫ 2 j+1

2 j−1
r−ν+k−12− jk dr ≤C2− jν .

Hence, we have

|x|n+1
∣∣ϕ j+1(x)−ϕ j(x)

∣∣≤C2− jν . (11.116)

Now let us distinguish the cases |x| ≥ 1 and |x| ≤ 1. If |x| ≥ 1, then we have

|x|(n+1)(1−θ) ∣∣ϕ j+1(x)−ϕ j(x)
∣∣≤C2− jν(1−θ)+θ(n−ν). (11.117)

If ν ≥ n, then we choose θ < 1
n+1 and obtain from the last inequality

|x|(n+1)(1−θ) ∣∣ϕ j+1(x)−ϕ j(x)
∣∣≤C2− jν(1−θ). (11.118)

If ν ∈ (0,n), then we choose θ < min{ 1
n+1 ; ν

2n−ν }. Then we obtain

|x|(n+1)(1−θ) ∣∣ϕ j+1(x)−ϕ j(x)
∣∣≤C2− jν(1−θ)/2. (11.119)

Both inequalities (11.118) and (11.119) show that {ϕ j} j is a Cauchy sequence in
L1(Rn \ {|x| ≤ 1}). This implies that

ϕ = lim
j→∞

ϕ j ∈ L1(Rn \ {|x| ≤ 1}).

In the case |x| ≤ 1 we choose from the above estimates

|x|n ∣∣ϕ j+1(x)−ϕ j(x)
∣∣≤C2− jν and

∣∣ϕ j(x)−ϕ j+1(x)
∣∣≤C2 j(n−ν). (11.120)

As above we conclude

|x|n(1−θ) ∣∣ϕ j+1(x)−ϕ j(x)
∣∣≤C2− jν(1−θ)+ j(n−ν)θ . (11.121)

If ν ≥ n, then we choose θ > 0 small. If ν ∈ (0,n), then we choose as above θ ≤
ν

2n−ν . Both choices imply that {ϕ j} j is a Cauchy sequence in L1({|x| ≤ 1}). This
implies that

ϕ = lim
j→∞

ϕ j ∈ L1({|x| ≤ 1}).

This completes the proof. �
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Chapter 12
On the Cauchy Problem for Noneffectively
Hyperbolic Operators, a Transition Case

Tatsuo Nishitani

Abstract We discuss the well-posedness of the Cauchy problem for noneffec-
tively hyperbolic operators assuming that the spectral structure of the Hamilton
map changes across a submanifold of codimension 1 of the double characteristic
manifold. Under the assumption that there is no null bicharacteristic tangent to the
submanifold where the spectral transition occurs, we derive microlocal a priori esti-
mates assuming the strict Ivrii-Petkov-Hörmander condition.

Key words: Cauchy problem, Hamilton map and flow, Transition case, Noneffec-
tively hyperbolic operator
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12.1 Introduction

Let

P(x,D) =−D2
0 + ∑

|α |≤2,α0<2

aα(x)D
α = p(x,D)+P1 +P0

be a second order differential operator defined in a neighborhood of the origin
of Rn+1 where x = (x0,x′) = (x0,x1, ...,xn). We assume that the principal symbol
p(x,ξ ) vanishes exactly of order 2 on a C∞ manifold Σ and

rank
( n

∑
j=0

dξ j ∧dx j

∣∣∣
Σ

)
= constant. (12.1)
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We also assume that p is noneffectively hyperbolic, that is, the Hamilton map Fp

(the linearization of the Hamilton flow Hp on Σ , see [7, 9]) has no nonzero real
eigenvalues on Σ . Assuming that the spectral structure of Fp is stable on Σ , that
is, either KerF2

p ∩ ImF2
p = {0} or KerF2

p ∩ ImF2
p �= {0} throughout Σ , the well-

posedness of the Cauchy problem is discussed in [3–5]. In this note we study the
Cauchy problem for noneffectively hyperbolic operators when the spectral structure
of the Hamilton map changes. We restrict ourselves to the case codimΣ = 3, and
the spectral structure of Fp changes across a codimension 1 submanifold of Σ . Our
aim is studying this simplest transition case, to elucidate the effects of the spectral
transition on the well-posedness of the Cauchy problem.

More general geometrical settings of transitions are studied in [6]. They proved
microlocal a priori estimates assuming no null bicharacteristic tangent to Σ , while in
this note discussions are mainly devoted to the case that there may be a null bichar-
acteristic tangent to Σ (but not to the submanifold where the transition occurs).
Some transition cases from effectively hyperbolic to noneffectively hyperbolic are
studied in [2].

By assumption, near any point ρ ∈ Σ , one can write

p(x,ξ ) =−ξ 2
0 +ϕ1(x,ξ ′)2 +ϕ2(x,ξ ′)2

where dϕ1 and dϕ2 are linearly independent at ρ and Σ = {ξ0 = 0,ϕ1 = 0,ϕ2 = 0}.
We assume that

{
the spectral structure of Fp changes across
a submanifold S of Σ of codimension 1.

(12.2)

Let ρ ∈ Σ . Then the Taylor expansion of p(x,ξ ) around ρ starts with pρ(X), a
second order homogeneous polynomial in X = (x,ξ ), called the localization of p
at ρ which is a hyperbolic polynomial in the direction θ = (0, ...,0,1,0, ...,0) (see
[9]). Let Q(X ,Y ) be the quadratic form associated to pρ then the Hamilton map at
ρ is given by

σ(X ,FpY ) = Q(X ,Y ), X ,Y ∈ R
2(n+1).

Since pρ is hyperbolic in the direction θ then the hyperbolicity cone Γρ is given by

Γρ = the connected component of θ in {X | pρ(X)�= 0}
and the propagation cone Cρ is defined as

Cρ = {X | σ(X ,Y )≤ 0,∀Y ∈ Γρ}
which is the “minimal” cone containing all bicharacteristics with limit point ρ
(Lemma 1.1.1 in [12]). Recall that (Lemma 1.1.3 in [12])

p is noneffectively hyperbolic at ρ ⇐⇒Cρ ∩TρΣ �= {0}. (12.3)

Lemma 12.1. Assume (12.1) and (12.2). Then we have either {ξ0,ϕ1} �= 0 or
{ξ0,ϕ2}�= 0 on S.
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Proof. Suppose that {ξ0,ϕ j}= 0 at ρ ∈ S for j = 1,2. Then in a suitable symplectic
basis in Tρ Σ we can write

pρ =−ξ 2
0 + ξ 2

1 + ξ 2
2 , (12.4)

pρ =−ξ 2
0 + μ(x2

1 + ξ 2
1 ), μ > 0 (12.5)

according to {ϕ1,ϕ2}(ρ) = 0 or {ϕ1,ϕ2}(ρ)�= 0. If the first case occurs then from
(12.1) we have rank(σ |Σ ) = 0 and hence pρ takes the form (12.4) everywhere on Σ
in a suitable symplectic basis. In the second case we note that ±iμ are the eigenval-
ues of Fp. From the continuity of Fp(ρ) with respect to ρ ∈ Σ , it follows that Fp has
still nonzero pure imaginary eigenvalues near ρ on Σ , and hence pρ takes the form
(12.5) in a suitable symplectic basis. Therefore, in both cases, the spectral structure
of Fp does not change near ρ . This proves the assertion. ��

We now assume that {ξ0,ϕ j}(ρ)�= 0 with some j. Considering

ϕ̃i =
2

∑
j=1

Oi jϕ j

with a smooth orthogonal matrix (Oi j), we may assume without restrictions that

{ξ0,ϕ2}�= 0, {ξ0,ϕ1}= O(|ϕ |) (12.6)

near ρ . Here and in what follows f = O(|ϕ |), ϕ = (ϕ1,ϕ2) means that f is a linear
combination of ϕ1 and ϕ2. We look for nonzero eigenvalues μ of Fp; FpX = μX .
Since μ �= 0 it suffices to consider Fp on the image of Fp, that is, on the vector
space 〈Hξ0

,Hϕ1 ,Hϕ2〉 spanned by Hξ0
, Hϕ1 , Hϕ2 . Let X = αHξ0

+β Hϕ1 + γHϕ2 and
consider FpX = μX . Since

FpX =−γ{ϕ2,ξ0}Hξ0
+ γ{ϕ2,ϕ1}Hϕ1 +(α{ξ0,ϕ2}+β{ϕ1,ϕ2})Hϕ2

we have

−γ{ϕ2,ξ0}= μα, γ{ϕ2,ϕ1}= μβ , α{ξ0,ϕ2}+β{ϕ1,ϕ2}= μγ

so that ⎛
⎝

0 0 {ξ0,ϕ2}
0 0 −{ϕ1,ϕ2}

{ξ0,ϕ2} {ϕ1,ϕ2} 0

⎞
⎠
⎛
⎝

α
β
γ

⎞
⎠= μ

⎛
⎝

α
β
γ

⎞
⎠ .

Thus the characteristic equation is

μ
(
μ2 − ({ξ0,ϕ2}2 −{ϕ1,ϕ2}2))= 0. (12.7)

Lemma 12.2. If the spectral structure of Fp changes across S, then we have

{ξ0,ϕ2}2 −{ϕ1,ϕ2}2 = 0 on S.
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Therefore we have {ξ0,ϕ2}2 −{ϕ1,ϕ2}2 < 0 in Σ \S, and hence p is noneffectively
hyperbolic in Σ \ S with KerF2

p ∩ ImF2
p = {0} and noneffectively hyperbolic on S

with KerF2
p ∩ ImF2

p �= {0}.

Proof. Note that if {ξ0,ϕ2}2 −{ϕ1,ϕ2}2 �= 0 at ρ ∈ S, then we have {ξ0,ϕ2}2 −
{ϕ1,ϕ2}2 < 0 because otherwise Fp(ρ) would have nonzero real eigenvalues. By
continuity Fp has still nonzero pure imaginary eigenvalues near ρ on Σ , and then the
spectral structure of Fp does not change near ρ on Σ . This proves the first assertion.
Since

F2
p Hϕ2 =

({ξ0,ϕ2}2 −{ϕ1,ϕ2}2)Hϕ2

it is clear that 0 �= Hϕ2 ∈ KerF2
p ∩ ImF2

p if {ξ0,ϕ2}2 −{ϕ1,ϕ2}2 = 0 and we con-
clude the assertion. ��
Remark 12.1. If {ξ0,ϕ2}2 −{ϕ1,ϕ2}2 > 0 in Σ \ S and {ξ0,ϕ2}2 −{ϕ1,ϕ2}2 = 0
on S, that is, p is effectively hyperbolic in Σ \ S and noneffectively hyperbolic on S
with KerF2

p ∩ ImF2
p �= {0}, the well-posedness question seems to be much harder

to answer.

Let iμ(ρ) (μ(ρ)> 0), ρ ∈ Σ \S be the pure imaginary eigenvalue of Fp(ρ). Then
from (12.7) one has

μ(ρ)2 = {ϕ1,ϕ2}2 −{ξ0,ϕ2}2 (12.8)

and hence μ(ρ)2 extends smoothly on Σ . From (12.7) and Lemma 12.2, one can
write

{ξ0,ϕ2}2 −{ϕ1,ϕ2}2 =−θ 2m + c1ϕ1 + c2ϕ2 (12.9)

with some m ∈ N in a neighborhood of ρ where S is defined by {θ = 0}∩Σ and
dθ �= 0 on S. Recall that

{ξ0,ϕ2}2 −{ϕ1,ϕ2}2 = {ξ0 +ϕ1,ϕ2}{ξ0 −ϕ1,ϕ2} (12.10)

and hence we have either {ξ0 +ϕ1,ϕ2} = 0 or {ξ0 −ϕ1,ϕ2} = 0 on S. Since the
arguments are completely parallel we assume that

{ξ0 −ϕ1,ϕ2}= 0 on S

and hence one can assume {ξ0,ϕ2} = {ϕ1,ϕ2} > 0 on S without restrictions. Thus
we can write

{ξ0 −ϕ1,ϕ2}=−θ̃ 2m + c′1ϕ1 + c′2ϕ2 (12.11)

near ρ . From (12.8), (12.10) and (12.11) we have

2{ϕ1,ϕ2}θ̃ 2m = μ2 on S

then for any ε > 0, there is a neighborhood of ρ where we have

(1− ε)Tr+Fp ≤
√

2{ϕ1,ϕ2}|θ̃ |m ≤ (1+ ε)Tr+Fp. (12.12)
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Define

θ̂ = θ̃ − {ϕ1, θ̃}
{ϕ1,ϕ2}ϕ2 +

{ϕ2, θ̃}
{ϕ1,ϕ2}ϕ1 (12.13)

so that

S = {θ̂ = 0}∩Σ , {θ̂ ,ϕ j}= O(|ϕ |), j = 1,2.

Note that (12.11) and (12.12) still holds with θ̂ . Here we note

Lemma 12.3. We have Cρ ∩Tρ S = {0} if and only if {ξ0, θ̂}(ρ)�= 0. Hence there is
no null bicharacteristic tangent to S if {ξ0, θ̂}�= 0.

Proof. Note that

Cρ ⊂ (Tρ Σ)σ = {X | σ(X ,Y ) = 0,∀Y ∈ Γρ}= 〈Hξ0
,Hϕ1 ,Hϕ2〉. (12.14)

Indeed otherwise there were X ∈ Cρ such that σ(X ,W ) �= 0 with some W ∈ Tρ Σ .
On the other hand since Γρ +TρΣ ⊂ Γρ we have

σ(X ,Z+ tW) = σ(X ,Z)+ tσ(X ,W)≤ 0

for any Z ∈ Γρ and any t ∈R. This would give a contradiction and hence (12.14).
Let X ∈ Cρ ∩Tρ S so that X = αHξ0

+β Hϕ1 + γHϕ2 ∈ Tρ S. Since dξ0(X) = 0,

dϕ j(X) = 0, dθ̂ (X) = 0, we have X = 0 if {ξ0, θ̂}(ρ)�= 0. Conversely assume that
{ξ0, θ̂}(ρ) = 0. Then for any X = αHξ0

+β Hϕ1 + γHϕ2 + δHθ̂ ∈ (Tρ S)σ , one has

dξ0(X)2 ≤ dϕ1(X)2 + dϕ2(X)2

and hence X �∈ Γρ so that Γρ ∩ (Tρ S)σ = /0. This proves Cρ ∩Tρ S �= {0}. ��

12.2 Case C∩TS = {0}

In this section we discuss the C∞ well-posedness of the Cauchy problem assuming
C∩T S = {0}. We also assume that |μ(ρ)| vanishes “simply” on S, that is with some
constant C > 0 we have

C−1dist(ρ ,S)≤ |μ(ρ)| ≤Cdist(ρ ,S) (12.15)

on Σ where dist(ρ ,S) denotes the distance on Σ from ρ to S. From (12.12) the
condition (12.15) is equivalent to m = 1. From Lemma 12.3 we may assume

{ξ0, θ̂}(ρ)> 0 (12.16)

without restrictions.
We make a dilation of the coordinate x0; x0 → μx0 with small μ > 0 so that

we have
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P(x,ξ ,μ) = μ2P(μx0,x
′,μ−1ξ0,ξ ′)

= p(μx0,x
′,ξ0,μξ ′)+ μP1(μx0,x

′,ξ0,μξ ′)+ μ2P0(μx0,x
′)

= p(x,ξ ,μ)+P1(x,ξ ,μ)+P0(x,μ).

In what follows we often write such symbols dropping μ . Let

g0 = μ2dx2
0 + |dx′|2 + 〈ξ ′〉−2

μ |dξ ′|2, 〈ξ ′〉2
μ = μ−2 + |ξ ′|2

then it is clear that a(μx0,x′,μξ ′) = a(x,ξ ′,μ) ∈ S(〈μξ ′〉m,g0) if a(x,ξ ′) ∈ Sm
1,0.

Note that

〈μξ ′〉= μ〈ξ ′〉μ , 〈ξ ′〉−1
μ = μ〈μξ ′〉−1.

We assume that our assumptions are satisfied globally and hence one can assume

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

p(x,ξ ) =−ξ 2
0 +ϕ1(x,ξ ′)2 +ϕ2(x,ξ ′)2, ϕ j ∈ S(〈μξ ′〉,g0)

{ξ0 −ϕ1,ϕ1}= c1ϕ1 + c2ϕ2, c j ∈ μS(1,g0),

{ξ0 −ϕ1,ϕ2}=−μθ̂ 2〈μξ ′〉+ c1ϕ1 + c2ϕ2, c j ∈ μS(1,g0),

{ϕ1,ϕ2} ≥ cμ〈μξ ′〉, c > 0

(12.17)

where θ̂ ∈ S(1,g0) is defined by (12.13) so that

{θ̂ ,ϕ j}= c j1ϕ1 + c j2ϕ2, c jk ∈ μS(〈μξ ′〉−1,g). (12.18)

Recall that

P(x,D) = (p+Psub)
w + S(1,g0)

where p = −ξ 2
0 +ϕ2

1 +ϕ2
2 . We assume that the strict Ivrii-Petkov-Hörmander con-

dition is satisfied:

ImPsub = 0, |RePsub| ≤ μ(1− ε∗)Tr+Fp (12.19)

on Σ with some ε∗ > 0. Since

ε(θ̂ ,ϕ) = sup(|θ̂ |+ |ϕ1〈μξ ′〉−1|+ |ϕ2〈μξ ′〉−1|)

can be assumed to be sufficiently small working in a small neighborhood of ρ and
then extending the reference symbols globally, taking (12.18) and (12.12) into ac-
count, one can assume

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

{ξ0 ±λ , θ̂} ≥ cμ , c > 0
√μ(1− ε∗/4)Tr+Fp ≤ 〈μξ ′〉1/2

√
2{ϕ1,ϕ2}|θ̂ |

≤ √μ(1+ ε∗/4)Tr+Fp,

60|{ϕ j, θ̂}|2 ≤ ε∗{ξ0 +λ , θ̂}{ξ0 +λ , θ̂}.

(12.20)
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Let us put Psub = T1+ iT2 with real Ti ∈ μS(〈μξ ′〉,g0); then from (12.19) one can
write

T1 = μc0θ̂ 〈μξ ′〉+ c11ϕ1 + c12ϕ2, T2 = c21ϕ1 + c22ϕ2

with c0 ∈ S(1,g0), ci j ∈ μS(1,g0). Let us rewrite p as

p =−(ξ0 +ϕ1)(ξ0 −ϕ1)+ϕ2
2

=−(ξ0 +ϕ1 − aθ̂ 2ϕ1 −ϕ3
1 〈μξ ′〉−2)(ξ0 −ϕ1 + aθ̂ 2ϕ1 +ϕ3

1 〈μξ ′〉−2)

+ϕ2
2 + 2aθ̂ 2ϕ2

1

(
1− aθ̂ 2/2)+ 2ϕ4

1〈μξ ′〉−2(1− aθ̂ 2−ϕ2
1 〈μξ ′〉−2/2)

=−(ξ0 +λ )(ξ0 −λ )+ϕ2
2 + ã2θ̂ 2ϕ2

1 + b̃2ϕ4
1 〈μξ ′〉−2 (12.21)

=−(ξ0 +λ )(ξ0 −λ )+ q

where

a =
μ〈μξ ′〉
{ϕ1,ϕ2} ≥ c1 > 0 (12.22)

and ⎧
⎪⎪⎨
⎪⎪⎩

λ = ϕ1 − aθ̂ 2ϕ1 −ϕ3
1 〈μξ ′〉−2,

q = ϕ2
2 + ã2θ̂ 2ϕ2

1 + b̃2ϕ4
1 〈μξ ′〉−2,

ã =
√

2a(1− aθ̂ 2/2), b̃ =
√

2(1− aθ̂ 2−ϕ2
1 〈μξ ′〉−2/2).

As in [10], we move (c11 + ic21)ϕ1 into the principal part:

−(ξ0 +λ )(ξ0 −λ )+ (c11+ ic21)ϕ1

=−(ξ0 +λ +α)(ξ0 −λ −α)− 2α(θ̂ 2ϕ1 +ϕ3
1 〈μξ ′〉−2)−α2

where α = (c11+ ic21)∈ μS(1,g0). Thus we are led to consider P=−MΛ +Q with
M = ξ0 +λ +α , Λ = ξ0 −λ −α and Q = q+T1+ iT2 where

{
T1 = μc0θ̂ 〈μξ ′〉+ d0θ̂ϕ1 + d1ϕ2

1 〈μξ ′〉−1 + d2ϕ2,

T2 = d′
0θ̂ϕ1 + d′

1ϕ2
1 〈μξ ′〉−1 + d′

2ϕ2.
(12.23)

Lemma 12.4. We have

{ξ0 −ϕ1 + aθ̂ 2ϕ1, θ̂} ≥ μc > 0, c > 0,

{ξ0 −ϕ1 + aθ̂ 2ϕ1,ϕ1}= c1ϕ1 + c2ϕ2, c j ∈ μS(1,g0),

{ξ0 −ϕ1 + aθ̂ 2ϕ1,ϕ2}= c′1ϕ1 + c′2ϕ2, c′j ∈ μS(1,g0).

Proof. The first assertion is obvious because {ϕ1, θ̂} = c1ϕ1 + c2ϕ2 with c j ∈
μS(〈μξ ′〉−1,g0) and ε(θ̂ ,ϕ) is small enough. The second assertion is also clear.
Note
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{ξ0 −ϕ1 + aθ̂ 2ϕ1,ϕ2}= {ξ0 −ϕ1,ϕ2}+ aθ̂ 2{ϕ1,ϕ2}+ {aθ̂ 2,ϕ2}ϕ1

=−μθ̂ 2〈μξ ′〉+ aθ̂ 2{ϕ1,ϕ2}+O(|ϕ |) = ∑c jϕ j

by (12.22) and hence the third assertion. ��
Remark 12.2. In the case {ϕ1,ϕ2}< 0 we take

a =− μ〈μξ ′〉
{ϕ1,ϕ2} > 0

so that

{ξ0 +ϕ1 − aθ̂ 2ϕ1,ϕ2}= {ξ0 +ϕ1,ϕ2}− aθ̂ 2{ϕ1,ϕ2}+O(|ϕ |)
=−μθ̂ 2〈μξ ′〉+O(|ϕ |)− aθ̂ 2{ϕ1,ϕ2}= O(|ϕ |).

Throughout the paper we use the same letter to denote a symbol and the operator
if there is no confusion. We denote by ϕψ the product of symbols ϕ and ψ and by
ϕ(ψu) the composition of the operators ϕ and ψ :

ϕψu = (ϕψ)wu, ϕ(ψu) = (ϕ#ψ)wu.

Here we check that

Lemma 12.5. We have

μ3/2‖〈μξ ′〉1/4u‖2 ≤ c−1(1+ c−1)
(‖ϕ2u‖2 + ‖b̃ϕ2

1 〈μξ ′〉−1u‖2)+C‖u‖2

with some C > 0.

Proof. Note that

{ϕ1〈μξ ′〉−1/2,ϕ2}= {ϕ1,ϕ2}〈μξ ′〉−1/2 +ϕ1〈μξ ′〉−1/2T, T ∈ μS(1,g0)

which proves

(i[ϕ1〈μξ ′〉−1/2,ϕ2]u,u)≥ ({ϕ1,ϕ2}〈μξ ′〉−1/2u,u)

−Cμ‖ϕ1〈μξ ′〉−1/2u‖2 −Cμ‖u‖2.

Since {ϕ1,ϕ2}〈μξ ′〉−1/2 ≥ cμ〈μξ ′〉1/2 this shows

cμ3/2‖〈μξ ′〉1/4u‖2 ≤ ‖ϕ2u‖2 + μ‖ϕ1〈μξ ′〉−1/2u‖2 +Cμ3/2‖u‖2.

Note

{ϕ3
1 〈μξ ′〉−2,ϕ2}= 3ϕ2

1{ϕ1,ϕ2}〈μξ ′〉−2 +ϕ3
1〈μξ ′〉−2T, T ∈ μS(1,g0)
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and hence

(i[ϕ3
1 〈μξ ′〉−2,ϕ2]u,u)≥ 3(ϕ2

1{ϕ1,ϕ2}〈μξ ′〉−2u,u)

−Cμ‖ϕ3
1 〈μξ ′〉−2u‖2 −Cμ‖u‖2.

Then we get

3cμ(ϕ2
1 〈μξ ′〉−1u,u)≤ ‖ϕ2u‖2 + ‖ϕ3

1〈μξ ′〉−2u‖2

+Cμ(‖ϕ3
1 〈μξ ′〉−2u‖2 + ‖u‖2).

Since

‖ϕ3
1 〈μξ ′〉−2u‖2 = ([(ϕ3

1 〈μξ ′〉−2)#(ϕ3
1 〈μξ ′〉−2)]u,u)

≤ ([(b̃ϕ2
1 〈μξ ′〉−1)#(b̃ϕ2

1 〈μξ ′〉−1)]u,u)+Cμ2‖u‖2

which follows from the Fefferman–Phong (Theorem 18.6.8 in [8]) inequality be-
cause

b̃2ϕ4
1 〈μξ ′〉−2 −ϕ6

1 〈μξ ′〉−4 ≥ 0

can be assumed, thus we get the assertion. ��
Let us define

w =

√
θ̂ 2 + 〈ξ ′〉−3/4

μ , ϕ = θ̂ +w, W = e� logϕ = ϕ�

where � ∈ R will be determined later. Then it is easy to check that

w ∈ S(w,w−2(μ2dx2
0 + |dx′|2 + 〈ξ ′〉−2

μ |dξ ′|2))

and

w−2(μ2dx2
0 + |dx′|2 + 〈ξ ′〉−2

μ |dξ ′|2)≤ 〈ξ ′〉3/4
μ |dx|2 + 〈ξ ′〉−5/4

μ |dξ ′|2 = ḡ.

Lemma 12.6. We have

ϕ ∈ S(ϕ ,g)

and hence ϕk ∈ S(ϕk,g) for any k ∈R.

Proof. Note that

∂ α
x,ξ ′ϕ =

∂ α
x,ξ ′ θ̂
w

ϕ +
∂ α

x,ξ ′ 〈ξ ′〉−3/4
μ

2w

for |α|= 1 and 〈ξ ′〉−3/4
μ ≤ 2wϕ . Since θ̂ ∈ S(1,g0)⊂ S(1,g) and w−1 ∈ S(w−1,g)

we get the desired estimates for higher derivatives by induction on |α|. ��
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12.2.1 A Priori Estimates

We follow the arguments in [13] to derive weighted a priori etimates. Consider

PW =WP̃, P̃ =−M̃Λ̃ + Q̃.

We note that

Lemma 12.7. Let a ∈ S(m,g0). Then we have

a#W −W#a = i�w−1{θ̂ ,a}W +W#R

with some R ∈ S(m〈ξ ′〉−1
μ , ḡ)⊂ μS(m〈μξ ′〉−1, ḡ).

Proof. Since a ∈ S(m,g0) and ϕ� ∈ S(ϕ�,g) we have

a#W −W#a =
1
i
{a,ϕ�}+R1, R1 ∈ S(mϕ�〈ξ ′〉−15/8

μ ,g).

Note that

{a,ϕ�}= �{a,ϕ}ϕ�−1 = �ϕ�
(

w−1{a, θ̂}+ {a,〈ξ ′〉−3/4
μ }

2wϕ

)

= �w−1ϕ�{a, θ̂}+R2, R2 ∈ S(mϕ�〈ξ ′〉−1
μ ,g)

since 2ϕw ≥ 〈ξ ′〉−3/4
μ so that

a#W −W#a = i�w−1{θ̂ ,a}W + R̃, R̃ ∈ S(mϕ�〈ξ ′〉−1
μ ,g).

Since ϕ−� ∈ S(ϕ−�,g) we have WW−1 = 1− R with R ∈ μ1/4S(〈μξ ′〉−1/4,g) ⊂
μ1/4S(〈μξ ′〉−1/4, ḡ). Then it follows from [1] that there exists W̃ ∈ S(ϕ−�, ḡ) for
0 < μ ≤ μ0 such that

W#W̃ = W̃ #W = 1.

Thus we can write R̃ =W#(W̃#R̃) =W#R with R ∈ S(m〈ξ ′〉−1
μ , ḡ) which proves the

assertion. ��
We now study Λ#W .

Lemma 12.8. We have

Λ#W =W#
(
Λ − i�w−1{ξ0 −λ , θ̂}+R1+R2

)

where R1 ∈ μS(〈ξ ′〉1/8
μ , ḡ) is real and R2 ∈ μ9/8S(1, ḡ).

Proof. From Lemma 12.7 we have

Λ#W −W#Λ =−i�w−1{Λ , θ̂}W +W#R, R ∈ μS(1, ḡ).
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Noting that

W #(w−1{Λ , θ̂}) = w−1{Λ , θ̂}W + R̃1 + R̃2

where R̃1 ∈ μS(ϕ�〈ξ ′〉1/8
μ ,g) is pure imaginary and R̃2 ∈ μ9/8S(〈μξ ′〉−1/8,g) be-

cause w−1{Λ , θ̂} ∈ μS(w−1,g). Writing R̃ j = W#(W̃#R̃ j) = W#R j we get the de-
sired assertion. ��

We turn to study q#W .

Lemma 12.9. We have

q#W −W#q =W #
[
i
{
�w−1{q, θ̂}+ c′1ϕ1 + c′2ϕ2 + c′3θ̂ϕ2 + c′4ϕ2

1 〈μξ ′〉−1}

+
{

c̃ϕ1ϕ2 + c̃1ϕ1 + c̃2ϕ2 + c̃3θ̂ϕ1 + c̃4ϕ2
1 〈μξ ′〉−1}+ r

]

where

c′1 ∈ μS(〈ξ ′〉−1/2
μ ,g), c′j ∈ μS(1,g), c̃ ∈ S(w−3〈ξ ′〉−2

μ ,g), c̃ j ∈ μS(w−2〈ξ ′〉−1
μ ,g)

which are real and r ∈ μ2S(w−1, ḡ).

Proof. Note that q#W −W#q = −i{q,ϕ�}+ r with r ∈ μ2S(ϕ�〈ξ ′〉1/8
μ ,g) because

q ∈ S(〈μξ ′〉2,g0) and ϕ� ∈ S(ϕ�,g). Hence we have

q#W =W #(q+ r̃)− i{q,ϕ�}

with r̃ ∈ μS(〈ξ ′〉1/8
μ , ḡ). Recall that

{q,ϕ�}= �
{q, θ̂}

w
ϕ�+ �

{q,〈ξ ′〉−3/4
μ }

2w
ϕ�−1

= �ϕ�
({q, θ̂}

w
+

{q,〈ξ ′〉−3/4
μ }

2wϕ

)
,

q = ϕ2
2 + ã2θ̂ 2ϕ2

1 + b̃2ϕ4
1 〈μξ ′〉−2

with ã, b̃ ∈ S(1,g0). Since {ϕ j, θ̂}= c j1ϕ1 + c j2ϕ2 with c ji ∈ S(〈ξ ′〉−1
μ ,g) it is easy

to see that

{q, θ̂}= c1ϕ1ϕ2 + c2ϕ2
2 + c3θ̂ 2ϕ2

1 + c4ϕ4
1 〈μξ ′〉−2

with real c j ∈ S(〈ξ ′〉−1
μ ,g). ��

We prepare a lemma which will be used frequently in the following.

Lemma 12.10. Let ai ∈ S(mi,g) and ψi ∈ S(〈μξ ′〉,g0) be real. Then

a1#(a2ψ1ψ2), (a1ψ1)#(a2ψ2), a1#(ψ1ψ2)#a2

can be written as
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a1a2ψ1ψ2 + cψ1ψ2 + c1ψ1 + c2ψ2 + r

+i
{

c′ψ1ψ2 + c′1ψ1 + c′2ψ2 + r′
}
+R

where

c ∈ S(m1m2w−4〈ξ ′〉−2
μ ,g), ci ∈ μS(m1m2w−3〈ξ ′〉−1

μ ,g) and r ∈ μ2S(m1m2w−2,g),

c′ ∈ S(m1m2w−2〈ξ ′〉−1
μ ,g), c′j ∈ μS(m1m2w−1,g) and r′ ∈μ2S(m1m2w−2〈ξ ′〉−1/4

μ ,g)

which are real and R ∈ μ2S(m1m2〈ξ ′〉μ ,g).

Proof. Recall

a1#(a2ψ1ψ2) = a1a2ψ1ψ2

+
3

∑
j=1

1
(2i) j ∑

|β ′+β ′′+α ′+α ′′|= j

(−1)|β ′+β ′′|

α ′!β ′!α ′′!β ′′!
a(α

′+α ′′)
1(β ′+β ′′)a

(β ′)
2(α ′)(ψ1ψ2)

(β ′′)
(α ′′) + r

where r ∈ μ2S(m1m2〈ξ ′〉μ ,g). It is easy to see that the second and fourth terms in
the right-hand side can be written

i{cψ1ψ2 + c1ψ1 + c2ψ2 + r}

with r ∈ μ2S(m1m2w−2〈ξ ′〉−1/4
μ ,g) and

c ∈ S(m1m2w−2〈ξ ′〉−1
μ ,g), c j ∈ μS(m1m2w−1,g)

and the third term in the right-hand side is written

{cψ1ψ2 + c1ψ1 + c2ψ2 + r}

where r ∈ μ2S(m1m2w−2,g) and

c ∈ S(m1m2w−4〈ξ ′〉−2
μ ,g), c j ∈ μS(m1m2w−3〈ξ ′〉−1

μ ,g).

These prove the assertion.

Let a ∈ S(〈ξ ′〉−1
μ ,g). From Lemma 12.10 we get

ϕ�#(w−1aϕ1ϕ2) = ϕ�
{

w−1aϕ1ϕ2 + cϕ1ϕ2 + c1ϕ1 + c2ϕ2
}

+iϕ�{c′ϕ1ϕ2 + c′1ϕ1 + c′2ϕ2}+R

where c ∈ S(w−1〈ξ ′〉−3/2
μ ,g), c j ∈ μS(〈ξ ′〉−1/2

μ ,g), c′ ∈ S(w−3〈ξ ′〉−2
μ ,g), c′j ∈

μS(w−2〈ξ ′〉−1
μ ,g) and R ∈ μ2S(ϕ�w−1,g). From Lemma 12.10 again it follows that

ϕ�#(c′ϕ1ϕ2) = ϕ�
{

c′ϕ1ϕ2 + c1ϕ1 + c2ϕ2
}

+iϕ�
{

c′′ϕ1ϕ2 + c′1ϕ1 + c′2ϕ2}+R
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where c j ∈ μS(w−2〈ξ ′〉−9/8
μ ,g), c′′ ∈ μS(w−1〈ξ ′〉−3/2

μ ,g), c′j ∈ μ2S(〈ξ ′〉−1/2
μ ,g),

R ∈ μ2S(ϕ�w−1〈ξ ′〉−1/4
μ ,g), and

ϕ�#(cϕ1ϕ2) = ϕ�
{

cϕ1ϕ2 + c1ϕ1 + c2ϕ2
}

+iϕ�
{

c′1ϕ1 + c′2ϕ2}+R

with c j ∈ μS(〈ξ ′〉−5/8
μ ,g), c′j ∈ μS(w−2〈ξ ′〉−9/8

μ ,g), and R ∈ μ2S(ϕ�〈ξ ′〉−1/8
μ ,g).

On the other hand it is easy to see that for c j ∈ μS(w−2〈ξ ′〉−1
μ ,g)

ϕ�#(cϕ j) = ϕ�
[
c jϕ j + ic′jϕ j

]
+ r

with c′j ∈ S(〈ξ ′〉−1/2
μ ,g), r ∈ μ2S(ϕ�w−1〈ξ ′〉−1/8

μ ,g) and for c j ∈ μS(〈ξ ′〉−1/4
μ ,g)

ϕ�#(c jϕ j) = c jϕ�ϕ j + r

where r ∈ μ2S(ϕ�w−1〈ξ ′〉−1/8
μ ,g). Thus we can write

w−1ϕ�aϕ1ϕ2 = ϕ�#
[{

w−1aϕ1ϕ2 + cϕ1ϕ2 + c1ϕ1 + c2ϕ2
}

+i
{

c̃ϕ1ϕ2 + c̃1ϕ1 + c̃2ϕ2
}
+ r

]

= ϕ�#
[{

w−1aϕ1ϕ2 + c1ϕ1 + c′2ϕ2
}

+i
{

c̃ϕ1ϕ2 + c̃1ϕ1 + c̃2ϕ2
}
+ r

]
(12.24)

where we have c1 ∈ μS(〈ξ ′〉−1/2
μ ,g), c′2 ∈ μS(1,g), c̃ ∈ S(w−3〈ξ ′〉−2

μ ,g), c̃ j ∈
μS(w−2〈ξ ′〉−1

μ ,g), and r ∈ μ2S(w−1, ḡ). Applying the same reasoning we obtain

similar estimates as (12.24) for ϕ2
2 , (θ̂ϕ1)

2, (ϕ2
1 〈μξ ′〉−1)2.

Since it is easy to see

{q,〈ξ ′〉−3/4
μ }= c1θ̂ϕ1 + c2ϕ2 + c3ϕ2

1 〈μξ ′〉−1

with c j ∈ μS(wϕ ,g), then we have

{q,〈ξ ′〉−3/4
μ }

2w
ϕ�−1 = ϕ�#

[(
c′1θ̂ϕ1 + c′2ϕ2 + c′3ϕ2

1 〈μξ ′〉−1)

+i
(
c̃1θ̂ϕ1 + c̃2ϕ2 + c̃3ϕ2

1 〈μξ ′〉−1)+ r
]

with c′j ∈ μS(1,g), c̃ j ∈ μS(w−2〈ξ ′〉−1
μ ,g) and r ∈ μ2S(w−1, ḡ). This together with

(12.24) proves the assertion. ��
Let us write M̃ = D0 − m̃(x,D′), Λ̃ = D0 − λ̃(x,D′); then we have
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Proposition 12.1. With Λ̃θ = Λ̃ − iθ , M̃θ = M̃− iθ , we have

2Im(P̃θ u,Λ̃θ u)≥ d
dx0

(‖Λ̃θ u‖2 +((ReQ̃)u,u)+θ 2‖u‖2)+θ‖Λ̃θu‖2

+2θRe(Q̃u,u)+ 2((Imm̃)Λ̃θ u,Λ̃θ u)+ 2Re(Λ̃θ u,(Im Q̃)u)

+Im([D0 −Reλ̃ ,Re Q̃]u,u)+ 2Re((Re Q̃)u,(Imλ̃ )u)
+θ 3‖u‖2 + 2θ 2((Imλ̃)u,u).

Proof. See Proposition 4.1 in [3]. ��
Recall that

Im λ̃ = �w−1{ξ0 −λ , θ̂}+R, Im m̃ = �w−1{ξ0 +λ , θ̂}+R′

with R, R′ ∈ μS(1, ḡ). Since {ξ0 ±λ , θ̂} ≥ cμ with some c > 0, we see that

((Im λ̃ )u,u)≥ c�μ(w−1u,u)−Cμ‖u‖2. (12.25)

The same arguments show

((Im m̃)Λ̃θ u,Λ̃θ u)≥ �(w−1{ξ0 +λ , θ̂}Λ̃θ u,Λ̃θ u)−Cμ‖Λ̃θu‖2

≥ c�μ(w−1Λ̃θ u,Λ̃θ u)−Cμ‖Λ̃θu‖2 (12.26)

Let us consider (w−1Λ̃θ u,Λ̃θ u). Note that

− Im(Λ̃θ u,u) =
d

dx0
‖u‖2 +θ‖u‖2+(Im λ̃ u,u)

≥ d
dx0

‖u‖2 +
θ
2
‖u‖2 + c�μ(w−1u,u) (12.27)

for θ ≥ θ0. In particular

θ‖Λ̃θ u‖2 ≥ θ 2 d
dx0

‖u‖2 + cθ 3‖u‖2 + cμ�θ 2(w−1u,u)

with some c > 0.

Proposition 12.2. We have

((Im m̃)Λ̃θ u,Λ̃θ u)+Cμ�2‖Λ̃θ u‖2 ≥ cμ2�2 d
dx0

‖w−1u‖2

+cμ2�2θ‖w−1u‖2 + cμ3�3(w−3u,u)−C‖u‖2,

θ‖Λ̃θ u‖2 ≥ θ 2 d
dx0

‖u‖2 + cθ 3‖u‖2 + cμ�θ 2(w−1u,u)

with c > 0 and C =C(�,μ).
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Proof. Replacing u by w−1u in (12.27), we have

− Im(Λ̃θ w−1u,w−1u)≥ d
dx0

‖w−1u‖2

+
θ
2
‖w−1u‖2 + c�μ(w−1(w−1u),w−1u). (12.28)

Here we prepare a lemma.

Lemma 12.11. Let T ∈ S(wp,g), p ≤ 0. Then one can write

T = wp/2#T̃#wp/2 + r, T̃ ,r ∈ S(1,g).

In particular we have

|(Tu,u)| ≤C‖wp/2u‖2 +C‖u‖2

with C > 0.

Proof. Since wp/2#(w−pT )#wp/2 = T +R1 with R1 ∈ S(wp−2〈ξ ′〉−1
μ ,g). Write R1 =

wp/2#T1#wp/2 +R2 with T1 ∈ S(w−2〈ξ ′〉−1
μ ,g), R2 ∈ S(wp−4〈ξ ′〉−2

μ ,g). Repeating
this argument we conclude that one can write

T = wp/2#T̃ #wp/2 +R, T̃ ,R ∈ S(1,g)

which is the assertion. ��
Write

(Λ̃θ w−1u,w−1u) = (w−1Λ̃θ u,w−1u)+ ([Λ̃θ ,w
−1]u,w−1u)

and note that

[Λ̃θ ,w
−1] = c+ r, r ∈ μS(w−1〈μξ ′〉−1/4,g)

where c ∈ μS(w−2,g) is independent of �. Applying Lemma 12.11 one has

−Im(Λ̃θ w−1u,w−1u)≤−Im(w−1Λ̃θ u,w−1u)

+c1μ‖w−3/2u‖2 +C(‖w−1u‖2 + ‖u‖2).

We now estimate Im(w−1Λ̃θ u,w−1u). Note

−Im(w−1Λ̃θ u,w−1u)≤−Im(w−1/2Λ̃θ u,w−1/2w−1u)

+Cμ9/8(‖Λ̃θ u‖2 + ‖u‖2)

≤ (cμ�)−1‖w−1/2Λ̃θ u‖2 +
cμ�

2
‖w−1/2w−1u‖2

+Cμ9/8(‖Λ̃θ u‖2 + ‖u‖2).

Since w−1#w−1/2#w−1/2#w−1 = w−3 + r with r ∈ μ9/8S(〈μξ ′〉−1/8,g) then
−Im(Λ̃θ w−1u,w−1u) is bounded by
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(cμ�)−1‖w−1/2Λ̃θ u‖2 +(
cμ�

2
+ c1μ)(w−3u,u)

+C
(‖Λ̃θ u‖2 + ‖w−1u‖2 + ‖u‖2) (12.29)

with some C = C(�,μ). We turn to check (w−1(w−1u),w−1u). Repeating similar
arguments we see

(w−1(w−1u),w−1u)≥ (w−3u,u)−Cμ9/8(‖w−1u‖2 + ‖u‖2).

This together with (12.29) and (12.28) shows

(cμ�)−1‖w−1/2Λ̃θ u‖2 +C‖Λ̃θ u‖2 ≥ d
dx0

‖w−1u‖2

+cθ‖w−1u‖2 +
cμ�

3
(w−3u,u)−C‖u‖2 (12.30)

for �≥ �0, θ ≥ θ0(μ , �) with C =C(μ , �). Remark that

‖w−1/2Λ̃θ u‖2 ≤ (w−1Λ̃θ u,Λ̃θ u)+Cμ1/8‖Λ̃θ u‖2

and multiply μ2�2 to both sides of (12.30), we get the assertion from (12.26). ��
We now estimate the term Re(Re Q̃u, Imλ̃ u).

Lemma 12.12. We have

Re(Re Q̃u, Imλ̃ u)+Cμ3�(w−3u,u)

≥ ((Imλ̃ Re Q̃)u,u)−C
(‖w−1u‖2 + ‖u‖2)

with C =C(μ , �).

Proof. Recall that

Re Q̃ = q+Q1+T1 +R

where q = ϕ2
2 + ã2θ̂ 2ϕ2

1 + b̃2ϕ4
1 〈μξ ′〉−2 ∈ S(〈μξ ′〉2,g0), R ∈ μ2S(w−1, ḡ) and

T1 = μc0θ̂ 〈μξ ′〉+ c2ϕ2 + c3θ̂ϕ1 + c4ϕ2
1 〈μξ ′〉−1 (12.31)

where c j ∈ μS(1,g0), j ≥ 2 and

Q1 = c̃ϕ1ϕ2 + c̃1ϕ1 + c̃2ϕ2 + c̃3θ̂ϕ1 + c̃4ϕ2
1 〈μξ ′〉−1 (12.32)

where c̃∈ μS(w−3〈ξ ′〉−2
μ ,g) and c̃ j ∈ μS(〈ξ ′〉−1/4

μ ,g). Note Re(Imλ̃#q)= Imλ̃ q+r

where r ∈ �μ3S(w−3,g) because Imλ̃ ∈ μ�S(w−1,g). Hence we see

Re(qu, Imλ̃ u) = ((Imλ̃ q)u,u)+Re(ru,u). (12.33)



12 Cauchy Problem, a Transition Case 275

Let us consider

Kμ3�w−3 + r = μ3�[w−3/2(K + �−1μ−3w−3r)1/2]

#[w−3/2(K + �−1μ−3w−3r)1/2]+R

with R ∈ S(w−7〈ξ ′〉−2
μ ,g)⊂ μ1/8S(w−2〈μξ ′〉−1/8,g) where we choose K > 0 large

so that K + �−1μ−3w−3r ≥ c > 0. Thanks to Lemma 12.11, we get

Kμ3�(w−3u,u)+ (ru,u)≥−C
(‖w−1u‖2 + ‖u‖2). (12.34)

Since

Re(Imλ̃ #T1) = Imλ̃ T1 +R, R ∈ μ3S(w−1〈ξ ′〉−1/4
μ ,g),

Re(Imλ̃ #Q1) = Imλ̃ Q1 + c+R, R ∈ μ3S(w−2,g)

with c ∈ μ3�S(w−3〈ξ ′〉−1/8
μ ,g), it follows from Lemma 12.11 that

Re(Q1u, Imλ̃u)≥ (Imλ̃ Q1u,u)− cμ25/8�(w−3u,u)−C(‖w−1u‖2 + ‖u‖2),

Re(T1u, Imλ̃u)≥ (Imλ̃ T1u,u)−C(‖w−1u‖2 + ‖u‖2).

Thus from (12.33) and (12.34) we conclude the assertion. ��
We now estimate (Re Q̃u,u) from below. From the assumption we have

|T1| ≤ μ(1− ε∗)Tr+Fp on Σ .

Since T1 = μc0θ̂ 〈μξ ′〉+ c2ϕ2 + c3θ̂ϕ1 + c4ϕ2
1 〈μξ ′〉−1 we have

|μc0θ̂ 〈μξ ′〉| ≤ μ(1− ε∗)Tr+Fp ≤√
μ

1− ε∗

1− ε∗/4
〈μξ ′〉1/2

√
2{ϕ1,ϕ2}|θ̂ |

that is,

|c0| ≤ (1− ε∗

2
)μ−1/2〈μξ ′〉−1/2

√
2{ϕ1,ϕ2}.

Lemma 12.13. There exists C > 0 such that

μ |(c0θ̂ 〈μξ ′〉u,u)| ≤ (1− ε∗/4)
(‖ϕ2u‖2 + ‖ãθ̂ϕ1u‖2

+Cμ‖b̃ϕ2
1 〈μξ ′〉−1u‖2)+C‖u‖2.

Proof. Let us set

k =
c0μ〈μξ ′〉
ã{ϕ1,ϕ2} .

Then it is clear that one can assume |k| ≤ (1− ε∗/2) because 1− aθ̂ 2/2 is enough
close to 1. Note that

{ãθ̂ϕ1,kϕ2}= μc0θ̂ 〈μξ ′〉+C0θ̂ϕ1 +C1ϕ2
1 〈μξ ′〉−1 +C2ϕ2
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with Cj ∈ μS(1,g0), thanks to (12.18). Thus we get

(1+ν)‖kϕ2u‖2 +(1+ν)−1‖ãθ̂ϕ1u‖2 ≥ |μ(c0θ̂ 〈μξ ′〉u,u)|
−Cμ

(‖ϕ2u‖2 + ‖ãθ̂ϕ1u‖2 + ‖b̃ϕ2
1 〈μξ ′〉−1u‖2)−C‖u‖2.

Choosing ν > 0 so that (1+ν)(1−ε∗/2)= (1+ν)−1, we get the desired assertion.��
Proposition 12.3. There exists c > 0 such that we have

(Re Q̃u,u)≥ ε∗

8

(‖ϕ2u‖2 + ‖ãθ̂ϕ1u‖2 + ‖b̃ϕ2
1 〈μξ ′〉−1u‖2

+cμ3/2‖〈μξ ′〉1/4u‖2)−C‖u‖2.

Proof. Since q is a sum of terms ψ2 with ψ ∈ S(〈μξ ′〉,g0), the estimates for q is
easy. With real c ∈ S(w−3〈ξ ′〉−2

μ ,g), we have

cϕ1ϕ2 = Re((cϕ1)#ϕ2)+ r, r ∈ μ2S(〈ξ ′〉−1/8
μ ,g)

where cϕ1 ∈ μS(〈ξ ′〉1/8
μ ,g) and hence

(cϕ1ϕ2u,u)≥−Cμ‖ϕ2u‖2 −Cμ2‖〈μξ ′〉1/4u‖2 −C‖u‖2.

On the other hand as for real c ∈ μS(〈ξ ′〉−1/4
μ ,g), we have

(cϕ1u,u)≥−Cμ1/2‖ϕ2
1 〈μξ ′〉−1u‖2 −Cμ5/2‖〈μξ ′〉1/4u‖2 −C‖u‖2. (12.35)

Indeed one has cϕ1 = Re(c〈μξ ′〉1/2)#(〈μξ ′〉−1/2ϕ1)+ r with r ∈ μ2S(1,g) and

‖ϕ1〈μξ ′〉−1/2u‖2 ≤C‖ϕ2
1 〈μξ ′〉−1u‖2 +C‖u‖2,

‖c〈μξ ′〉1/2u‖2 ≤Cμ5/2‖〈μξ ′〉1/4u‖2.

Therefore one has

Re(Q1u,u)≥−Cμ1/2(‖ϕ2u‖2 + ‖ãθ̂ϕ1u‖2 + ‖b̃ϕ2
1 〈μξ ′〉−1u‖2)

−Cμ5/2‖〈μξ ′〉1/4u‖2 −C‖u‖2.

Writing

((Re Q̃)u,u) = ([(1− ε∗

4
)q+Q1+T1]u,u)+

ε∗

4
(qu,u)

we get the assertion from Lemmas 12.5 and 12.13. ��
We next estimate ((Imλ̃ Re Q̃)u,u) from below. To simplify notations let us set

ρ =

√
(μ�)−1Imλ̃ ∈ S(w−1/2,g)
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where we have c1 ≤ w1/2ρ ≤ c2 with some ci > 0 and

ρ is uniformly bounded in S(w−1/2,g) with respect to � and μ .

Remark that

Lemma 12.14. Let p ≥ 0. Then we have

c′1‖w−p/2u‖2 −C‖u‖2 ≤ ‖ρ pu‖2 ≤ c′2‖w−p/2u‖2 +C‖u‖2

with some c′i > 0, C > 0.

Proof. Since one can write

Re(w−p/2#w−p/2) = ρ p#(ρ−2pw−p +R1)#ρ p +R2

with R1 ∈ μ1/2S(1,g) and R2 ∈ S(1,g), then the proof is immediate. ��
Then we have

Lemma 12.15. We have

Re(ρ2Re Q̃u,u)≥ (1−Cμ1/2)(Re Q̃(ρu),ρu)−Cμ2‖w−3/2u‖2

−Cμ3/2(‖w−1u‖2 + ‖〈μξ ′〉1/4u‖2)

−C
(‖ϕ2u‖2 + ‖θ̂ϕ1u‖2 + ‖ϕ2

1〈μξ ′〉−1u‖2 + ‖u‖2).

Proof. Recalling Re Q̃ = q+Q1 +T1 +R, we first consider q. Since q is a sum of
terms ρ2ψ2 with ψ ∈ S(〈μξ ′〉,g0), one can write from Lemma 12.10

ρ2ψ2 = ρ#ψ2#ρ + c1ψ2 + c2#(ψ#ρ)+ r

with c1 ∈ S(〈ξ ′〉−1/8
μ ,g), c2 ∈ μS(w−1/2〈ξ ′〉1/8

μ ,g), and r ∈ μ2S(w−3,g). Here we
note

(c1ψ2u,u)≤C‖ψu‖2 +Cμ2(‖w−1u‖2 + ‖〈μξ ′〉1/4u‖2)+C‖u‖2

and

‖c2u‖2 ≤ (c2
2u,u)+C‖u‖2 ≤Cμ7/4(‖w−1u‖2 + ‖〈μξ ′〉1/4u‖2)+C‖u‖2.

To estimate Re(ru,u) it suffices to apply Lemma 12.11. We turn to estimate the term
(ρ2Q1 u,u). Let c ∈ S(w−3〈ξ ′〉−2

μ ,g) be real. Then

ρ2cϕ1ϕ2 = ρ#(cϕ1ϕ2)#ρ + r, r ∈ μ2S(w−3〈ξ ′〉−1/8
μ ,g)

and hence

(ρ2cϕ1ϕ2u,u)≥ (cϕ1ϕ2(ρu),ρu)−Cμ17/8‖w−3/2u‖2 −C‖u‖2.
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With real c ∈ μS(〈ξ ′〉−1/4
μ ,g) and ψ ∈ S(〈μξ ′〉,g0), it is easy to see that cψρ2 =

ρ#(cψ)#ρ)+ r with r ∈ μ2S(w−2〈ξ ′〉−1/8
μ ,g) so that

(cϕ1ρ2u,u)≥ (cϕ1(ρu),ρu)−Cμ2(‖w−1u‖2 + ‖u‖2)

thanks to Lemma 12.11. Repeating similar arguments we get

(ρ2T1u,u)≥ (T1(ρu),ρu)−Cμ2(‖w−1u‖2 + ‖u‖2)

and hence we obtain the desired assertion. ��
Since Imλ̃ ReQ̃ = μ�ρ2Re Q̃ we get from Lemmas 12.12 and 12.15

Proposition 12.4. We have

Re(Re Q̃u, Imλ̃ u)+Cμ3�(w−3u,u)

≥ μ�(1−Cμ1/4)(Re Q̃(ρu),ρu)−Cμ5/2(‖w−1u‖2 + ‖〈μξ ′〉1/4u‖2)

−C(‖ϕ2u‖2 + ‖ãθ̂ϕ1u‖2 + ‖b̃ϕ2
1 〈μξ ′〉−1u‖2 + ‖u‖2).

We proceed to estimate the term Im([D0 −Reλ̃ ,ReQ̃]u,u). Recall that Reλ̃ =

ξ0 −λ + r with r ∈ μS(〈ξ ′〉1/8
μ ,g) where λ = ϕ1 − aθ̂ 2ϕ1. It is easy to see that

|({r,ReQ̃}u,u)| ≤Cμ2(‖ρϕ2u‖2 + ‖ρ ãθ̂ϕ1u‖2 + ‖ρ b̃ϕ2
1 〈μξ ′〉−1u‖2

+‖ρ〈μξ ′〉1/4u‖2)+C(‖w−1/2u‖2 + ‖u‖2).

We now estimate Im([D0 −Reλ̃ ,T1 +Q1]u,u). It is enough to study ({ξ0 −λ ,T1 +
Q1}u,u). Recalling (12.31) one can write

{ξ0 −λ ,T1}= c′0θ̂ 〈μξ ′〉+ c′1ϕ1 + c2ϕ ′
2, c′j ∈ μ2S(1,g0)

Thanks to (12.17) and (12.18). Applying the same arguments proving Lemma 12.13,
one gets

|(c′0θ̂ 〈μξ ′〉u,u)| ≤Cμ(‖ϕ2u‖2 + ‖ãθ̂ϕ1u‖2 + ‖b̃ϕ2
1 〈μξ ′〉−1u‖2)

+Cμ3(‖w−1/2u‖2 + ‖u‖2).

Similar arguments shows that

|(c′1ϕ1u,u)| ≤Cμ(‖ϕ2u‖2 + ‖b̃ϕ2
1 〈μξ ′〉−1u‖2 + ‖u‖2).

Thus we have

|({ξ0 −λ ,T1}u,u)| ≤Cμ(‖ϕ2u‖2 + ‖ãθ̂ϕ1u‖2

+‖b̃ϕ2
1 〈μξ ′〉−1u‖2 + ‖w−1/2u‖2 + ‖u‖2).

In virtue of (12.32) and (12.17) we can write
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{ξ0 −λ ,Q1}= cϕ1ϕ2 + c0θ̂ 〈μξ ′〉+ c1ϕ1

+c2ϕ2 + c3θ̂ϕ1 + c4ϕ2
1 〈μξ ′〉−1

with c ∈ μS(w−1〈ξ ′〉−5/4
μ ,g), c0 ∈ μ2S(〈ξ ′〉−1/4

μ ,g), c j ∈ μ2S(w−1〈ξ ′〉−1/4
μ ,g), j =

1, ...,4. Write

cϕ1ϕ2 = Re((cϕ1)#ϕ2)+ r, r ∈ μ3S(〈ξ ′〉−1/8
μ ,g)

where cϕ1 ∈ μ2S(w−1〈ξ ′〉−1/4
μ ,g) and hence

|(cϕ1ϕ2u,u)| ≤Cμ2(‖ϕ2u‖2 + ‖w−1/2u‖2)+C‖u‖2.

We consider (c1ϕ1u,u) with real c1 ∈ μ2S(w−1〈ξ ′〉−1/4
μ ,g). Write

c1ϕ1 = Re[(ρ3/2〈μξ ′〉−1/2ϕ1)#(ρ−3/2c1〈μξ ′〉1/2)]+ r

where r ∈ μ3S(w−2,g). Here note that

Re[(ρ3/2〈μξ ′〉−1/2ϕ1)#(ρ3/2〈μξ ′〉−1/2ϕ1)]

= Re[(ρ b̃〈μξ ′〉−1ϕ2
1 )#c]+ r, r ∈ μS(w−2,g), c ∈ S(w−1,g)

and

Re[(ρ−3/2c1〈μξ ′〉1/2)#(ρ−3/2c1〈μξ ′〉1/2)]

= (ρ〈μξ ′〉1/4)#(ρ−4c2
1〈μξ ′〉3/4)+ r, r ∈ μ3S(w−2,g).

Since ρ−4c2
1〈μξ ′〉3/4 ∈ μ4S(〈μξ ′〉1/4,g) we conclude that

|(c1ϕ1u,u)| ≤Cμ3(‖ρ b̃〈μξ ′〉−1ϕ2
1 u‖2 + ‖ρ〈μξ ′〉1/4u‖2)

+C(‖w−1u‖2 + ‖〈μξ ′〉1/4u‖2).

Then we conclude that

|({ξ0 −λ ,Q1}u,u)| ≤Cμ(‖ϕ2u‖2 + ‖ãθ̂ϕ1u‖2 + ‖ãθ̂ϕ1u‖2

+‖b̃ϕ2
1 〈μξ ′〉−1u‖2)+Cμ3(‖ρ b̃ϕ2

1 〈μξ ′〉−1u‖2 + ‖ρ〈μξ ′〉1/4u‖2)

+C(‖w−1u‖2 + ‖u‖2).

It remains to consider ({ξ0 −λ ,q}u,u). From Lemma 12.4 we see that

{ξ0 −λ ,q}= c1ϕ1ϕ2 + c2θ̂ϕ1ϕ1, c j ∈ μS(1,g0).

modulo μO(|(ϕ2, θ̂ϕ1,ϕ2
1 〈μξ ′〉−1)|2). We only estimate the term (c1ϕ1ϕ2u,u)

because (c2θ̂ϕ1ϕ1u,u) is estimated similarly. We first note that

Re(c1ϕ1ϕ2) = Re((ρϕ2)#c′1#(w1/2ϕ1))+∑ c̃ jϕ j + r
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where c′1 ∈ μS(1,g0), c̃ j ∈ μ2S(w−1〈ξ ′〉−1/4
μ ,g), r ∈ μ2S(w−2,g). To estimate the

terms (c̃ jϕ ju,u) it is enough to apply the same arguments as above. To estimate
‖w1/2ϕ1u‖ we apply the following lemma.

Lemma 12.16. We have

‖w1/2ϕ1u‖2, (wϕ2
1 u,u)≤C

(
[ϕ2

2 + ã2θ̂ 2ϕ2
1 + b̃2ϕ4

1 〈μξ ′〉−2](ρu),ρu
)

+C
(‖w−1/2u‖2 + ‖〈μξ ′〉1/4u‖2 + ‖ϕ2

1 〈μξ ′〉−1u‖2)

with some C > 0.

Proof. Since w2 = θ̂ 2 + 〈ξ ′〉−3/4
μ = θ̂ 2 + μ3/4〈μξ ′〉−3/4, it follows that

w2ϕ2
1 ≤C(θ̂ 2ϕ2

1 +ϕ4
1 〈μξ ′〉−2 + μ3/2〈μξ ′〉1/2)

and hence

([ã2θ̂ 2ϕ2
1 + b̃2ϕ4

1 〈μξ ′〉−2 + μ3/2〈μξ ′〉1/2]u,u)− (w2ϕ2
1 u,u)≥−C‖u‖2

by the Fefferman–Phong inequality because w2ϕ2
1 ∈ S(〈μξ ′〉2,g0). Replacing u by

ρu we get

C([ã2θ̂ 2ϕ2
1 + b̃2ϕ4

1 〈μξ ′〉−2 + μ3/2〈μξ ′〉1/2](ρu),ρu)

≥ (w2ϕ2
1 (ρu),ρu)−C‖ρu‖2.

Let us study (w2ϕ2
1 (ρu),ρu). Write

Re(ρ#(w2ϕ2
1 )#ρ) = Re((ρwϕ1)#(ρwϕ1))+ cϕ1 + r

where c ∈ μS(〈ξ ′〉−1/4
μ ,g), r ∈ μ2S(w−1,g) which proves

(w2ϕ2
1 (ρu),ρu)≥ ‖ρwϕ1u‖2

−C(‖ϕ2
1 〈μξ ′〉−1u‖2 + ‖〈μξ ′〉1/4u‖2 + ‖w−1/2u‖2).

Note that one can write

w1/2ϕ1 = c#(ρwϕ1)+ r, c ∈ S(1,g), r ∈ μS(w−1/2,g).

On the other hand by Lemma 12.5, one has

μ3/2(〈μξ ′〉1/2(ρu),ρu)

≤C([ϕ2
2 + b̃2ϕ4

1 〈μξ ′〉−2](ρu),ρu)+Cμ‖w−1/2u‖2

and hence we get the assertion for ‖w1/2ϕ1u‖2. To examine the assertion for
(wϕ2

1 u,u), it suffices to note
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Re[(w1/2ϕ1)#(w
1/2ϕ1)] = wϕ2

1 + cϕ1 + r

with some c ∈ μS(〈ξ ′〉−1/4
μ ,g) and r ∈ μ2S(w−1,g). ��

Thus we obtain

|Re(c1ϕ1ϕ2u,u)|, |Re(c2θ̂ϕ1ϕ1u,u)|
≤Cμ

(
[ϕ2

2 + ã2θ̂ 2ϕ2
1 + b̃2ϕ4

1 〈μξ ′〉−2](ρu),ρu
)

+C
(‖w−1u‖2 + ‖〈μξ ′〉1/4u‖2 + ‖b̃ϕ2

1 〈μξ ′〉−1u‖2)

with some C > 0. Indeed it is enough to note that for ψ ∈ S(〈μξ ′〉,g0), one has

C1(ψ2(ρu),ρu)≥ ‖ρψu‖2−C2μ2‖w−1u‖2 −C2μ‖u‖2,

C1(〈μξ ′〉1/2(ρu),ρu)≥ ‖ρ〈μξ ′〉1/4u‖2 −C2μ1/2‖u‖2.

We summarize in

Proposition 12.5. We have

|Im([D0 −Reλ̃ ,Re Q̃]u,u)|
≤Cμ

(
Re Q̃(ρu),ρu

)
+C(ReQ̃u,u)+C

(‖w−1u‖2 + ‖u‖2).

We finally estimate (Λ̃θ u,(Im Q̃)u). From Lemma 12.9 and (12.23) we have

Im Q̃ = �w−1{q, θ̂}+ c1ϕ1 + c2ϕ2 + c3θ̂ϕ1 + c4ϕ2
1 〈μξ ′〉−1

c1 ∈ μS(〈ξ ′〉−1/4
μ ,g), c j ∈ μS(1,g) for j ≥ 2. Since

|(Λ̃θ u,(Im Q̃− �w−1{q, θ̂}− c1ϕ1)u)| ≤C(‖Λ̃θ u‖2 + ‖ϕ2u‖2

+‖ãθ̂ϕ1u‖2 + ‖b̃ϕ2
1 〈μξ ′〉−1u‖2 + ‖u‖2)

it is enough to estimate (Λ̃θ u, �w−1{q, θ̂}u), (Λ̃θ u,c1ϕ1u). Noting

c1ϕ1 = c̃#(w1/2ϕ1)+ r

with c̃ ∈ μS(1,g) and r ∈ μ2S(w−1/2,g), we obtain

|(Λ̃θ u,c1ϕ1u)| ≤Cμ2‖w1/2ϕ1u‖2 +C(‖Λ̃θu‖2 + ‖w−1/2u‖2).

We turn to estimate �|(Λ̃θ u,w−1{q, θ̂}u)|. We estimate the case q = ϕ2
2 since the

other cases are similar. With a =
√

�w−1{ξ0 +λ , θ̂}, consider

2�|(Λ̃θ u,w−1{ϕ2, θ̂}ϕ2u)|= 2|(aΛ̃θ u,a−1(�w−1{ϕ2, θ̂}ϕ2u))|
≤ δ‖aΛ̃θ u‖2 + δ−1‖a−1(�w−1{ϕ2, θ̂}ϕ2u)‖2
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with a δ > 0. Let us study the second term in the right-hand side. Applying the same
arguments as in the proof of Lemma 12.10 one can show

(�w−1{ϕ2, θ̂}ϕ2)#a−1#a−1#(�w−1{ϕ2, θ̂}ϕ2)

= μ�ρ#(bϕ2
2)#ρ + μ�c0ϕ2

2 + μ2�c1ϕ1 + μ3�c2

where

b =
{ϕ2, θ̂}2

{ξ0 −λ , θ̂}{ξ0 +λ , θ̂} , c0 ∈ S(w−5〈ξ ′〉−2
μ ,g),

c1 ∈ S(w−4〈ξ ′〉−1
μ ,g), c2 ∈ S(w−3,g).

From the assumption and the Fefferman–Phong inequality we get

(bϕ2
2 (ρu),ρu)≤ ε∗

60
(ϕ2

2 (ρu),ρu)+C‖w−1/2u‖2.

Repeating the same arguments as in the proof of Lemma 12.10 one can write

c0ϕ2
2 = ρ#ϕ2#(c0ρ−2)#ϕ2#ρ + c00ϕ2 + c01,

c1ϕ2 = Re
(
(ρ−1c1)#ϕ2#ρ

)
+ c10ϕ2 + c11

where

c00 ∈ μS(w−1,g), c01 ∈ μ2S(w−2〈ξ ′〉−1/16
μ ,g),

c10 ∈ S(1,g), c11 ∈ μS(w−2〈ξ ′〉−1/8
μ ,g).

This proves that

|(c0ϕ2u,u)| ≤Cμ1/4(ϕ2
2 (ρu),ρu)+C‖w−1u‖2,

μ2|(c1ϕ2u,u)| ≤Cμ3/2(ϕ2
2 (ρu),ρu)+Cμ5/2‖〈μξ ′〉1/4(ρu)‖2

+C(‖ϕ2u‖2 + ‖w−1u‖2).

Thus we obtain

2�|(Λ̃θ u,w−1{ϕ2, θ̂}ϕ2u)| ≤ δ−1μ�
( ε∗

60
+Cμ1/4)[(ϕ2

2 (ρu),ρu)

+cμ3/2‖〈μξ ′〉1/4(ρu)‖2]+Cδ−1μ3�(w−3u,u)

+C
[‖ϕ2

2 u‖2 + ‖w−1u‖2 + ‖u‖2]

+δ�(w−1{ξ0 +λ , θ̂}Λ̃θ u,Λ̃θ u)+C‖Λ̃θu‖2.

Since we get similar estimates for θ̂ 2ϕ2
1 and ϕ4

1 〈μξ ′〉−2, taking δ = 1/2 for instance,
we conclude
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Proposition 12.6. We have

|(Λ̃θ u,(Im Q̃)u)| ≤ 1
10

μ�
(
ε∗+Cμ1/4)(Re Q̃(ρu),ρu)

+Cμ3�(w−3u,u)+C(ReQ̃u,u)+
1
2
�(w−1{ξ0 +λ , θ̂}Λ̃θ u,Λ̃θ u)

+C
(‖Λ̃θ u‖2 + ‖w−1u‖2 + ‖u‖2).

To obtain a priori estimates we first take �≥ �0 large so that

μ�(ReQ̃(ρu),ρu)

in Proposition 12.4 controls Cμ(Re Q̃(ρu),ρu) in Proposition 12.5 and then

c
2

μ3�3(w−3u,u)

in Proposition 12.2 absorbs Cμ3�(w−3u,u) in Proposition 12.4 and Cμ3�(w−3u,u)
in Proposition 12.6. We next choose μ small 0 < μ ≤ μ0 = μ0(�) and finally take
θ ≥ θ0 = θ0(�0,μ0) large. Then from Propositions 12.2, 12.3, 12.4, 12.5, and 12.6,
we obtain a priori estimates which proves

Theorem 12.1. Assume (12.1) and (12.2). We also assume that the global version
of the assumptions (12.15), (12.16), (12.19) are satisfied. Then the Cauchy problem
is C∞ well posed.

12.3 Case C∩TS �= {0}

In this section we study the C∞ well-posedness of the Cauchy problem assuming
C∩T S �= {0}. From Lemma 12.3 we see that

Cρ ∩Tρ S �= {0}⇐⇒ {ξ0, θ̂}(ρ) = 0

and hence one can write

{ξ0, θ̂}= cθ̂ + c1ϕ1 + c2ϕ2. (12.36)

Let ψ be a smooth function vanishing on Σ such that

F2
p Hψ =−μ2Hψ , Hψ �∈ TΣ (12.37)

where iμ(ρ) (μ(ρ)> 0) is the pure imaginary eigenvalue of Fp(ρ) and hence μ(ρ)2

is smooth up to S on Σ as observed in Sect. 12.1. We introduce a condition

|H3
ψ p| ≤CTr+Fp on Σ (12.38)

with some C > 0.
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Lemma 12.17. The condition (12.38) is equivalent to

|{ϕ2,Δ}| ≤CTr+Fp on Σ

where Δ = {ξ0,ϕ2}2 −{ϕ1,ϕ2}2.

Proof. Let ψ = αξ0 +β ϕ1 + γϕ2. From (12.37) it follows that γ �= 0 and (α,β ) is
proportional to ({ϕ2,ξ0},{ϕ1,ϕ2}) with proportionality k. Then we have

{ψ ,{ψ , p}}= Δ(−γ2 + k2Δ).

Then it is not difficult to examine that

H3
ψ p =−γ2{ϕ2,Δ}+O(θ̂ 2m−1) (12.39)

on Σ . This proves the assertion because of (12.12). ��
Remark 12.3. When m = 1 the condition (12.38) is equivalent to

H3
ψ p = 0 on S.

Lemma 12.18. We assume that there is C > 0 such that |H3
ψ p| ≤CTr+Fp on Σ . Then

we have
{ξ0 −ϕ1,ϕ2}=−θ̂ 2m + c0θ̂ mϕ1 + c1ϕ2

1 + c2ϕ2. (12.40)

Proof. Recall that one can write {ξ0 −ϕ1,ϕ2} = −θ̂ 2m + c1ϕ1 + c2ϕ2 and {ξ0 +
ϕ1,ϕ2}�= 0. Thus by Lemma 12.17 (or rather by (12.39)), one gets

|{ϕ2,{ϕ2,ξ0 −ϕ1}}| ≤CTr+Fp.

Since {ϕ1,ϕ2}�= 0 it follows that c1 is a linear combination of θ̂ m, ϕ1 and ϕ2 which
proves the assertion. ��

We assume that our assumptions are satisfied globally:
⎧
⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

p(x,ξ ) =−ξ 2
0 +ϕ1(x,ξ ′)2 +ϕ2(x,ξ ′)2, ϕ j ∈ S(〈ξ ′〉,g0)

{ξ0 −ϕ1,ϕ2}=−θ̂ 2m〈ξ ′〉+ c0θ̂ mϕ1 + c1ϕ2
1 〈ξ ′〉−1 + c2ϕ2,

{ξ0, θ̂}= c′0θ̂ + c′1ϕ1〈ξ ′〉−1 + c′2ϕ2〈ξ ′〉−1,

{ϕ1,ϕ2} ≥ c〈ξ ′〉, c > 0,

(1− ε)Tr+Fp ≤ 〈ξ ′〉1/2
√

2{ϕ1,ϕ2}|θ̂ |m ≤ (1+ ε)Tr+Fp.

(12.41)

We also assume that the strict Ivrii-Petkov-Hörmander condition is satisfied:

ImPsub = 0, |RePsub| ≤ (1− ε∗)Tr+Fp (12.42)

on Σ with some ε∗ > 0 where we can assume ε < ε∗ working in a small neighbor-
hood of ρ and then extending the reference symbols globally.
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12.3.1 Elementary Decomposition

Let us rewrite p as

p =−(ξ0 +ϕ1 − aθ̂ 2mϕ1 −ϕ3
1 〈ξ ′〉−2)(ξ0 −ϕ1 + aθ̂ 2mϕ1 +ϕ3

1〈ξ ′〉−2)

+ϕ2
2 + 2aθ̂ 2mϕ2

1 (1− aθ̂ 2m/2)+ 2ϕ4
1〈ξ ′〉−2(1− aθ̂ 2m−ϕ2

1 〈ξ ′〉−2/2)

=−(ξ0 +λ )(ξ0 −λ )+ q (12.43)

where

a =
〈ξ ′〉

{ϕ1,ϕ2} ≥ c1 > 0

and

λ = ϕ1 − aθ̂ 2mϕ1 −ϕ3
1 〈ξ ′〉−2,

q = ϕ2
2 + 2aθ̂ 2mϕ2

1 (1− aθ̂ 2m/2)+ 2ϕ4
1〈ξ ′〉−2(1− aθ̂ 2m−ϕ2

1 〈ξ ′〉−2/2)

= ϕ2
2 + ã2θ̂ 2mϕ2

1 + b̃2ϕ4
1 〈ξ ′〉−2.

Lemma 12.19. We have

{ξ0 −ϕ1,ϕ1}= O(|(ϕ1,ϕ2)|),
{ξ0 −ϕ1 + aθ̂ 2mϕ1, θ̂}= O(|(θ̂ ,ϕ1〈ξ ′〉−1,ϕ2〈ξ ′〉−1)|),
{ξ0 +ϕ1 − aθ̂ 2mϕ1, θ̂}= O(|(θ̂ ,ϕ1〈ξ ′〉−1,ϕ2〈ξ ′〉−1)|),
{ξ0 −ϕ1 + aθ̂ 2mϕ1,ϕ2}= O(θ̂ mϕ1)+O(ϕ2

1 〈ξ ′〉−1)+O(ϕ2).

Proof. It is enough to note that

{ξ0 −ϕ1 + aθ̂ 2mϕ1,ϕ2}= {ξ0 −ϕ1,ϕ2}+ aθ̂ 2m{ϕ1,ϕ2}+O(θ̂ mϕ1)

= O(θ̂ mϕ1)+O(ϕ2
1 〈ξ ′〉−1)+O(ϕ2)

because aθ̂ 2m{ϕ1,ϕ2}= θ̂ 2m〈ξ ′〉. ��
Then we have

Proposition 12.7. The decomposition (12.43) is an elementary decomposition,
that is,

{ξ0 −λ ,q}= O(q).

Corollary 12.1. Assume (12.38). Then there is no null bicharacteristic tangent to Σ .

Proof. It suffices to repeat the proof in [11]. ��

Proof (Proposition 12.7). It is clear that

{ξ0 −ϕ1 + aθ̂ 2mϕ1,ϕ2
2}= [O(θ̂ mϕ1)+O(ϕ2

1 〈ξ ′〉−1)+O(ϕ2)]ϕ2

≤C
(
ϕ2

2 + θ̂ 2mϕ2
1 +ϕ4

1〈ξ ′〉−2)≤C′q.
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As for the terms {ξ0 −ϕ1 + aθ̂ 2mϕ1, ã2θ̂ 2mϕ2
1}, {ξ0 −ϕ1 + aθ̂ 2mϕ1, b̃2ϕ4

1 〈ξ ′〉−2},
the assertion is easily checked, thanks to Lemma 12.19. ��

12.3.2 A Priori Estimates

Recalling P = (p+Psub)
w let us consider

P =−(ξ0 +λ )(ξ0 −λ )+ q+T1+ iT2

with

q = ϕ2
2 + ã2θ̂ 2mϕ2

1 + b̃2ϕ4
1 〈ξ ′〉−2

where Ti ∈ S(〈ξ ′〉,g0) are real and

|T1| ≤ (1− ε∗)Tr+Fp, T2 = c1ϕ1 + c2ϕ2

with real c′j ∈ S(1,g0). From this and (12.41) one can write

T1 = c0θ̂ m〈ξ ′〉+ c′1ϕ1 + c′2ϕ2, c′j ∈ S(1,g0)

where

|c0θ̂ m〈ξ ′〉| ≤ (1− ε∗)Tr+Fp ≤ 1− ε∗

1− ε
〈ξ ′〉1/2

√
2{ϕ1,ϕ2}|θ̂ m|

which implies

|c0| ≤ (1− ε ′)〈ξ ′〉−1/2
√

2{ϕ1,ϕ2}

with some ε ′ > 0.
As in Sect. 12.2 we move (c′1 + ic1)ϕ1 into the principal part:

−(ξ0 +λ )(ξ0 −λ )+ (c′1+ ic1)ϕ1

=−(ξ0 +λ +α)(ξ0 −λ −α)− 2α(θ̂ 2mϕ1 +ϕ3
1〈ξ ′〉−2)−α2

where α = (c′1+ ic1)/2∈ S(1,g0). Thus we are led to consider P=−MΛ +Q where
M = ξ0 +λ +α , Λ = ξ0 −λ −α and Q = q+T ′

1 + iT ′
2 with

T ′
1 = c0θ̂ m〈ξ ′〉+ d0θ̂ mϕ1 + d1ϕ2

1 〈ξ ′〉−1 + d2ϕ2,

T ′
2 = d′

0θ̂ mϕ1 + d′
1ϕ2

1 〈ξ ′〉−1 + d′
2ϕ2.

where c0, d j, d′
j ∈ S(1,g0). With Λθ = Λ − iθ , Mθ = M− iθ , we have
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2Im(Pθ u,Λθ u)≥ d
dx0

(‖Λθ u‖2 +((ReQ)u,u)+θ 2‖u‖2)+θ‖Λθu‖2

+2θRe(Qu,u)− (c1Λθ u,Λθ u)+ 2Re(Λθ u,(ImQ)u)

+Im([D0 −λ − c′1,ReQ]u,u)+Re((ReQ)u,c1u)

+θ 3‖u‖2 +θ 2(c1u,u).

Lemma 12.20. There are ε1 > 0 and C > 0 such that

|(c0θ̂ m〈ξ ′〉u,u)| ≤ (1− ε1)
(‖ϕ2u‖2 + ‖ãθ̂ mϕ1u‖2

+‖b̃ϕ2
1 〈ξ ′〉−1u‖2)+C‖u‖2.

Proof. We repeat the proof of Lemma 12.13. Let us set

k =
c0〈ξ ′〉

ã{ϕ1,ϕ2}
Then it is clear that one can assume |k| ≤ (1− ε ′/2) working in a small neighbor-
hood of ρ . Note that

{ãθ̂ mϕ1,kϕ2}= c0θ̂ m〈ξ ′〉+C0θ̂ mϕ1 +C1ϕ2
1 〈ξ ′〉−1 +C2ϕ2.

Thus we get

(1+ν)‖kϕ2u‖2 +(1+ν)−1‖ãθ̂ mϕ1u‖2 ≥ |(c0θ̂ m〈ξ ′〉u,u)|
−δ

(‖ϕ2u‖2 + ‖ãθ̂ mϕ1u‖2 + ‖b̃ϕ2
1 〈ξ ′〉−1u‖2)−Cδ‖u‖2

for any δ > 0. Choosing ν > 0 and δ > 0 so that δ +(1+ ν)(1− ε ′/2) < 1 and
δ +(1+ν)−1 < 1, we get the desired assertion. ��
Theorem 12.2. Assume (12.1) and (12.2). We also assume that the global version of
the assumptions (12.36), (12.38), and (12.42) are satisfied. Then the Cauchy prob-
lem is C∞ well-posed.

12.3.3 Geometric Observations

In this subsection we discuss about geometric aspects of (12.38).

Proposition 12.8. Assume that H3
ψ p �= 0 at ρ ∈ S. Then there is a null bicharacter-

istic landing at ρ tangentially to S.

Proof. We follow the arguments given in [14]. To simplify notations let us set
Ξ0 = ξ0 −ϕ1, X0 = x0 and extend (X0,Ξ0) to a full symplectic coordinates (X ,Ξ).
Switching the notation from (X ,Ξ) to (x,ξ ) and writing θ for θ̂ , one can write

p =−ξ0(ξ0 + 2ϕ1)+ϕ2
2



288 T. Nishitani

where we have

{ξ0,ϕ1}= O(|ϕ |), {ξ0,ϕ2}=−θ 2 +O(|ϕ |),
{θ ,ϕ j}= O(|ϕ |), {ξ0,θ}= O(|(θ ,ϕ)|)

with ϕ = (ϕ1,ϕ2). Let us take

ξ0,x0,ϕ1,ϕ2,θ ,ψ1, ...,ψr

to be a system of local coordinates around ρ . Note that we can assume that ψ j are
independent of x0 taking ψ j(0,x′,ξ ′) as new ψ j. Moreover we can assume that

{ψ j,ϕk}= O(|ϕ |), k = 1,2

taking ψ j − {ψ j,ϕ1}ϕ2/{ϕ2,ϕ1} − {ψ j,ϕ2}ϕ1/{ϕ1,ϕ2} as new ψ j. Recall the
Hamilton system

⎧
⎪⎨
⎪⎩

ẋ =
∂

∂ξ
p(x,ξ )

ξ̇ =− ∂
∂x

p(x,ξ ).
(12.44)

Let γ(s) = (x(s),ξ (s)) be a solution to the Hamilton system (12.44) and we consider
ξ0(s), x0(s), ϕ j(γ(s)), θ (γ(s)), ψ j(γ(s)). Note that

d
ds

f (γ(s)) = {p, f}(γ(s)).

Let us change the parameter from s to t:

t =
1
s

so that we have
d
ds

=−tD, D = t
d
dt

and hence tD(t pF) = t p+1(DF + pF). Let us introduce new unknowns:

⎧
⎪⎨
⎪⎩

ξ0(s) = t4Ξ0(t), x0(s) = tX0(t),

ϕ1(γ(s)) = t2Φ1(t), ϕ2(γ(s)) = t3Φ2(t),

θ (γ(s)) = t2Θ(t), ψ j(γ(s)) = t2Ψj(t).

Let us set

{ϕ2,ξ0}= θ 2 +C20
1 ϕ1 +C20

2 ϕ2,

{ϕ1,ξ0}=C10
1 ϕ1 +C10

2 ϕ2
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then it is not difficult to see
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

DX0 =−X0 + 2Φ1 +O(t2),

DΦ1 =−2Φ1 + 2{ϕ1,ϕ2}Φ2 +O(t),

DΞ0 =−4Ξ0 − 2C20
1 Φ1Φ2 +O(t),

DΦ2 =−3Φ2 − 2C20
1 Φ2

1 + 2{ϕ1,ϕ2}Ξ0 +O(t),

DΘ =−2Θ +O(t),

DΨj =−2Ψj +O(t2).

Let us put κ =C20
1 (ρ), δ = {ϕ1,ϕ2}(ρ). From (12.39) and (12.41) it follows that

κ = {ϕ2,{ϕ2,ξ0}}(ρ)�= 0, δ �= 0.

Let us set

V = (X0,Φ2,Ξ0,Φ1,Θ ,Ψ), Ψ = (Ψ1, ...,Ψr)

and we summarize what we have obtained:
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

DX0 =−X0 + 2Φ1 + tG(t,V),

DΞ0 =−4Ξ0 − 2κΦ1Φ2 + tG(t,V),

DΦ1 =−2Φ1 + 2δΦ2 + tG(t,V),

DΦ2 =−3Φ2 − 2κΦ2
1 + 2δΞ0 + tG(t,V),

DΘ =−2Θ + tG(t,V),

DΨj =−2Ψj + tG(t,V)

(12.45)

where G(t,V ) denotes a smooth function in (t,V ) such that G(t,0) = 0.
Let us define the class of formal series in t and log1/t in which we look for our

formal solutions to the reduced system (12.45):

E = { ∑
0≤ j≤i

t i(log1/t) jVi j |Vi j ∈ C
N}.

Lemma 12.21. Assume that V ∈ E satisfies (12.45) formally and Φ2(0)�= 0. Then
X0(0), Ξ0(0), Φ1(0), Θ(0), Ψj(0) are uniquely determined. In particular X0(0)�= 0.

Repeating similar (much simpler) arguments as in [14], one can show

Lemma 12.22. There exists a formal solution V ∈ E to (12.45) such that Φ2(0)�= 0.

Repeating a similar but much simpler argument as in [14], we can conclude that
there is a solution to (12.45) which is asymptotic to the formal solution given in
Lemma 12.22. Thus we get a solution (x(s),ξ (s)) to the Hamilton system (12.44).
Since
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dθ
dx0

∣∣∣
x0=0

=
(dθ

dt
/

dx0

dt

)
x0=0

=
tΘ(t)
X0(t)

∣∣∣
t=0

= 0

and hence we see that (x(s),ξ (s)) is actually tangent to S, thus we end the proof. ��
From Theorems 12.1, 12.2 and Proposition 12.8 we conclude

Theorem 12.3. Assume (12.1) and (12.2) and that the pure imaginary eigenvalue of
Fp vanishes simply on S and there is no null bicharacterisic tangent to S. Then under
the strict Ivrii-Petkov-Hörmander condition, the Cauchy problem is C∞ well-posed.
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Chapter 13
A Note on Unique Continuation for Parabolic
Operators with Singular Potentials

Takashi Okaji

Abstract We consider a class of heat-type differential operators. The coefficients in
the lower-order terms are allowed to have critical singularities. These operators can
be viewed as a perturbation of a simple model operator by a subcritical one. Under
some conditions on the vector and scalar potentials in the critical part, we establish
strong unique continuation theorems for such operators. For proof, we use a two-
stage Carleman method. Firstly we derive a Carleman inequality for the model op-
erators with critical potentials through an analysis of spectrum of some Schrödinger
operators with compact resolvent. The obtained Carleman inequality at the first
stage guarantees us to choose a weight function with higher singularity in a Car-
leman inequality at the second stage for the perturbed operators.
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13.1 Introduction

In this paper we are concerned with strong unique continuation for a class of
heat-type differential equations

∂t u+Δu+∑d
j=1 A j∂x j u+Vu= 0

and inequalities

|∂t u+Δu+∑d
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Here the coefficients A = (A1, · · · ,Ad), W , and V in the lower-order terms are
allowed to have critical singularities.

Let P be a differential operator on a domain Ω ⊂ Rd :

P = ∑
|α |≤m

aα(x)D
α
x , D = (−i∂x)

α , x ∈ Ω .

When all coefficients of evolution operators L = ∂t +P(t,x,Dx) are independent of
time, then solutions to P(x,D)u = 0 satisfy the evolution equation Lu = 0. Before
going to a detail of parabolic problems, we review some known results on strong
unique continuation for elliptic operators. Hereafter, we use a standard notation for
several function spaces. Lp

loc(R
d) denotes the space of functions whose p-th power

is locally integrable over Rd , and Hs
loc(R

d) (=W s,2
loc ) stands for the locally Sobolev

space over Rd .
We say that a function u ∈ L2

loc(Ω) vanishes of infinite order at a point x0 if for
any natural number N, there exists a constant CN such that∫

B(x0,r)
|u(x)|2dx ≤CNrN , ∀N ∈ N

for all small positive number r. Here B(a,R) =
{

x ∈ Rd | |x− a| ≤ R
}

. Throughout

this paper the above condition is abbreviated to

u(x) = O(|x|∞).

Definition 13.1. We say that P has (weak) unique continuation property if and only
if any solution u to Pu = 0 in Ω is identically zero in Ω provided that u vanishes in
a nonempty open subset of Ω .

Definition 13.2. We say that P has strong unique continuation property if and only
if any solution u to Pu = 0 in Ω is identically zero in Ω provided that u vanishes of
infinite order at a point of Ω .

For simplicity we only consider the following type equation:

Pu = Δu+
d

∑
j=1

A j(x)∂ ju+V(x)u = 0, u ∈ H1
loc(R

d).

When the coefficients A j and V are smooth, P has the strong unique continuation
property. This is a consequence of results by Carleman [4], Aronszajn [3], and
Cordes [6].

As for non-smooth coefficients case, there are many works. Jerison–Kenig [10]
proved the strong unique continuation when d ≥ 3 and A = (A1, · · · ,Ad) ≡ 0, V ∈
Ld/2

loc (R
d). Later Sogge [24] extended the previous result to the following subcritical

case; there exists a positive number δ such that

|x− x0|1−δ A ∈ L∞
loc(R

d), V ∈ Ld/2
loc (R

d).
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Moreover, Wolff [28] showed that the strong unique continuation is still valid for
differential inequalities

|Δu| ≤ |A||∇u| for A ∈ Lmax(d,(3d−4)/2)
loc (Rd), when d ≥ 3.

As for critical cases, Regbaoui [20] and Grammatico [9] proved strong unique
continuation property provided that

‖|x− x0||A(x)|‖L∞(Rd) ≤ 1/
√

2, |x− x0|2V (x) ∈ L∞(Rd).

We note that their results are almost optimal because Alinhac–Baouendi [2] has
succeeded in constructing a function u ∈C∞(R2) with suppu = R2 such that C > 1

|Δu| ≤ C
|x| |∇u|

and u vanishes of infinite order at the origin. Wolff [28] also obtained a similar result
when d ≥ 4.

Now we return to parabolic operators. Consider backward heat-type equations

(P) ∂tu+Δu+A ·∇u+Vu= 0, (t,x) ∈ ΩT = [0,T ]×Ω

and inequalities

(Q) |∂t u+Δu| ≤ |A||∇u|+ |V ||u|), (t,x) ∈ ΩT .

Here, A = (A1, · · · ,Ad) and A ·∇ =
d

∑
j=1

A j(t,x)∂x j .

We want to seek the weakest condition on vector potential A(t,x) and scalar
potential V (t,x) in order that strong unique continuation is valid.

Since the principal symbols of parabolic operators degenerate at the time direc-
tion, it is natural to adjust the notion of unique continuation to parabolic operators.
Let Ω be a domain of Rd and I an interval of R. For an open subset ω of I×Ω , we
define a horizontal set of ω as follows:

H (ω) = {(t,x) ∈ I ×Ω | ∃(t,y) ∈ ω} .

Definition 13.3. We say that L = ∂t + P(t,x,Dx) has (weak) unique continuation
property if and only if any solution u to Lu = 0 in I ×Ω is identically zero on
H (ω) provided that u vanishes in a nonempty open subset ω of I ×Ω .

Definition 13.4. We say that (local) strong unique continuation property for (P)
[resp. Q] under space-like vanishing condition is valid at a point (t0,x0) ∈ ΩT if and
only if any solution u(t,x) ∈ H1

loc(ΩT )) to (P) [resp. (Q)] vanishes on {t = t0}×Ω
provided that for any N ∈ N, there exists a constant CN > 0 such that for any small
positive number r

∫
|x−x0|≤r

|u(t0,x)|2dx ≤CNrN [abbr. u(t0,x) = O
(
(|x− x0|)∞)].
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Definition 13.5. We say that (local) strong unique continuation property for (P)
[resp. Q] under space–time vanishing condition is valid at a point (t0,x0)∈ΩT if and
only if any solution u(t,x) ∈ H1

loc(ΩT )) to (P) [resp. (Q)] vanishes on {t = t0}×Ω
provided that for any N ∈ N, there exists a constant CN > 0 such that for any small
number r,∫

Qr(t0,x0)
|u(t,x)|2dtdx ≤CNrN [abbr. u(t,x) = O

(
(|t − t0|+ |x− x0|2)∞)],

where Qr(t0,x0) =
{
(t,x) ∈ Rd+1| 0 < t − t0 <

√
r, |x− x0| ≤ r

}
.

It is known that these two notions of strong unique continuation properties for
parabolic problems coincide in some cases [1]. In this talk we are not going into
the detail in this direction.

We also consider a global version of strong unique continuation on the space–
time [0,T ]×Rd which means that we impose an additional condition on the behavior
of solutions around infinity in the space direction (global strong unique continuation
property).

There is a long history of weak unique continuation property for parabolic
operators of second order. In the case of smooth coefficients, we cite Nirenberg
[17], Yamabe [29], Mizohata [16], and Lees and Protter [14]. In the case of non-
smooth coefficients, we mention that Sogge [25] proved a weak unique continuation
theorem for differential inequalities

|∂t u+Δu| ≤ |V (t,x)u|
for some V ∈ L(d+2)/2

loc (ΩT ).
As for strong unique continuation problem, after the pioneering work by

Landis-Oleinik [13] who considered second-order parabolic operators with time-
independent coefficients, many researches are known. We begin with the case that
the vector potential A is identically equal to zero. Let us consider

L0u = ∂t u+Δu+Vu= 0.

Lin [15] proved that under the condition that V (t,x) = V (x) ∈ Lp(Ω ; R) with
p > d/2, if L0u = 0 and u(0,x) = O(|x|∞), then u(0,x) ≡ 0 (local s.u.c.p.). Poon
[19] proved that under the condition that d ≥ 3 and V = K(x/|x|)|x|−2 with K ∈
L∞(Sd−1; R), if L0u= 0, |u|+ |∇xu| ∈ L∞((0,∞)×Rd) and u(t,x) =O

(
(t+ |x|2)∞),

then u(0,x)≡ 0 (global s.u.c.p.).
As for differential inequalities, Escauriaza [7] proved global s.u.c.p. and Escau-

riaza and Vega [8] proved local s.u.c.p. for continuous solutions.

Theorem 13.1. [7] Let d ≥ 2. Suppose that either

(i) ‖t1−(d/2p)V‖L∞((0,T); Lp(Rd)) � 1, d/2 < p ≤ ∞
or

(ii) ‖t1−(d/2p)−(1/s)V‖Ls((0,T ); Lp(Rd)) <+∞, d/2 < p ≤ ∞, 1 ≤ s < ∞ and
(d/2p)+ (1/s)≤ 1.
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Then, any solution u to

|∂t u+Δu| ≤ |Vu|
in (Rd)T is identically zero provided that there exists a positive number a > 0 such

that |u(t,x)| ≤Ck(
√

t + |x|)kea|x|2 in [0,T ]×Rd.

For more general case where the vector potential A is not identically zero, we
consider the equation

LAu = ∂t u+Δu+A ·∇u+Vu= 0, in (Rd)T .

Chen [5] proved that under the hypothesis that |A| and |V | ∈ L∞, if LAu= 0, u(0,x)=

O
(|x|∞) and |u(t,x)| ≤ Cea|x|2 with a > 0, then u(t,x) ≡ 0 (global s.u.c.p.). Poon

[19] proved that under the hypothesis that |A| and |V | ∈ L∞, if LAu = 0, u ∈ L∞ and
|u(t,x)|= O

(
(t + |x|2)∞), then u(t,x)≡ 0 (global s.u.c.p.).

When both |A| and |V | are allowed to be unbounded, Koch and Tataru [12] proved
local s.u.c.p. under two kinds of vanishing conditions for operators with general
principal part. We only present a part of their results in a simpler version. Let

L̃Au = ∂t u+Δu+A1 ·∇u+∇ ·A2u+Vu= 0, on R×Rd.

Let us use the notation LpLq = Lp([0,T ]; Lq(Rd))
)
.

Theorem 13.2 ([12]). Suppose that d ≥ 3 and ‖A j‖Ld+2 + ‖V‖L1L∞+L∞Ld/2 is small

enough. If L̃Au = 0 and u(t,x) = O
(
(t + |x|2)∞), then u(0,x) = 0 near the origin.

13.2 Main Results

We are concerned with the critical case. Let t0 = 0, x0 = 0, and ΩT = (0,T )×Ω .
First, let us consider the following heat-type differential operator:

L0u = ∂tu+Δu+
κ
t

x ·∇u+ μ
(

x
|x|2 ·∇+∇ · x

|x|2
)

u− K(ω)

|x|2 u,

where κ and μ are real numbers and K(ω) ∈ L∞(Sd−1) is real valued. Let

H1,2([0,T ]×Ω) =
{

u(t,x) ∈ L2([0,T ]×Ω) | ∑
2 j+|α |≤2

∂ j
t ∂ α

x u ∈ L2([0,T ]×Ω)
}
.

Then we have the following global strong unique continuation theorem:

Theorem 13.3. Let Ω = Rd, d ≥ 3, μ ≥ 0, and m ≥ 0. Suppose that

ess inf
ω∈Sd−1

K(ω)>−(d− 2)2/4− μ2.
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If κ < 1/2 and m is small enough, then any function u∈ H1,2
loc ([0,T ]×Rd) satisfying

|L0u| ≤ mt−1|u| (13.1)

is identically equal to zero on [0,T ]×Rd provided that for a positive number ε <
1− 2κ and any nonnegative integer k, there exists a positive constant Ck such that

|u(t,x)| ≤Ck(
√

t + |x|)k exp{(1− 2κ− ε)
|x|2
8t

}.

Remark 13.1. When μ = 0 and K(ω) = 0, the same conclusion holds for 0 ≤ m <√
1− 2κ/4.

Remark 13.2. Theorem 13.3 remains true when L0 is altered to a perturbed operator
L = L0 + t−1q(x/

√
t), where q(y) ∈ Ld/2(Rd) + L∞(Rd) is a real-valued function

(cf. Remark 13.5).

Next we shall extend the above result to a perturbed heat-type differential in-
equality

∣∣∣L0u+ i(A ·∇+∇ ·A)u+Vu
∣∣∣≤ Mt(−1+τ)/2|∇u|+(mt−1+ |W |)|u|, (13.2)

where M, m ≥ 0, τ > 0, A(t,x) is Rd-valued and V (t,x) is real valued.
To state our hypothesis on the coefficients A, V and W , we shall use the termi-

nology of relative boundedness.

Definition 13.6. Let R and S be linear operators in H = L2(Rd). We recall that R is
said to be S-bounded with relative bound zero, if D(S)⊂ D(R) and if for any ε > 0,
there exists a positive number δ such that

‖Rv‖H ≤ ε‖Sv‖H + δ‖v‖H

for all v ∈C∞
0 (R

d).

Furthermore we shall need a more precise version of relative boundedness.

Definition 13.7. Let k be a positive number and σ a nonnegative number. We say
that a function q(t,x) ∈ L2

loc((0,T )×Rd) satisfies (C)k,σ if there exists a positive
constant C independent of t ∈ [0,T ] such that for any u ∈C∞

0 (R
d) and any t ∈ (0,T )

‖tk/2q(t, ·)u‖L2(Rd) ≤Ctσ ∑
|α |≤k

‖(√t∂x)
α u‖L2(Rd). (13.3)

We define Bσ (|D|k) to be a set of all functions satisfying (C)k,σ .

Theorem 13.4. Let Ω = Rd, d ≥ 5, and μ ≥ 0. Suppose that

ess inf
ω∈Sd−1

K(ω)>−(d− 2)(d− 4)/4− μ2,



13 A Note on Unique Continuation for Parabolic Operators with Singular Potentials 297

and that for some σ > 0, A j ∈ Bσ (|D|) (1 ≤ j ≤ d), W ∈ Bσ (|D|), V ∈ Bσ (|D|2)
and divA ∈ Bσ (|D|2). Furthermore assume that all components of 2t∂tA+ x ·∇A
are Δ 1/2-bounded with relative bound zero and 2t∂tV + x ·∇V is Δ -bounded with
relative bound zero. If κ < 1/2 and m is small enough, then any solution u ∈
H1,2

loc ([0,T ]×Rd) to (13.2) is identically equal to zero on [0,T ]×Rd provided that
for a positive number ε and any nonnegative integer k, there exists a positive con-
stant Ck such that

|u(t,x)| ≤Ck(
√

t + |x|)k exp{(1− 2κ− ε)
|x|2
8t

}. (13.4)

Remark 13.3. When μ = 0 and K(ω) = 0, the same conclusion holds for any
dimension.

As for local strong unique continuation properties, we have the following results.

Theorem 13.5. Let d ≥ 3, Ω � 0, μ ≥ 0, κ < 1/2, and m ≥ 0. Suppose that

ess inf
ω∈Sd−1

K(ω)>−(d− 2)2/4− μ2.

Let u ∈ H1,2
loc (ΩT ) be a solution to 13.1. If m is small enough and u(t,x) = O

(
(t +

|x|2)∞), then there exists a neighborhood Ω ′ of the origin such that u(0,x) is iden-
tically equal to zero in Ω ′.

Theorem 13.6. Let d ≥ 5, Ω � 0, μ ≥ 0, κ < 1/2, and m ≥ 0 Suppose that A0 ∈
B1(|D|) and W ∈ B1(|D|2) are nonnegative functions and that

ess inf
ω∈Sd−1

K(ω)>−(d− 2)(d− 4)/4− μ2.

Let u ∈ H1,2
loc (ΩT ) be a solution to

∣∣L0u
∣∣≤ A0|∇u|+W |u|.

If m is small enough and u(t,x) = O
(
(t + |x|2)∞), then there exists a neighborhood

Ω ′ of the origin such that u(0,x) is identically equal to zero in Ω ′.

In a particular circumstance, a strong unique continuation theorem does not require
any smallness assumption on scalar potentials V (t,x) ∈ L∞((0,T ); Ld/2(Rd)).

Corollary 13.1. Let d ≥ 5, Ω � 0, and V (t,x) ∈ L1
loc((0,T )×Rd) be real valued.

Suppose that there exist a real-valued function U0 ∈ Ld/2(Rd), a nonnegative func-
tion U1 ∈ Ld/2(Rd), and a positive constant C such that

|V (t,x)− t−1U0(x/
√

t)| ≤CU1(x/
√

t)
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for any t ∈ (0,T ]. Let u ∈ H1,2
loc (ΩT ) be a solution to

∂t u+Δu+Vu= 0.

If u(t,x) = O
(
(t + |x|2)∞), then u(0,x) = 0 near the origin.

We emphasize that t−1U0(x/
√

t) ∈ L∞((0,T ); Ld/2(Rd))

13.3 Sufficient Conditions for (C)k,σ

In this section we shall give sufficient conditions which ensure the hypothesis (C)k,σ .
For a positive number ρ we consider the following function:

ωρ(x) = |x|ρ−d for 0 < ρ < d, 1− log|x|2 for ρ = d, and 1 for ρ > d.

Definition 13.8. For ρ > 0 and a measurable function q over Rd , we define a non-
negative number (including +∞)

Mρ(q) = sup
x∈Rd

[∫
|x−y|≤1

|q(y)|2ωρ(x− y)dy
]1/2

and define a class of functions [23, 26]

Mρ(Rd) =
{

q ∈ L2
loc(R

d)| Mρ(q)<+∞
}
.

For a real number τ , we also define

L∞
−τ =

{
q(x) ∈ L1

loc(R
d) | |x|τ q(x) ∈ L∞(Rd)

}
.

Especially when ρ is equal to two or four, the spaces Mρ are very important for us
because for any ε > 0

L∞
−2+ε(R

d)⊂ M4(Rd) if d ≥ 5, L∞
−1+ε(R

d)⊂ M2(Rd) if d ≥ 3.

We remark that there are the following relations for Lp spaces. From Hölder’s
inequality it follows that if ρ > 2d/p and 2 < p ≤ ∞, then

Lp(Rd)⊂ Mρ(Rd).

We consider function spaces with parameter t ∈ I = (0,T ). For ε ≥ 0, we define
spaces of functions q(t,x) on I ×Rd as follows:

L∞Mρ = L∞(I; Mρ(Rd)), Cε Mρ =
{

q | t−ε q(t,x) ∈ L∞Mρ
}

L∞Lp = L∞(I; Lp(Rd)), Cε Lp =
{

q | t−εq(t,x) ∈ L∞(I; Lp(Rd))
}

Cε L∞
−τ =

{
q(t,x) | t−εq(t,x) ∈ L∞L∞

−τ
}
.



13 A Note on Unique Continuation for Parabolic Operators with Singular Potentials 299

Proposition 13.1. Suppose that d ≥ 5. Let ε and δ be nonnegative numbers such
that ε + δ > 0. If

q ∈Cε M2k−δ +Cε Lmax(d/k,2)+ε+δ +Cε+δ Ld/k +Cε+δ L∞
−k,

then there exists a positive number σ such that q(t,x) satisfies (C)k,σ for each
k = 1,2.

The next lemma is useful to prove Proposition 13.1.

Lemma 13.1. Let 0 ≤ s < k. There exists a positive constant C such that for any
u ∈C∞

0 (R
d) and t > 0,

tk/2‖|D|su‖= t(k−s)/2‖|√tD|su‖ ≤Ct(k−s)/2(‖|√tD|ku‖+ ‖u‖).

Here |D|s is the Fourier multiplier whose symbol is equal to |ξ |s.
In view of Lemma 13.1, it is not difficult to prove Proposition 13.1 by use of the
following well-known inequalities.

Lemma 13.2 (Stummel and Schechter (Theorem 7.1 in [23])). If 0 < ρ/2 < s,
then there exists a positive constant C such that

‖qu‖L2(Rd) ≤CMρ(q)‖u‖Hs(Rd)

for any u ∈C∞
0 (R

d).

Hölder’s inequality and Sobolev’s embedding theorem yield the following well-
known inequality.

Lemma 13.3. If p > max(d/s,2), then there exists a positive constant C such that

‖qu‖L2(Rd) ≤C‖q‖Lp(Rd)‖u‖Hs(Rd)

for any u ∈C∞
0 (R

d).

As a consequence of Hardy–Littlewood–Sobolev inequality, we know the following
inequalities.

Lemma 13.4. Let d ≥ 5. Then there exists a positive constant C such that

‖qu‖L2(Rd) ≤C‖q‖Ld/2(Rd)‖u‖H2(Rd)

and

‖q∇u‖L2(Rd) ≤C‖q‖Ld(Rd)‖u‖H2(Rd)

for any u ∈C∞
0 (R

d).

Remark 13.4. The stronger version of Lemma 13.4 is also known as Strichartz’s
theorem (Theorem X.21 in [22]).
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Lemma 13.5. When d ≥ 3,

‖|x|−1u(x)‖L2(Rd) ≤
2

(d− 2)
‖∇u(x)‖L2(Rd).

In addition, when d ≥ 5,

‖|x|−2u(x)‖L2(Rd) ≤
4

(d− 2)(d− 4)
‖Δu(x)‖L2(Rd)

for any u ∈C∞
0 (R

d).

Proof. The first part of Lemma 13.5 is well known as Hardy’s inequality (cf. Auxil-
iary theorem 10.35 in [27]). For proving the second part, it suffices to apply Hardy’s
inequality twice. Let χ ∈C∞(Rd) be a nonnegative function such that

χ(x) = 1 if |x| ≥ 1, and = 0 if |x| ≤ 1/2.

With χε(x) = χ(x/ε) for a positive parameter ε , we see that for u ∈C∞
0 (R

d)

‖|x|−2χε u‖ ≤ 2
d − 2

‖∇|x|−1χεu(x)‖

≤ 2
d − 2

{‖|x|−1χε ∇u‖+ ‖|x|−2χε u‖+ ‖|x|−1[∇,χε ]u‖
}
.

Since it holds that

lim
ε→+0

‖|x|−1[∇,χε ]u‖= 0,

we can conclude that

d− 4
d− 2

‖|x|−2u‖ ≤ 2
d − 2

‖|x|−1∇u‖ ≤ ( 2
d− 2

)2‖Δu‖.

��

13.4 Outline of Proof of Theorem 13.3

There are two major approaches to unique continuation problem. One is the
so-called frequency function method, introduced by Garofalo-Lin, and the other
is our approach based on an L2 inequality with weight function, which is called
Carleman inequality ([4]).

One of the most important ingredients in [7] is deformation of equations by
means of a classical parabolic change of variables. In our settings, we have the
following identity.

Lemma 13.6. Let t = s2 and x = sy. Then
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tL0u =
1
2

s∂su+

(
∇y − (1− 2κ)

y
4
+ μ

y
|y|2

)2

u

−
(
(1− 2κ)

y
4
− μ

y
|y|2

)2

u− K(ω)

|y|2 u+(1− 2κ)
d
4

u.

Here we have used the following notation. For A(y) = (A1(y), · · · ,Ad(y)),

(∇y +A(y))2 =
d

∑
j=1

(
∂y j +A j(y)

)2
, A2 =

d

∑
j=1

A2
j .

One can see that the transformed operator tL0 is a sum of the first derivative
in time and a formally self-adjoint operator with compact resolvent. This structure
enables us to treat parabolic operators by a refined method for elliptic operators.

Now we introduce a new unknown function. Define

v(s,y) = eψ0(y)u(s,y), ψ0(y) =−(1− 2κ)|y|2/8+ μ log |y|.
It holds that tL0u = 0 is equivalent to L̃0v = 0, where

L̃0 = eψ0(y)tL0e−ψ0(y)

=
1
2

s∂s +Δy −
(
(1− 2κ)

y
4
− μ

y
|y|2

)2

− K(ω)

|y|2 +(1− 2κ)
d
4
.

Now we see that the infinitely vanishing condition on u in our theorems implies
that

exp
{− (1− 2κ)

|x|2
8t

}|u(t,x)| ≤Cktk/2(1+ |x|/√t)k exp
{− δ

|x|2
8t

}≤C′
ktk/2.

It follows that the function in the left-hand side vanishes of infinite order at t = 0.
Hence we can use a weight function ϕ independent of x.

Let H be a self-adjoint operator in L2(Rd) such that its domain D(H) contains the
space C∞

0 (R
d). In what follows we use a notation ‖ ·‖ which stands for the standard

norm of L2(Rd). We seek a Carleman inequality for an operator L = s∂s +
1
2 +H.

Lemma 13.7. Let ϕ(s) = log(1/s). Suppose that the resolvent set of H contains
infinitely many compact intervals on the real axis, In = [an,bn] (n∈ N), such that for
any n ∈ N,

an < bn < an+1 < bn+1, bn+1 − an+1 = bn − an > 0, lim
n→∞

an =+∞.

Then, it holds that there exist a monotone increasing sequence of numbers, γn, and
a positive constant C such that

∫ T

0
‖s−γnv‖2ds ≤C

∫ T

0
‖s−γnLv‖2ds (13.5)

holds if v(s, ·) ∈C0
0

(
(0,T ); L2(Rd)

)
, s∂sv(s, ·) ∈ L2

(
(0,T ); L2(Rd)

)
and Hv(s, ·) ∈

L2
(
(0,T ); L2(Rd)

)
.
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Proof. It can be verified that for any given v(s, ·) in Lemma 13.7,

∫ T

0
‖s−γLv‖2ds =

∫ T

0
‖s−γ(s∂s +

1
2
)v‖2ds+

∫ T

0
‖s−γ(H − γ)v‖2ds. (13.6)

It holds that for any z ∈ C,

‖(H − z)v‖ ≥ dist(z,σ(H))‖v‖, v ∈ D(H),

where dist(z,σ(H)) denotes the distance between z and the spectrum of H.
Define γn = (bn + an)/2 and C0 = (bn − an)/2. Then we see that

‖(H − γn)v‖ ≥C0‖v‖, v ∈ D(H). (13.7)

In view of (13.6) and (13.7), we arrive at the desired inequality (13.5). ��
We would like to apply Lemma 13.7 to the operator

1
2

H = Δy −
(
(1− 2κ)

y
4
− μ

y
|y|2

)2

− K(ω)

|y|2 +(1− 2κ)
d
4
− 1

2
.

Consider a bilinear form over C∞
0 (R

d)×C∞
0 (R

d);

h(u,v) =
d

∑
j=1

〈∂y j u,∂y j v〉+
d

∑
j=1

〈((1− 2κ)
y j

4
− μ

y j

|y|2 )u,((1− 2κ)
y j

4
− μ

y j

|y|2 )v〉

+〈K(ω)|y|−1u, |y|−1v〉,

where 〈·, ·〉 denotes the standard inner product of L2(Rd). This form is associated
with an operator

H0 =−Δ +

(
(1− 2κ)

y
4
− μ

y
|y|2

)2

+
K(ω)

|y|2 .

When μ = 0 and K(ω) = 0, H0 is just a harmonic oscillator, so that it is known that

its eigenvalues consist of λn =
1− 2κ

4
(2|ω |+ d), ω ∈ Zd

+ which is distributed at

even intervals.
Using a perturbation theory (Lemmas 13.13 and 13.14 in the appendix), we can

obtain the following lemma.

Lemma 13.8. Suppose that d ≥ 3, μ ∈ R and K ∈ L∞(Sd−1) is real valued. If

ess inf
ω∈Sd−1

K(ω)>− (d− 2)2

4
,

then H0 has a self-adjoint Friedrichs extension H whose spectrum consists of eigen-
values

{
λ j
}∞

j=1. Moreover, a counting function
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N(n) = #
{

j ∈ N| λ j ∈ [n,n+ 1]
}

satisfies N0 = sup
n∈N

N(n)<+∞.

Remark 13.5. Let V0(y) ∈ Ld/2(Rd) be a real-valued function. Then, Lemma 13.8
remains true if H0 is altered to H0 +V0 because |V0|1/2 is |D|-bounded with relative
bound zero (cf. Lemma 13.4).

Proof. We see that

H0 =−Δ +
(
(1− 2κ)

y
4

)2
+

μ2 +K(ω)

|y|2 − (1− 2κ)μ/2.

Define

K+(ω) =
1
2

(|μ2 +K(ω)|+ μ2+K(ω)
)
,

K−(ω) =
1
2

(|μ2 +K(ω)|− μ2−K(ω)
)
.

Let

S(ζ ) =−Δ +
(
(1− 2κ)

y
4

)2
+ ζ

K+(ω)

|y|2 .

Then

H0 = S(1)−K−(ω)|y|−2 − μ(1− 2κ)
2

.

If |ζ |‖K+‖L∞(Sd−1) <
(d−2)2

4 , Hardy’s inequality implies that there exists a positive
number b < 1 such that

〈|ζ |K+(ω)|y|−2u,u〉 ≤ b〈δu,u〉.
Let

ξ0 = min
( (d − 2)2

4‖K+‖L∞(Sd−1)

,
1

1+ b

)
.

First, when K+(ω)= 0, then from Lemma 13.14, it follows that the spectrum of S(ζ )
consists of real eigenvalues if ζ ∈ R and |ζ | ≤ ξ0. We arrange them in increasing
order

λ1(ζ )≤ λ2(ζ )≤ ·· · ,

by counting their multiplicity. Then it holds that there exists a positive constant N0

such that for any n ∈ N, λ j(ζ ) satisfies

λ j(ξ0)≤ N0λ j(0).
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From this inequality, it follows that the upper bound of the number of eigenvalues
belonging to [n,n+ 1] is finite. Next for k ∈ N, we consider

Sk(ζ ) =−Δ +
(
(1− 2κ)

y
4

)2
+ kξ0

K+(ω)

|y|2 + ζ
K+(ω)

|y|2 .

We can apply the same procedure repeatedly to Sk(ζ )+ζK+(ω)|y|−2 until we arrive
at S(1). Finally, applying the same procedure to S̃(ζ ) = S(1)− ζK−(ω)|y|−2, we
obtain the conclusion for S̃(1). ��
Lemma 13.9. There exist a sequence {γn} and a positive constant C0 such that
limn→∞ γn =+∞ and

C0

∫
R+×Rd

t−γn

( |x|√
t

)2μ
e−(1−2κ)|x|2/4t |v|2 dt

t(d+2)/2
dx

≤
∫

R+×Rd
t−γn+2

( |x|√
t

)2μ
e−(1−2κ)|x|2/4t |L0v|2 dt

t(d+2)/2
dx (13.8)

holds for any n∈N and v(s, ·)∈C0
0

(
(0,T ); L2(Rd)

)
, s∂sv(s, ·)∈L2

(
(0,T ); L2(Rd)

)
and H0v(s, ·) ∈ L2

(
(0,T ); L2(Rd)

)
.

Here we recall

L0 =
[
∂t u+Δxu+ κ

t x ·∇u+ μ
(

x
|x|2 ·∇+∇ · x

|x|2
)

u− K(ω)
|x|2 u

]
.

Proof. Let σ(H0) be a set of all eigenvalues of H0. From Lemma 13.8, it follows
that each interval [n,n+ 1] contains a subinterval Jn such that

Jn ∩σ(H0) = /0, |Jn|= 1/(N0 + 1).

We can see that a collection of intervals, Jn, satisfies the hypothesis in Lemma 13.5,
so that we arrive at the Carleman inequality (13.8). ��

Theorem 13.3 follows from the Carleman inequality (13.8) by a standard way
(cf. Sect. 3 of [7]).

13.5 Outline of Proof of Theorem 13.4

We are confronted with a difficulty when we treat our perturbed terms, because the
left-hand side of the estimate in Lemma 13.9 contains no derivatives terms.

However, since hypothesis in Theorem 13.4 guarantees that H0 is an essentially
self-adjoint operator on C∞

0 (R
d), we have the following modified Carleman inequal-

ity. Let ψ(t,x) = ψ0(x/
√

t) and γ̃n = γn +(d+ 2)/2.
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Lemma 13.10. There exists a positive constant C such that

∫
R+

t−γ̃n‖eψ(t,x)v‖2dt +γ−1
n

∫
R+

t−γ̃n‖eψ(t,x)√t∇xv‖2dt

+γ−2
n

∫
R+

t−γ̃n‖eψ(t,x)tΔv‖2dt

≤C
∫

R+

t−γ̃n+2‖eψ(t,x)L0v‖2dt, ∀n ∈ N (13.9)

holds for any v ∈C∞
0 ((0,T )×Rd).

Proof. Let

w = eψ(t,x)v, v ∈C∞
0 (0,T )×Rd

and recall

L̃0 = e−ψ0L0eψ0 =
s
2

∂s +H0(y,∂y).

It holds that
∫ ∞

0

(
‖∇yw‖2 + ‖(∇ψ0(y))w‖2

)ds
s
≤

∫ ∞

0
〈−L̃0w,w〉ds

s
.

In view of

−L̃0 =−s−γ L̃0sγ + γ,

we see that
∫ ∞

0
s−2γ

(
‖∇yw‖2 + ‖(∇ψ0(y))w‖2

)ds
s
≤

∫ ∞

0
s−2γ(‖L̃0w‖2 + γ‖w‖2)ds

s
.

Then from Lemma 13.9 it follows that there exists a positive constant C such that

γ−1
n

∫ ∞

0
s−2γ

(
‖∇yw‖2 + ‖(∇ψ0(y))w‖2

)ds
s
≤C

∫ ∞

0
s−2γn‖L̃0w‖2 ds

s
.

From the assumption μ2 +K(ω)>−(d−2)(d−4)/4, it follows that there exists a
positive constant C such that

∫ ∞

0
‖
(
−Δ +

(1− 2κ)2|y|2
16

)
w‖2 ds

s
≤C

∫ ∞

0
‖L̃0w‖2 ds

s
.

Hence

γ−2
n

∫ ∞

0
s−2γ‖(−Δ +

(1− 2κ)2|y|2
16

)w‖2 ds
s
≤C

∫ ∞

0
s−2γn‖L̃0w‖2 ds

s
.
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In the dimension d ≥ 5, the inequalities in Lemma 13.5 imply that there exists a
positive constant C such that

‖eψ(t,x)
√

t∂xv‖2 = s−d‖(∇y −∇yψ0)w‖2 ≤Cs−d(‖∇yw‖2 + ‖ (1− 2κ)|y|
4

w‖2)

and

‖eψ(t,x)tΔv‖2 = s−d‖(∂y −∇yψ0)
2w‖2

≤Cs−d(‖Δyw‖2 + ‖ (1− 2κ)2|y|2
16

w‖2 + ‖w‖2)

for any w = eψv ∈C∞
0 ((0,T )×Rd). We have arrive at the conclusion. ��

Thanks to the modified Carleman estimate, we can improve vanishing order of
the solution.

Lemma 13.11. Suppose d ≥ 5. If m is small enough, then it holds that there exists a
positive number ε such that for any solution u ∈ H1,2

loc ([0,T ]×Rd) to (13.2) and for
any small positive number τ ,

∫ τ

0

∫
Rd

( |x|√
t

)μ
e−(1−2κ)|x|2/(4t){|u(t,x)|2 + |√t∇xu|2}dtdx ≤C exp

[
−ετ−1/σ

]

holds provided that u satisfies a vanishing condition (13.4). Here C stands for a
positive constant independent of τ .

Proof. Let R(t,x,∂x) = i(A ·∇+∇ ·A)+V . Then from the hypothesis on R it follows
that there exists a positive constant C > 0 such that for any t ∈ (0,T ),

‖eψ(t,x)tR(t,x,∂x)v‖= ‖tR(t,x,∂x −∇xψ(t,x))w‖
≤Cs2σ−d

(
‖Δyw‖2 + ‖|∇yψ0|2w‖2 + ‖w‖2

)1/2
. (13.10)

Let u ∈ H1,2
loc ([0,T ]×Rd) be a solution to (13.2) satisfying the vanishing condition

(13.4). Applying the modified Carleman estimate (13.9) to v = χ(Mγntσ )u, where
χ is a smooth cutoff function around the origin and M is a large parameter, we can
see, by virtue of (13.10), that there exists a positive constant C such that

∫ 1/(2Mγσ
n )

0
t−γn

{
‖eΨ u‖2 + ‖eΨ√

t∇xu‖2
}

dt ≤Cγn

∫ 2/(Mγσ
n )

1/(Mγσ
n )

t−γn‖eΨ u‖2dt.

Since t−γn is a monotone decreasing function, it holds that for some positive con-
stant C′,

∫ 1/(2Mγσ
n )

0

{
‖eΨ u‖2 + ‖eΨ√

t∇xu‖2
}

dt ≤C′γn2−γn .
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Taking 1/(2Mγσ
n ) = Rn, we obtain

∫ Rn

0

{
‖eΨ u‖2 + ‖eΨ√

t∇xu‖2
}

dt ≤C′(2MRn)
−1/σ exp

(− (log2)(2MRn)
−1/σ)

(cf. Proposition 5.4 in [18, 21]). ��
Once we have established the above strong degeneracy of u, we can derive a nice

Carleman inequality, which can control the first derivatives term ∇u, with a weight
function with stronger singularity.

Lemma 13.12. Let 0 < σ ′ < 1/σ and ϕ(t) = t−σ ′
. Under the same hypothesis as

in Theorem 13.4 it holds that there exist a positive number T and a constant C > 0
such that for any sufficiently large γ , the following inequality

∫ T
0 e2γϕ

{
γt(tϕ ′)′(t)‖eψu‖2 + ‖eψ√t∇u‖2 + γ−1tσ ′‖eψtΔu‖2

}
dt

t(d+2)/2

≤C
∫ ∞

0 e2γϕ ∥∥eψ(t∂t u+ tΔu+ tRu
)∥∥2 dt

t(d+2)/2 (13.11)

holds for any u ∈C∞
0 ((0,T )×Rd).

Here, we remark that

t(tϕ ′)′(t) = (σ ′)2t−σ ′
> 0.

Proof. Consider the operators

L̃0 = tL0 + tR, and L1 = eψ(t,x)L̃0e−ψ(t,x).

We see that

L1 =
s
2

∂s +H + J

where J is a formally self-adjoint operator derived from tR. We use a standard nota-
tion for the commutator [A,B] = AB−BA. In view of the relation

[s∂s,V (s2,sy)] = (2t + x ·∇x)V (t,x), if t = s2, x = sy,

our hypothesis on R yields

‖Jv‖+ ‖[s∂s,J]v‖ ≤Cs2σ(‖Δyv‖+ ‖|∇yψ0|2v‖+ ‖v‖). (13.12)

Take ϕ1(s) = s−2σ and consider w= eγϕ1(s)v(s,y) for v(s,y)∈C∞
0 ((0,

√
T )×Rd).

Denoting L1,γ = eγϕ1(s)L1e−γϕ1(s), we see that

∫ √
T

0
‖eγϕ1(s)L1v‖2 ds

s
=

∫ √
T

0
‖L1,γw‖2 ds

s

=

∫ √
T

0
‖1

2
(s∂s − γsϕ ′

1(s))w+(H + J)w‖2 ds
s
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=
∫ √

T

0
‖ s

2
∂sw‖2 ds

s
+

∫ √
T

0
‖(H + J− γ

2
sϕ ′

1(s)
)
w‖2 ds

s

+2Re
∫ √

T

0
〈 s

2
∂sw,

(
H + J− γ

2
sϕ ′

1(s)
)
w〉ds

s

≥
∫ √

T

0

γ
4

s∂s
(
sϕ ′

1(s)
)‖w‖2 ds

s
− 1

2

∫ √
T

0
〈w, [s∂s,J]w〉ds

s
. (13.13)

On the other hand we see that
∫ √

T

0
〈−Hw,w〉ds

s
= −Re

∫ √
T

0
〈( s

2
∂s +H

)
w,w〉ds

s

= Re
∫ √

T

0
〈−L1,γw,w〉ds

s
−

∫ √
T

0

γ
2

sϕ ′
1(s)‖w‖2 ds

s

+

∫ √
T

0
〈Jw,w〉ds

s
(13.14)

and
∫ √

T

0
‖Hw‖2 ds

s
≤ 2

∫ √
T

0
‖(H + J− γ

2
sϕ ′

1(s)
)
w‖2 ds

s

+4
∫ √

T

0
‖Jw‖2 ds

s
+ 4

∫ √
T

0
‖ γ

2
sϕ ′

1(s)w‖2 ds
s
. (13.15)

If m is small enough, it holds that there exist positive constants C1, C2, and C3

independent of t such that for v(x) = eψ u(x) ∈C∞
0 (R

d),

t
2
‖eψ∇xu‖2 =

t
2
‖(∇x −∇xψ)v‖2

≤ ‖√t∂xw‖2 + ‖√t∇xψv‖2

≤ C1sd〈−Hv,v〉L2(Rd
y )

(13.16)

and

‖teψΔu‖2 = ‖t(∂x −∇xψ)2v‖2

≤ C2
(‖tΔv‖2 + ‖|√t∇xψ |2v‖2 + ‖tv‖2)

≤ C3sd(‖Hw‖2
L2(Rd

y )
+ ‖w‖2

L2(Rd
y )

)
. (13.17)

In view of (13.12)–(13.17), if we take T as small enough, it holds that there exist
positive constants C0 and γ0 such that for any v ∈C∞

0 ((0,T )×Rd) and γ ≥ γ0,

∫ √
T

0
‖eγϕ1(s)L1v‖2 ds

s

≥C0

{
γ
∫ √

T

0
t(tϕ ′)′(t)‖eγϕ1(s)v‖2 ds

s
+

∫ √
T

0
〈−Hw,w〉ds

}
ds
s
.

��
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Theorem 13.4 can be derived by following an argument in Sect. 3 of [7] with a
slight modification caused by the presence of the vector potential A. Let χ1 and χ2

be nonnegative cutoff functions in C∞(R+) such that 0 ≤ χ j ≤ 1, j = 1,2,

χ1(t) = 1 if t ∈ [2,∞), χ1(t) = 0 if t ∈ [0,1]

and

χ2(t) = 1 if t ∈ [0,1], χ2(t) = 0 if t ∈ [2,∞).

Let k, R, and M be large positive parameters. Applying the strong Carleman in-
equality (13.11) to v(t,x) = χ1(kt)χ2(Mt)χ2(|x|/R)u(t,x) and taking the limit as k
and R tend to ∞, we conclude that

∫ 1/(2M)

0
‖eΨ u‖2 dt

t(d+2)/2
= O(e−2γ{ϕ(1/2M)−ϕ(1/M)}), (13.18)

which shows that u(t,x) = 0 in (0,(2M)−1)×Rd because the right-hand side tends
to 0 as γ → ∞.

13.6 Outline of Proofs of Theorems 13.5 and 13.6

Both Theorems 13.5 and 13.6 are proved by the same method, so that we shall only
consider Theorem 13.6.

Let u∈H1,2
loc ([0,T ]×Ω) be a solution to (13.2) satisfying the vanishing condition

(13.4). Consider two cutoff functions χ1 ∈C∞
0 (R) and χ2 ∈C∞

0 (R
d) such that χ1 and

χ2 are nonnegative functions equal to 1 near the origin, respectively. Applying the
modified Carleman estimate (13.9) to v = χ1(M1γntσ )χ2(M2x)u, where M1 and M2

are large parameters, we can see that for any compact set of Ω and any small positive
number τ , there exist positive number δ and constant C such that

∫ τ

0
‖eψu(t,x)‖2

L2(K)

dt

td/2
≤Ce−

δ
τ .

It is not difficult to see that the last inequality implies

∫ τ

0
‖e

δ
t eψu(t,x)‖2

L2(K)

dt

td/2
<+∞.

Since u ∈ H1,2([0,T ]×K) implies u ∈C([0,T ]; L2(K)), we can use a technique
of convolution which is similar to one given in [8]. It holds that if t > 0 and x ∈ K

and |y| ≤
√

4δ
(1−2κ) ,

δ
4t

≥ (1− 2κ)
( |x|2

8t
− |y− x|2

4t

)
.
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Hence from the inequality

∫ τ

0
‖eδ/(4t)eψu(t,x)‖2

L2(K)

dt

td/2
≤Ce−

δ
2τ ,

it follows that
∫
|y|≤r0

∫ τ

0
‖e−(1−2κ)|y−x|2/(4t)u(t,x)‖2

L2(K)

dt

td/2
dy ≤C|B(0,r0)|e− δ

2τ , (13.19)

where r0 =
√

4δ
(1−2κ) . Let χK be a characteristic function of K. Define a positive

constant c0 by

c0 =

∫
Rd

η(x)dx,

where η(x) = e−(1−2κ)|x|2/2. We see that

lim
t→+0

∫
B(0,r0)

∣∣∣
∫

Rd
t−d/2η

(y− x√
t

)|χK(x)u(t,x)|2dx− c0|χK(y)u(0,y)|2
∣∣∣dy = 0.

(13.20)

Combining (13.19) with (13.20), we can conclude that χK(y)u(0,y) = 0 on B(0,r0).

Appendix

Perturbation Theory

For a complex parameter ζ , we consider a family of operators

S(ζ )u = Su+ ζS(1)u+ ζ 2S(2)u+ · · · ,

where S is a densely defined and sectorial operator with domain D(S) and the
domain of each operator S(n) contains D(S). Suppose that for some a ≥ 0, 0 ≤ b< 1

|(S(n)u,u)| ≤ cn−1 (a‖u‖2+ bRe(Su,u)
)
, u ∈ D(S).

Then

Lemma 13.13 (Theorem 4.12 in [11]). When |ζ |< (b+ c)−1,

S(ζ )u = Su+ ζS(1)u+ ζ 2S(2)u+ · · · , u ∈ D(S)

has a Friedrichs extension T (ζ ) which is a holomorphic family of type (B).

Let S(ζ ) be a self-adjoint holomorphic family of type (B) defined for ζ ∈D0 ⊂C
and satisfies
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∣∣ d
dζ

(S(ζ )u,u)
∣∣≤ a′(u,u)+ b′(S(ζ )u,u), u ∈ D, ζ ∈ I,

where I ⊂ D0 is a compact interval of the real axis. Let μ(ζ ) be any continuous,
piecewise holomorphic eigenvalue of T (ζ ).

Lemma 13.14 (Theorem 4.21 in [11]).

|μ(ζ )− μ(0)| ≤ 1
b′
(
a′+ b′μ(0)

)(
eb′|ζ | − 1

)

as long as ζ ∈ I and λ (ζ ) is defined.
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Chapter 14
On the Problem of Positivity
of Pseudodifferential Systems

Alberto Parmeggiani

Abstract I will give here in the first place a survey of the problem of positivity
estimates for systems of ψdos, such as the Sharp-Gårding and the Fefferman–Phong
inequalities. Next, I will generalize Fujiwara’s construction of the approximate
positive/negative part of a first-order scalar ψdo to certain 2× 2 systems of first-
order ψdos.

Key words: Fefferman-Phong inequality, Positivity estimates, Positive/negative
part of a first-order system, Systems of PDEs, Sharp-Gårding inequality
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35A30.

14.1 Introduction

Positivity estimates such as the Gårding and the Sharp-Gårding inequalities, the
Fefferman–Phong inequality, and the Melin and the Hörmander inequalities (see
Hörmander’s third volume in [12]) are basic tools for studying, e.g., the Friedrichs
extension of a formally self-adjoint operator, energy bounds of evolution equa-
tions, a priori estimates concerning hypoellipticity or solvability of PDEs. I will
be concerned here with the Sharp-Gårding and the Fefferman–Phong inequalities
(respectively, (SG) and (FP), for short) that I will first recall in the scalar set-
ting. Next, I will give an overview on what is known about these estimates in
the case of systems, and finally, after recalling Fujiwara’s result on the approxi-
mate positive/negative part of a first-order scalar ψdo (pseudodifferential operator)
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in the Hörmander class S1 = S1
1,0(R

n ×R
n), I will state and prove an extension

of such a construction to a first-order 2 × 2 system with Hermitian symbol in
S1(Rn ×R

n;M2) =: S1(Rn ×R
n)⊗M2, where MN denotes the algebra of N ×N

complex matrices. (Analogous notation will be used in the case of Sm.)
My main aim in exploring these estimates is to understand the interplay between

the phase-space geometry and the “frame” geometry, the latter being the geometry
locally given by the matrix which gives the symbol of the operator. The main point
in this approach is to avoid explicit requests on the eigenvalues of the symbol, which
are seldom known explicitly.

I will use throughout the Weyl–Hörmander pseudodifferential calculus that I will
briefly recall in the next section, addressing the reader to Hörmander’s fundamental
paper [11], or Hörmander’s book [12], or also Lerner’s book [13].

14.2 Background on the Weyl–Hörmander Calculus

Let X = (x,ξ ), Y = (y,η), and Z = (z,ζ ) ∈R
n ×R

n. Let σ = ∑n
j=1 dξ j ∧dx j be the

canonical symplectic 2-form in R
2n
X = R

n
x ×R

n
ξ . Hence σ(X ,Y ) = 〈ξ ,y〉− 〈η ,x〉.

Definition 14.1. An admissible metric in R
2n is a function R

2n � X �−→ gX where
gX is a positive-definite quadratic form on R

2n such that

• Slowness: There exists C0 > 0 (the constant of slowness) such that for any given
X , Y ∈R

2n one has

gX(Y −X)≤C−1
0 =⇒C−1

0 gY ≤ gX ≤C0gY .

• Uncertainty: For any given X ∈R
2n one has

gX ≤ gσ
X ,

where gσ
X is the dual metric defined by

gσ
X(Y ) = sup

Z�=0

σ(Y,Z)2

gX(Z)
.

• Temperateness: There exists C1 > 0 and N1 ∈ Z+ such that for all X , Y ∈ R
2n,

one has

gX ≤C1gY
(
1+ gσ

X(X −Y )
)N1 .

I shall call the constants appearing above the structural constants of the metric g.
The Planck function associated with g is by definition

h(X)2 = sup
Z�=0

gX(Z)
gσ

X(Z)
.

Hence, by the uncertainty property one always has h ≤ 1. 
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Definition 14.2. Given an admissible metric g, a g-admissible weight is a positive
function m on R

2n for which there exist constants c,C,C′ > 0 and N′ ∈ Z+ such that
for all X ,Y ∈ R

2n,

gX(X −Y)≤ c =⇒C−1 ≤ m(X)

m(Y )
≤C,

and

m(X)

m(Y )
≤C′(1+ gσ

X(Y −X)
)N′

.



In particular, given an admissible metric g, one always has that the Planck func-

tion h associated with g is a g-admissible weight.

Definition 14.3. Let g be an admissible metric and m be a g-admissible weight.
Let a ∈ C∞(R2n). Denote by a(k)(X ;v1, . . . ,vk) the k-th differential of a at X in the
directions v1, . . . ,vk of R2n. Define

|a|gk(X) := sup
0�=v1,...,vk∈R2n

|a(k)(X ;v1, . . . ,vk)|
∏k

j=1 gX(v j)1/2
.

We say that a ∈ S(m,g) if for any given integer k ∈ Z+ the following seminorms are
finite:

||a||k,S(m,g) := sup
�≤k, X∈R2n

|a|g�(X)

m(X)
<+∞. (14.1)

With Bg
X0,r

= {X ; gX0(X − X0) < r2}, following Bony and Lerner [2], we say

that a ∈ C∞(R2n) is a symbol of weight m confined to the ball Bg
X0,r

, and write
a ∈ Conf(m,g,X0,r), if for all k ∈ Z+

||a||k,Conf(m,g,X0,r) := sup
�≤k, X∈R2n

|a|gX0
� (X)

m(X0)

(
1+ gσ

X0
(X −BX0,r))

k/2 <+∞, (14.2)

where gσ
Y (X − B) = inf

Z∈B
gσ

Y (X −Z). Hence the space of symbols confined to the

ball Bg
X0,r

coincides with S (R2n) endowed with the seminorms (14.2). Any given
ϕ ∈C∞

0 (B
g
X0,r

) is automatically confined to the ball Bg
X0,r

. 


Given p ∈ S(m,g), the ψdo associated with p through Weyl quantization is
given by

pw(x,D)u(x) = (2π)−n
∫ ∫

ei〈x−y,ξ 〉p(
x+ y

2
,ξ )u(y)dydξ , u ∈ S (Rn).

I shall denote by Ψ(m,g) the class of ψdos obtained by Weyl quantization of sym-
bols in S(m,g).
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As for the composition in the Weyl calculus, one has the following result:

Theorem 14.1. Given a ∈ S(m1,g), b ∈ S(m2,g) then

aw(x,D)bw(x,D) = (a#b)w(x,D) ∈Ψ(m1m2,g),

where for any given N ∈ Z+

(a#b)(X) =
N

∑
j=0

1
j!

( i
2

σ(DX ,DY )
) j

a(X)b(Y )
∣
∣
∣
X=Y

+rN+1(X), (14.3)

with rN+1 ∈ S(hN+1m1m2,g).

Associated with an admissible metric g, one has a partition of unity as follows
(see [2, 12, 13]):

Lemma 14.1. Let g be an admissible metric, and let r2 < C−1
0 . Then there

exists a sequence of centers {Xν}ν∈Z+ , a covering of R2n made of g-balls Bg
ν,r =

{X ;gXν (X −Xν) < r2} centered at Xν and radius r, and a sequence of functions
{ϕν}ν∈Z+ uniformly in S(1,g), with suppϕν ⊂ Bg

ν,r, such that ∑ν∈Z+
ϕ2

ν = 1. More-
over, for any given r∗ such that r2 ≤ r2∗ <C−1

0 , there exists an integer Nr∗ such that
no more than Nr∗ balls Bg

ν,r∗ can intersect at each time (i.e., one has an a priori
finite number of overlappings of the dilates by the factor r∗/r of the Bg

ν,r). In addi-
tion, with

gσ
X (B−B′) := inf

Y∈B,Y ′∈B′ g
σ
X (Y −Y ′), B,B′ ⊂R

2n,

and

Δμν(r∗) := max
{

1,gσ
Xμ (B

g
μ,r∗ −Bg

ν,r∗),g
σ
Xν (B

g
μ,r∗ −Bg

ν,r∗)
}1/2

,

there exist constants N′ and C′ such that

sup
μ

∑
ν

Δμν(r∗)−N′
<C′.

Moreover, given 0 < r′ <C−1
0 , for all k ∈ Z+ there exist C > 0 and �∈ Z+ such that

for any given a ∈ S(m,g) and b ∈ Conf(1,g,X ,r′) one has

||a#b||k,Conf(1,g,X ,r′) ≤Cm(X)||a||�,S(m,g)||b||�,Conf(1,g,X ,r′). (14.4)

Finally, given 0 < r′ <C−1
0 , for all k,N ∈ Z+ there exist C > 0 and � ∈ Z+ such that

for every μ ,ν ∈ N, and every a ∈ Conf(1,g,Xμ ,r′) and b ∈ Conf(1,g,Xν ,r′), one
has

||a#b||k,Conf(1,g,Xμ ,r′) + ||a#b||k,Conf(1,g,Xν ,r′) ≤ (14.5)

≤C||a||�,Conf(1,g,Xμ ,r′)||b||�,Conf(1,g,Xν ,r′)Δμν(r
′)−N .

As for bounds on the norm of aw(x,D) when acting on L2, with a ∈ S(1,g) or
a ∈ Conf(1,g,X ,r), one has the following lemma (see [2]):
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Lemma 14.2. Let g be an amissible metric. Then there exist C > 0 and k ∈ N such
that, according to whether a ∈ Conf(1,g,X , r̃), r̃ ≤ 1, or a ∈ S(1,g), one has

||aw(x,D)||L2→L2 ≤C||a||k,Conf(1,g,X ,r̃), ||aw(x,D)||L2→L2 ≤C||a||k,S(1,g).

One has finally the following useful lemma, due to Bony and Lerner [2] (see
also [13]).

Lemma 14.3. Let g be an admissible metric, and let m be a g-admissible weight.
Let Bν be a g-ball as in Lemma 14.1. Let gν = gXν and mν = m(Xν). Let {aν}ν∈Z+

be a sequence of symbols with aν ∈ S(mν ,gν), such that for any given integer k ∈Z+

sup
ν∈Z+

||aν ||k,Conf(mν ,gν ,Xν ,r) <+∞.

Then a := ∑ν∈Z+
aν belongs to S(m,g). The sequence {aν}ν∈Z+ is said to be

uniformly confined in S(m,g). When m = 1 we have from the Cotlar–Stein Lemma
(see [12], Lemma 18.6.5) that aw = ∑ν aw

ν is a bounded operator in L2.

By S(m,g;MN) = S(m,g)⊗MN, I shall denote the matrix-valued symbols. In the
case of matrix-valued symbols, Definitions 14.2 and 14.3, and the composition
formula (14.3), hold (being careful with the order of the terms). By Ψ(m,g;MN),
I shall denote the ψdos obtained by Weyl quantization of symbols in S(m,g;MN).

Given A,B > 0, I shall throughout write A � B when A ≤CB for some universal
constant C > 0, and A ≈ B when A � B and B � A.

14.3 The Basic Positivity Estimates in the Scalar Case

I now recall the scalar Sharp-Gårding inequality, due to Hörmander [12]. Here-
after, (·, ·) denotes the L2-scalar product and || · ||s the norm in the L2-based Sobolev
space Hs.

Theorem 14.2. If 0 ≤ p ∈ S(h−1,g), then there exists C > 0 such that

(pw(x,D)u,u)≥−C||u||20, ∀u ∈ S (Rn). (14.6)

The theorem states that if p is first-order in the calculus and nonnegative, then
one has control from below of the L2-quadratic form associated with the operator.

Next, one has the scalar Fefferman–Phong inequality, proved by Fefferman and
Phong in [7] (see also [12]), which states that a control from below is also possible
for nonnegative symbols which are second-order in the calculus.

Theorem 14.3. If 0 ≤ p ∈ S(h−2,g), then there exists C > 0 such that

(pw(x,D)u,u)≥−C||u||20, ∀u ∈ S (Rn). (14.7)
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Both proofs go through microlocally writing

pw(x,D) = qw(x,D)2 + rw(x,D),

where rw(x,D) is under control, that is, in the case of (14.6) it is L2 bounded, and
in the case of (14.7), one has 0 ≤ r ∈ S(h−1,g) so that rw satisfies (14.6). Fur-
thermore, in the case of the Fefferman–Phong inequality, the proof is based on a
Calderón-Zygmund microlocalization: One changes microlocally the metric (with
uniform bounds on the structural constants and the seminorms of the symbol) to
reduce matters to a “semiclassical” case on metric balls Bν on which

• Either p
∣
∣
Bν
� 1, which gives rise, through a re-summation by a Cotlar–Stein

argument, to an L2-error term.
• Or p

∣
∣
Bν

is elliptic, whence this piece gives a good microlocal control on u.

• Or p
∣
∣
Bν

is microlocally (through a Fourier integral operator) conjugated to

e(y,η)η2
1 + p̃1(y1,y′,η ′), with e > 0 elliptic and p̃1 ≥ 0 (the non-elliptic non-

degenerate case) depending on fewer variables, which makes it possible to use
an induction on the number of the variables.

• Finally, a re-summation Cotlar–Stein argument gives the final estimate.

The constant in (14.7) depends on the structural constants of the metric g and on
a number of seminorms of the symbol p which depends on the dimension n (see
[7, 12, 13]).

Recently Tataru [31] has extended the Sharp-Gårding inequality to situations
where the symbol has a reduced smoothness, and Ruzhansky and Turunen [29] have
extended the Sharp-Gårding inequality to ψdos on Lie groups.

As for the Fefferman–Phong inequality, there is a paper by Bony [1] in which it
is showed that the inequality holds, provided one has control only on derivatives of
the symbol from the fourth order on, and papers by Tataru [31], Herau [9], Boulkhe-
mair [3], and Lerner and Morimoto [14] in which the Fefferman–Phong inequality is
extended to situations where the symbol has a limited smoothness. In [14], the au-
thors work with the usual symbol space Sm = S(h−m,g), where g and h are given by

gX = |dx|2 + |dξ |2
〈ξ 〉2 , h(X) = 〈ξ 〉−1, with 〈ξ 〉= (1+ |ξ |2)1/2,

and succeed in giving a rather precise bound on the number of seminorms of the
symbol which the constant appearing in the inequality depends on.

Let me mention in passing also Parenti and Parmeggiani [20] (Thm. 5.3), in
which a sufficient condition is given in order to obtain a bound from below with
a positive constant.

For understanding counterexamples in the case of systems, it will also be useful
to consider:

• The local Sharp-Gårding inequality (local (SG), for short, that I directly state
in the vector-valued case): For a first-order symbol p = p∗ ≥ 0, for any given
compact K ⊂ R

n there exists CK > 0 such that
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(pw(x,D)u,u)≥−CK ||u||20, ∀u ∈C∞
0 (K;CN); (14.8)

• The local Fefferman–Phong inequality (local (FP), for short, that I directly state
in the vector-valued case): For a second-order symbol p = p∗ ≥ 0, for any given
compact K ⊂ R

n, there exists CK > 0 such that

(pw(x,D)u,u)≥−CK ||u||20, ∀u ∈C∞
0 (K;CN). (14.9)

This is due to the fact that some examples are polynomial in nature. (Of course,
alternatively one may extend these examples outside a compact set in such a way
that the coefficients of the resulting operator are bounded, along with all the deriva-
tives to all orders.)

It is important to remark that

(SG) =⇒ local (SG)

and that

(FP) =⇒ local (FP).

Hence, any given time the local inequality does not hold, so is the case for the other.
I want also to mention that inequality (14.9) for the subclass of classical ψdos

(i.e., ψdos whose symbol

p(x,ξ )∼ ∑
j≥0

p2− j(x,ξ ), p2− j(x,ξ ) positively homogeneous of degree 2− j in ξ )

in the case of m-th order symbols with a control on the (m− 2)/2-Sobolev norm is
due to Hörmander [10]. This is the reason why Parenti and myself referred to in-
equality (14.9) in the case of classical symbols also as to the Hörmander inequality.
In this regard, in the next subsection I will make a very short digression to discuss
the validity of the local (FP) inequality, including the vector-valued case, in the more
restrictive framework of classical ψdos.

14.3.1 The Case of Classical (Second-Order) ψdos

For second-order classical ψdos, Hörmander (see [10, 12]) proved that (14.9) holds
even when the symbol goes to −∞ in some (characteristic) directions, hence in
directions along which a second-order symbol goes to −∞ as fast as |ξ |. However,
this is possible provided certain geometric assumptions hold, that is, the principal
symbol p2 has to vanish exactly to second order (transversal ellipticity) on the char-
acteristic manifold Σ , which is assumed to be smooth and having rkσ

∣
∣
Σ constant,

and that the fundamental Melin trace+ condition holds. The rank condition on the
symplectic form has been slightly relaxed by Parenti and Parmeggiani [21] into a
“stratified” condition. I remark that relaxing the transversal ellipticity condition is
much more difficult (see [17]).
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Extensions of the (local) Fefferman–Phong inequality to N ×N systems of clas-
sical ψdos with double characteristics, that is, systems with Hermitian nonnega-
tive principal symbol p2 such that the characteristic manifold Σ = {det p2 = 0} is
smooth with rkσ

∣
∣
Σ=constant and such that

det p2(x,ξ )≈ |ξ |2NdistΣ (x,ξ/|ξ |)2�, dim Ker p2
∣
∣
Σ= �,

is due to Hörmander [10] in the case � = 1 and to Parenti and myself [19] when
Σ is symplectic and 1 ≤ � ≤ N. In the latter paper, the technique of the localized
operator (introduced by Boutet de Monvel) is used to reduce matters to a condition
on the spectrum of the localized system Pρ at each ρ ∈ Σ . (Although complicated,
such a condition reduces to the Melin trace+ condition in the scalar case N = 1.)
The localized system is a system obtained through Taylor expansion at each char-
acteristic ρ in normal directions. It becomes a globally elliptic formally self-adjoint
system with polynomial coefficients on the normal space Nρ Σ to Σ at each ρ ∈ Σ
when P has double characteristics and Σ is symplectic; see Parenti and Parmeggiani
[19] (see also the survey Parmeggiani [22]).

I mention also the papers by Brummelhuis [5], Brummelhuis and Nourrigat [6],
and Toft’s thesis for extensions to the systems case of the fundamental Melin in-
equality (see [12]).

It is also interesting to remark that, as proved in Parenti and Parmeggiani [19]
and in Nicola [18], for N×N systems with double characteristics and Σ symplectic,
the sole nonnegativity condition Pρ ≥ 0 (on Schwartz vector-valued functions) on
the localized system yields the inequality

(pw(x,D)u,u)≥−C||u||21/4, ∀u ∈ S (Rn;CN).

Thus, in this approach the problem of understanding the spectrum of a
polynomial-coefficient system arises, a problem for which very few results are avail-
able (see [27]).

14.4 The Sharp-Gårding and the Fefferman–Phong Inequality
for Systems

I now turn to discussing what is known about the Sharp-Gårding inequality and the
Fefferman–Phong inequality for systems of ψdos.

As for (SG), one has the following very general statement, due to Hörmander
(see [12]; the N ×N case was shown to hold also by Lax and Nirenberg, and R.
Beals), which holds in the infinite-dimensional case.

Theorem 14.4. Let H be a Hilbert space, and let L (H,H) be the algebra of linear
bounded operator from H into itself. If 0 ≤ p ∈ S(h−1,g;L (H,H)) (that is, p is a
first-order symbol in the calculus which takes nonnegative values in L (H,H)), then
there exists C > 0 such that
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(pw(x,D)u,u)≥−C||u||20, ∀u ∈ S (Rn;H). (14.10)

The proof (see [12]) goes through a semiclassical approximation and then the
comparison of the operator with a system of harmonic oscillators.

As for (FP), the main assumption on the symbol p ∈ S(h−1,g;MN) is again that

p(X) = p(X)∗ ≥ 0, ∀X ∈ R
n ×R

n. (14.11)

Now the situation is drastically different: In general condition (14.11) alone is
not sufficient to grant the (FP) inequality. There are counterexamples.

The main reason for this is the example due to Hörmander of a system with poly-
nomial coefficients of degree 2 in x,ξ , whose Weyl quantization is not nonnegative.

Lemma 14.4 (Hörmander [11]). For X = (x,ξ ) ∈ R×R, consider the following
symbol

AH(X) =

[
ξ 2 xξ
xξ x2

]
=

[
ξ
x

]∗
⊗
[

ξ
x

]
. (14.12)

Then AH satisfies (14.11), but Aw
H(x,D) is not nonnegative.

(Recall that v∗1⊗v2 is defined, for v1,v2 ∈C
N , as (v∗1⊗v2) : Cn �w �−→〈w,v1〉CN v2.)

The lemma allows me to give the perhaps simplest example of system for which
(FP) cannot hold. Let M ≥ 1 be a parameter. Let g = |dX |2/M. Of course, g is an
admissible metric (the semiclassical metric), with Plank function h(X) = 1/M and
structural constants independent of M. Choose χ ∈C∞

0 (R×R) with 0 ≤ χ ≤ 1 and
such that χ ≡ 1 for |t| ≤ 1 and χ ≡ 0 for |t| ≥ 2.

Theorem 14.5. Let

p(X) = pM(X) = Mχ(
X

M1/2
)AH(X) = M2χ(

X

M1/2
)AH(

X

M1/2
). (14.13)

Then p ∈ S(h−2,g;M2) for all M ≥ 1, and pw(x,D) cannot satisfy the Fefferman–
Phong inequality, that is, there are no constants C ∈R and M0 ≥ 1, depending only
on the dimension and a finite number (dependent on the dimension) of seminorms
of p, such that

(pw(x,D)u,u)≥−C||u||20, ∀u ∈ S (R;C2), ∀M ≥ M0. (14.14)

Proof. That p ∈ S(h−2,g;M2) for all M ≥ 1 is clear, since |∂ α
X p(X)| ≤Cα M2−|α |/2,

for all α ∈ Z
n
+. Now, pick u0 ∈ S (R;C2) such that (Aw

H(x,D)u0,u0) < 0. Suppose
we have (14.14) for some C and M0. Then, using the fact that

S ′ � a �−→ (aw(x,D)u,v) is continuous for all u,v ∈ S ,

on the one hand, we have

lim
M→+∞

(pw(x,D)u0,u0)/M ≥ 0,
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and on the other

(pw(x,D)u0,u0)/M −→ (Aw
H(x,D)u0,u0)< 0, as M →+∞,

a contradiction. ��
Example (14.13), which appears here for the first time, is preceded by examples

that came earlier on. The first one is due to Brummelhuis.

Theorem 14.6 (Brummelhuis [4]). Consider the second-order symbol

AB(X) =

[
ξ 2

1 −ix1ξ1ξ2

ix1ξ1ξ2 x2
1ξ 2

2

]

. (14.15)

Then Aw
B (x,D) does not satisfy the Fefferman–Phong inequality. Moreover, no in-

termediate inequality with the L2-norm replaced by the s-Sobolev norm with s ∈
[0,1/2) is possible.

Notice that the case s = 1/2 is the Sharp-Gårding inequality that in fact has to
hold because the symbol is Hermitian nonnegative.

It was then observed in Parmeggiani [23] that the reason for the existence of such
a counterexample is rooted into the “non-nonnegativity” of the localized operator at
characteristic points. In fact, the nonnegativity of the localized operator is a neces-
sary condition for (FP) (and for local (FP)) to hold, and, say at the characteristic
point ρ = (x,ξ ) = (0,0,0,1), we have that the localized system of AB is unitarily
equivalent to Aw

H which is not nonnegative. This observation allowed me to construct
more general families of counterexamples that are “robust,” in the sense that they
do not satisfy (FP) even if perturbed by first-order terms that are sufficiently small.
(In the same paper, I also showed how to construct “anisotropic” counterexamples.)

Theorem 14.7 (Parmeggiani [23]). Let Σ be a symplectic smooth manifold,
let p,q ∈ S1 be real, positively homogeneous of degree 1 in the fibers, such that
p
∣
∣
Σ = q

∣
∣
Σ = 0 and {p,q}(ρ0) �= 0 for some ρ0 = (x0,ξ0) ∈ Σ with |ξ0| = 1. Let

v1,v2 ∈ C
N be orthonormal vectors and let L(X) = p(X)v1 + q(X)v2. Let A2 be

the second-order symbol given by A2 = L∗ ⊗L, and let A = A2 +A1, where A1 is a
first-order symbol such that, for some δ ∈ [0,1),

〈A1(ρ0)w,w〉CN ≤ δ{p,q}(ρ0)〈Im(v∗2 ⊗ v1)w,w〉CN , ∀w ∈ C
N .

Then Aw(x,D) does not satisfy the Fefferman–Phong inequality, and no intermedi-
ate estimate with s ∈ [0,1/2) is possible (except of course for the Sharp-Gårding
inequality).

How about positive results?
There are indeed classes of systems for which the Fefferman–Phong inequality

holds. In the first place, we have the following result.
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Theorem 14.8. Consider the N ×N system

p(x,ξ ) = A(x)e(ξ )+
n

∑
j=1

B j(x)ξ j +C(x) = p(x,ξ )∗ ≥ −cIN, ∀(x,ξ ) ∈ R
n ×R

n,

(14.16)

where c> 0, e∈ S2 is a positive-definite quadratic form and where A,B1, . . . ,Bn,C ∈
C∞(Rn;MN) are bounded along with all their derivatives to all orders. Then pw(x,D)
satisfies the Fefferman–Phong inequality.

Remark 14.1. Note that, the matrix A being only ≥ 0, the symbol p(X) is not
assumed to be elliptic. 


Theorem 14.8 was first proved by Sung [30] in the case n = 1. His proof goes
through Fourier series and is, in my opinion, very complicated. So, I wanted to have
a proof that was based on an induction on the size N of the system. Such a proof in-
deed exists and is given in Parmeggiani [24] (see also [25]). It holds for general n and
goes through a Calderón-Zygmund microlocal decomposition which is achieved by
means of the Fefferman–Phong metric (a “proper” metric, as introduced by Lerner
and Nourrigat in [15]) essentially of the form

gx,ξ = H(x,ξ )|dx|2 + |dξ |2
1+ |ξ |2 ,

where

H(x,ξ )−1 = max
{ 1

(1+ |ξ |2)1/2
,
√

TrA(x)
}
,

where Tr denotes the matrix trace (notice that the hypotheses give that A(x) =
A(x)∗ ≥ 0). Such a microlocalization allows a Schur reduction of the system which
is then microlocally decoupled, modulo L2 errors, into a 1× 1 block for which we
may use the Fefferman–Phong scalar result, and an (N − 1)× (N − 1) block for
which the assumptions are fulfilled, and that we control by induction on N. Here
the constants depend on an a priori bounded number of seminorms of the symbol,
bound that depends on the dimension n, and on the size N.

One has also a semiclassical analog of Theorem 14.8; see Parmeggiani [26].

The system in Theorem 14.8 is of “factorized” form. It is then natural to ask
the following question: Are there results for systems of a more general form? The
answer is in the positive, at least for certain classes of 2×2 systems, which, however,
do not exhaust the class of systems that should be considered.

To understand what kind of conditions one should impose, let us go back to the
Brummelhuis system (14.15) and observe the following. Consider the system

A(X) = AB(X)+ ξ 2
2

[
0 0
0 1

]
, X ∈ R

2 ×R
2.
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Then system A has an elliptic trace, since TrA(X) = ξ 2
1 +(1+ x2

1)ξ
2
2 ≈ |ξ |2. It is

straightforward to see that

(Aw(x,D)u,u) = ||D1u1 − ix1D2u2||20 +Re(D2u2,u1)+ ||D2u2||20 ≥−1
2
||u||20,

for all u ∈ S (R2;C2). Hence, an elliptic trace should be part of the “cure” for
obtaining the Fefferman–Phong inequality.

Theorem 14.9 (Parmeggiani [28]). Let g be an admissible metric. Let a,b,c ∈
S(h−2,g), and let

p(X) =

[
a(X) c(X)
c(X) b(X)

]
= p(X)∗ ≥ 0, ∀X ∈ R

n ×R
n.

Suppose the following ellipticity assumption on the matrix trace of the symbol

Tr p(X)≈ h(X)−2 (14.17)

is fulfilled, and assume that

e1 := a{c, c̄}− 2iIm(c{a, c̄}), e2 = b{c, c̄}− 2iIm(c{b, c̄}) ∈ S(h−4,g). (14.18)

Then the Fefferman–Phong inequality holds for pw(x,D).

It is important to observe the following facts.

Remark 14.2.

• As for condition (14.18), a priori the symbols e1 and e2 have order 5 in the
calculus, that is, e1,e2 ∈ S(h−5,g). So the requirement is that they are actually
fourth-order symbols in the calculus. This is certainly the case when c or ic is
real-valued.

• The class of counterexamples fulfills condition (14.18), but not condition (14.17).
• By virtue of Lemma 14.5 below, condition (14.18) is invariant under conjugation

of the symbol by constant unitary matrices. 

Lemma 14.5. Let p be the symbol in Theorem 14.9. Let

cop(X) :=

[
b −c̄
−c a

]

be the cofactor matrix of p (that is, p cop = cop p = det p). Define

p−(X) :=

[
a c̄
c −b

]
, X ∈ R

n ×R
n.

Then

Tr
(
{p, p} cop

)
= (a− b){c, c̄}− 2iIm(c{a− b, c̄}),

Tr
(
{p−, p−} cop−

)
= (a+ b){c, c̄}− 2iIm(c{a+ b, c̄}).
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As a consequence, condition (14.18) is invariant under conjugation by constant
unitary matrices.

Proof. The proof is a direct computation, taking into account that, for an N ×N
matrix A (with C1 entries),

{A,A}=
n

∑
j=1

( ∂A
∂ξ j

∂A
∂x j

− ∂A
∂x j

∂A
∂ξ j

)
=

n

∑
j=1

[ ∂A
∂ξ j

,
∂A
∂x j

]
,

and that Tr(AB) = Tr(BA), for any given N ×N matrices A and B. ��
Corollary 14.1. Write c = c1 + ic2, and replace condition (14.18) in Theorem 14.9
by the following condition: There are constants 0 < θ1 < θ2 < 1 and a symbol
ω1 ∈ S(1,g) with θ1 ≤ ω1(X)≤ θ2 for all X, such that, with ω2 := 1−ω1,

c j(X)2 ≤ ω j(X)2a(X)b(X), ∀X ∈ R
n ×R

n, j = 1,2. (14.19)

Then the Fefferman–Phong inequality holds true for pw(x,D).

It is interesting to notice that the proof uses convexity. One in fact writes

p =

[
ω1 a c1

c1 ω1 b

]
+

[
ω2 a −ic2

ic2 ω2 b

]
=: p1 + p2

and notices that pw
1 and pw

2 satisfy (FP) by virtue of Theorem 14.9.
The proof of Theorem 14.9 actually shows that one can relax condition (14.18).

One has in fact the following further corollary.

Corollary 14.2. In Theorem 14.9, condition (14.18) can be weakened to

e1(X)2 + e2(X)2 �
(
Tr p(X)

)3
det p(X)≈ h(X)−6 det p(X), ∀X ∈ R

n ×R
n.

(14.20)

One has also a statement that deals with operators of “arbitrary” order in the
calculus.

Corollary 14.3. Let g be an admissible metric, and let m be a g-admissible weight.
Let a,b,c ∈ S(m,g), and let

p(X) =

[
a(X) c(X)

c(X) b(X)

]
= p(X)∗ ≥ 0, X ∈ R

n ×R
n.

Suppose that

Tr p(X) = a(X)+ b(X)≈ m(X), ∀X ∈R
n ×R

n,

and that either

a{c, c̄}− 2i Im(c{a, c̄}) and b{c, c̄}− 2i Im(c{b, c̄}) ∈ S(h2m3,g)
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or that there exist constants θ1,θ2 ∈ (0,1) and ω1 ∈ S(1,g), with θ1 ≤ ω1(X)≤ θ2,
such that with c = c1 + ic2 and ω2 := 1−ω1, one has

c j(X)2 ≤ ω j(X)2a(X)b(X), ∀X ∈ R
n ×R

n, j = 1,2.

Then there exists a symbol q = q∗ ∈ S(h2m,g;M2) such that

pw(x,D)≥ qw(x,D).

It is interesting to mention that, as proved in Parmeggiani [28], there are systems
satisfying the ellipticity condition (14.17), but not (14.18) and (14.19), for which
the (local) Fefferman–Phong inequality does not hold. In fact, let

p(X) =

[
ξ 2

1 (1+ ix1)ξ1ξ2

(1− ix1)ξ1ξ2 (1+ x2
1)ξ 2

2

]
. (14.21)

It is readily seen that (14.17) holds, but neither (14.18) nor (14.19) does. One may
construct an elliptic zeroth-order ψdo B, with B f = B− f1 +B+ f2, such that

B∗pw(x,D)B =

[
B∗−Λ−(x,D)B− OL2→L2(1)

OL2→L2(1) B∗
+Λ+(x,D)B+

]
,

where OL2→L2(1) denotes a bounded operator in L2, the principal symbol of Λ+(x,D)
is λ+(X) = Tr p(X), so it is elliptic, and the principal symbol of Λ−(x,D) is
λ−(X) = ξ1ξ 2

2 /λ+(X). Hence pw(x,D) satisfies the (local) Fefferman–Phong in-
equality iff Λ−(x,D) satisfies the (local) Sharp-Gårding inequality, which cannot
be since λ− changes sign. Hence the system cannot satisfy the Fefferman–Phong
inequality.

There are a few comments to make regarding Theorem 14.9.

• In the first place, why should one take N = 2? The reason is the following: When
p is N ×N and is given in the block form

p(X) =

[
a(X) c(X)∗
c(X) b(X)

]
,

where a(X) is scalar and (say) elliptic, and b(X) = b(X)∗ of size (N − 1)×
(N−1), in the size-reduction procedure, we get an (N − 1)× (N− 1) block

b′(X) = b(X)− c(X)∗ ⊗ c(X)

a(X)
≥ 0,

for which we cannot automatically say that

Trb′(X) = Trb(X)− |c(X)|2
a(X)

≥ 0 is still elliptic

(even on a different localization scale). However, when N = 2, we have that b′ is
scalar and nonnegative, and this suffices for obtaining (FP).
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• In addition, consider the following example of 3× 3 system:

⎡

⎢
⎣

ξ 2
1 ix1ξ1ξ2 0

−ix1ξ1ξ2 x2
1ξ 2

2 0

0 0 ξ 2
2

⎤

⎥
⎦=

⎡

⎣AB(x,ξ )
0
0

0 0 ξ 2
2

⎤

⎦ .

Its trace is elliptic, but it clearly cannot satisfy the (local) Fefferman–Phong
inequality.

• As a concluding comment for this section, I have results also in case Tr p is not
elliptic (but this is work in progress). As an example, consider the system

[
αξ 2

1 +β x2
1ξ 2

2 γ̄x1ξ1ξ2

γx1ξ1ξ2 β ξ 2
1 +αx2

1ξ 2
2

]

, α,β > 0, γ ∈ C.

When |γ| ≤ 2min(α,β ) one has that the Fefferman–Phong inequality holds.
Notice that the trace is no longer elliptic, but is non-elliptic nondegenerate (in
the approach of Fefferman and Phong).

14.5 The Approximate Positive and Negative Parts
of a First-Order System

I now turn to the problem of the negative/positive part of a first-order
pseudodifferential system P = pw(x,D), that is, to the problem of constructing,
starting from the symbol p = p∗, L2-bounded operators Π± (the approximate pro-
jections to the positive and negative parts of P) such that the operators±Π±P satisfy
the Sharp-Gårding inequality and such that the sum of Π± is the identity modulo an
error R which is “under control.”

Before stating the results, let me give the basic example. Let Y (t) be the
Heaviside function, equal to 1 for t > 0 and equal to 0 when t < 0. Then Y (D1),
where

Y (D1)u(x) = (2π)−n
∫ ∫

ei〈x−y,ξ 〉Y (ξ1)u(y)dydξ , u ∈C∞
0 (R

n),

and 1−Y (D1) are the projections to the positive and negative parts, respectively,
of D1.

The idea, in a general case, is to localize in phase space to regions on which
either the symbol has a definite sign, or else it changes sign across a smooth
hypersurface, or else is just small on regions of phase space which have volume ≈ 1.
In the regions on which the symbol changes sign across a smooth hypersurface, the
operator is equivalent, through conjugation by a unitary FIO, to an elliptic multiple
of D1, whence one constructs the (approximate) projections through those of D1.

The first result in this direction is due to Fujiwara [8].
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Theorem 14.10 (Fujiwara [8]). Let a ∈ S1 be real-valued. Let ε ∈ (0,1) be given,
arbitrarily small. Then one can construct three bounded self-adjoint linear opera-
tors π±, R : L2(Rn)−→ L2(Rn) such that

(i) π± ≥ 0.
(ii) π++π− = I+R, ||R||L2→L2 ≤ ε .

(iii) There exists C > 0 such that

±Re(π±aw(x,D)u,u)≥−C||u||20, ∀u ∈ S (Rn).

(iv) One has

||Raw(x,D)||L2→L2 + ||aw(x,D)R||L2→L2 +∑
±
||[π±,aw(x,D)

]||L2→L2 ≤C.

The operators are constructed microlocally from the symbol a and are of the form

π± = ∑
ν∈Z+

φw
ν (x,D)Tν π (ν)

± (x,D)T ∗
ν φw

ν (x,D),

(and likewise R = ∑φw
ν Rw

ν φw
ν ) where φν ≥ 0 and compactly supported, Tν are FIOs

(each Tν brings a
∣
∣
Bν

to an elliptic multiple of D1, when a changes sign in Bν ), and

the symbols π (ν)
± may happen to be discontinuous along a hypersurface.

Theorem 14.10 is actually a consequence of the following stronger result, also
due to Fujiwara [8], that I shall actually use in the extension of his result to 2× 2
systems.

Theorem 14.11. Assume that {aλ}λ∈Λ is a family of real symbols which is bounded
in S1(Rn ×R

n) such that

aλ (X)aλ ′(X)≥ 0, ∀λ ,λ ′ ∈ Λ , ∀X ∈ R
n ×R

n. (14.22)

Let ε ∈ (0,1) be given, arbitrarily small. Then one can construct three L2-bounded
self-adjoint linear operators π± and R such that (i) through (iv) in Theorem 14.10
hold for aw

λ (x,D) in place of aw(x,D), with constants independent of λ ∈ Λ .

The approach is tailored to the classical pseudodifferential metric and Planck’s
function

gX = |dx|2 + |dξ |2
〈ξ 〉2 , h(X) =

1
〈ξ 〉 ,

and microlocalization through the Beals–Fefferman metric (up to introducing a
large parameter) to reduce to a semiclassical case.

Let me mention that in the second-order scalar case we have only the following
result, due to Mughetti and Nicola (which, however, leaves the extension of Fuji-
wara’s construction to operators with multiple characteristics largely open).
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Theorem 14.12 (Mughetti and Nicola [16]). Given A = A∗ ∈ OPS2, classical and
transversally elliptic with respect to Σ , with Hamilton map F whose eigenvalues
satisfy certain conditions, for any fixed ρ0 ∈ Σ there exists a conic neighborhood
V on which one can construct bounded self-adjoint linear operators π± : L2 −→
L2 and R ∈ OPS−1/2

1/2,1/2 such that π+ +π− = I +R, with PR, RP ∈ OPS1/2
1/2,1/2 and

satisfying the following: For any given microlocalizer ψ(x,D) supported in V and
every compact K, there exists CK > 0 such that

±Re(Pπ±ψ(x,D)u,ψ(x,D)u)≥−CK ||u||2, ∀u ∈C∞
0 (K).

Unfortunately, the result is only microlocal. It nevertheless yields a local con-
struction (which is, however, weaker than that of Fujiwara). In fact, let {ψ j}m

j=1 be
zeroth-order classical (i.e., positively homogeneous of degree 0 in the fiber variable)
microlocalizers supported in conic neighborhoods Vj on which one may construct

the operators π ( j)
± of the theorem, such that ∑ j ψ2

j = 1 near K × (Rn \ {0}). Putting

P± := ∑ j ψ j(x,D)∗Pπ ( j)
± ψ j(x,D), one has P+ +P− = P+R′ with R′ ∈ OPS1/2

1/2,1/2
and in this case

±Re(P±u,u)≥−CK ||u||2, ∀u ∈C∞
0 (K).

As for systems, I have the following result in a 2× 2 case.

Theorem 14.13. Let p = p∗ =
[

a c̄
c b

]
∈ S1(Rn ×R

n;M2) and suppose

||p(X)||2M2
= Tr(p(X)2)≈ 〈ξ 〉2, ∀X ∈ R

n ×R
n. (14.23)

Then, given any ε ∈ (0,1), there exist L2(Rn;C2)-bounded linear operators Π± and
R, such that

• Π++Π− = I+R.
• There exists C > 0 such that

±Re(Π±pw(x,D)u,u)≥−C||u||2, ∀u ∈ S (Rn;C2).

• R = R1 +R2 where R1 ∈ Ψ(h,g;M2) (and therefore gains one derivative) and
||R2||L2→L2 ≤ ε.

Proof. I start by stating the next crucial lemma, which is proved exactly as in
Parmeggiani [28].

Lemma 14.6. There exist r > 0, with 4r < C−1/2
0 (C0 being the slowness constant

of g), and c1 > 0 such that for any given Y ∈ R
2n, we have

either |a(X)| ≥ c1 h(X)−1, or |b(X)| ≥ c1 h(X)−1, or |c(X)| ≥ c1 h(X)−1,

for all X ∈ Bg
Y,4r.
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I shall also need the following lemma, which is a consequence of the Cotlar–Stein
method.

Lemma 14.7. Let {ψν}ν∈Z+ and {θν}ν∈Z+ ⊂ S(1,g) be uniformly confined to
the metric balls {Bg

Xν ,r
}ν∈Z+ forming a covering of Rn ×R

n as in Lemma 14.1.

Let {Tν}ν∈Z+ ⊂ L (L2,L2) be such that sup
ν

||Tν ||L2→L2 <+∞. Consider

Au := ∑
ν∈Z+

ψw
ν Tν θ w

ν u, ∀u ∈ L2.

Then A ∈ L (L2,L2).

Proof (of the lemma). By the Cotlar–Stein re-summation method, let us set Aν :=
ψw

ν Tνθ w
ν . We then have to prove that

sup
μ∈Z+

∑
ν∈Z+

||A∗
μAν ||1/2

L2→L2 <+∞, and sup
μ∈Z+

∑
ν∈Z+

||AμA∗
ν ||1/2

L2→L2 <+∞.

I shall prove only one of the two estimates, for the second follows in exactly the
same way. Now,

A∗
μAν = (θ w

μ )∗T ∗
μ (ψw

μ )
∗ψw

ν Tνθ w
ν .

By (14.5) of Lemma 14.1 we have for all k,M ∈ Z+ the existence of C > 0 and
� ∈ Z+ such that for all μ ,ν ∈ Z+

||ψ̄μ#ψν ||k,Conf(1,g,Xμ ,r) ≤C||ψμ ||�,Conf(1,g,Xμ ,r)||ψν ||�,Conf(1,g,Xν ,r)Δμν(r)
−M ,

where M is chosen so large that sup
μ

∑
ν

Δμν(r)
−M/2 < ∞. Hence, by Lemma 14.2,

sup
μ∈Z+

∑
ν∈Z+

||A∗
μAν ||1/2

L2→L2 ≤C′ sup
μ

∑
ν

Δμν(r)
−M/2 < ∞,

and this ends the proof of the lemma. ��
Using Lemma 14.1, let hence {Bν}ν∈Z+ be a covering of R

n ×R
n by metric

g-balls Bν = Bg
Xν ,r such that on the g-balls B∗

ν := Bg
Xν ,4r we have the conclusion of

Lemma 14.6, and let {ϕν}ν∈Z+ be a corresponding partition of unity uniformly in
S(1,g) such that ∑ν ϕ2

ν = 1.
I next define the following sets of nonnegative integers:

• N(a) := {ν ∈ Z+; ±a
∣
∣
B∗

ν
≈ h−1}.

• N(b) := {ν ∈ Z+; ν �∈ N(a), ±b
∣
∣
B∗

ν
≈ h−1}.

• N(c) := {ν ∈ Z+; ν �∈ N(a)∪N(b), |c|∣∣B∗
ν
≈ h−1}.

Then, for each ν belonging to N(a) or N(b), respectively, we may define on the
corresponding B∗

ν the matrix-valued zeroth-order symbols
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Eν :=

[
1 −c̄/a
0 1

]
, Ẽν :=

[
1 0

−c̄/b 1

]
,

which are invertible on B∗
ν with inverse

E−1
ν :=

[
1 c̄/a
0 1

]
, Ẽ−1

ν :=

[
1 0

c̄/b 1

]
.

Moreover, one has on B∗
ν also the relations

E∗
ν pEν =

[
a 0
0 b−|c|2/a

]
=: pν , Ẽ∗

ν pẼν =

[
a−|c|2/b 0

0 b

]
=: p̃ν .

When ν ∈N(c), one may instead consider on B∗
ν the smooth unitary symbols Uν for

which

U∗
ν pUν =

[
λ1 0
0 λ2

]
=: pd,ν ,

where λ1,2 = (a+b±√
(a− b)2+ 4|c|2)/2 are the eigenvalues of p which are then

smooth in B∗
ν . In fact, on B∗

ν the symbol |c| is elliptic, so that for the eigenvalues of
p(X) one has

|λ1 −λ2| ≈ 〈ξ 〉= h(X)−1, ∀X ∈ B∗
ν ,

and p can be smoothly decoupled there, through a unitary Uν which is then smooth
on B∗

ν . Let now χν ∈ C∞
0 (R

n ×R
n) with supp(χν) ⊂ Bg

Xν ,2r and 0 ≤ χν ≤ 1, uni-

formly in S(1,g) and such that χνϕν = ϕν (so that χ2
ν ϕν = ϕν also). Denote next by

A±
ν , Ã±

ν , and Qν the operators in Ψ(1,g;M2) obtained by Weyl quantization of the
symbols E±1

ν χν , Ẽ±1
ν χν , and Uν χν , respectively, which are in S(1,g;M2) and uni-

formly confined to the Bg
Xν ,2r ⊂ B∗

ν . I next use Fujiwara’s Theorem 14.11. Consider

the families (uniformly bounded in S(h−1,g)),

{aχν}ν∈N(a), {(b−|c|2/a)χν}ν∈N(a),

{bχν}ν∈N(b), {(a−|c|2/b)χν}ν∈N(b),

and

{λ jχν}ν∈N(c), j = 1,2.

It is readily seen that condition (14.22) of Fujiwara’s Theorem 14.11 is fulfilled for
all these families. Let then ã := a−|c|2/b, b̃ := b−|c|2/a, and let

π±(a), π±(b), π±(ã), π±(b̃), π ( j)
± , j = 1,2,

be the corresponding approximate projectors, granted by Thorem 14.11, such that
for any given ε > 0,

π+(a)+π−(a) = I+R(a), etc.,
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where ||R(a)||L2→L2 ≤ ε, and likewise for the operators π±(b), R(b) etc. Then define
the operators Π± by

Π± := ∑
ν∈N(a)

ϕw
ν (A−

ν )
∗
[

π±(a) 0
0 π±(b̃)

]
(A+

ν )
∗ϕw

ν +

+ ∑
ν∈N(b)

ϕw
ν (Ã−

ν )
∗
[

π±(ã) 0
0 π±(b)

]
(Ã+

ν )
∗ϕw

ν + ∑
ν∈N(c)

ϕw
ν Qν

[
π (1)
± 0

0 π (2)
±

]

Q∗
ν ϕw

ν .

Hence

Π± = ∑
ν∈Z+

ϕw
ν Π (ν)

± ϕw
ν ,

where

Π (ν)
± ∈ L (L2,L2), with sup

ν∈Z+

||Π (ν)
± ||L2→L2 ≤C <+∞.

Hence, by Lemma 14.7, the operators Π± ∈ L (L2,L2). We next have the following
lemma:

Lemma 14.8. For any given ε ∈ (0,1) one has

Π++Π− = I +R, with R= R1 +R2,

where the L2-bounded operators R1 and R2 have the following properties:

• R1 ∈Ψ(h,g;M2) (hence, R1 gains one derivative).
• R2 = ∑

ν∈Z+

ϕw
ν Rνϕw

ν , and ||Rν ||L2→L2 ≤ Cε , with C independent of ν (and of ε),

so that also ||R2||L2→L2 ≤C′ε (for a new absolute constant C′).

Proof. We have (A−
ν )

∗(A+
ν )

∗ = ((E∗
ν
−1χν)#(E∗

ν χν))
w = (χ2

ν I + r1,ν)
w with r1,ν ∈

S(h,g;M2) uniformly confined to B∗
ν and analogously for the other terms Ã±

ν and
Qν . It is also important to notice that ϕν#χ2

ν#ϕν = ϕ2
ν + r2,ν where r2,ν ∈ S(h2,g),

and that r2,ν and ϕν#r1,ν#ϕν ∈ S(h,g;M2) are uniformly confined to Bν and B∗
ν ,

respectively. Since ∑ν ϕ2
ν = 1, Theorem 14.11 applied to each individual π±(a),

π±(b) etc., yields

Π++Π− = I+R,

with R= R1 +R2, where

R1 = ∑
ν∈Z+

(r2,ν I +ϕν#r1,ν#ϕν)
w ∈Ψ(h,g;M2)

(by Lemma 14.3), and
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R2 = ∑
ν∈N(a)

ϕw
ν (A−

ν )
∗
[

R(a) 0
0 R(b̃)

]
(A+

ν )
∗ϕw

ν +

+ ∑
ν∈N(b)

ϕw
ν (Ã

−
ν )

∗
[

R(ã) 0
0 R(b)

]
(Ã+

ν )
∗ϕw

ν + ∑
ν∈N(c)

ϕw
ν Qν

[
R(1) 0

0 R(2)

]
Q∗

νϕw
ν

having the required properties. This ends the proof of the lemma. ��
I next consider Π+p (the conclusion for −Π−p follows in exactly the same way).

Since

(A+
ν )

∗ϕw
ν pw =

(
E∗

ν pχνEν(E
−1
ν χν)ϕν

)w
+Ψ(1,g;M2) =

=
(

E∗
ν pχνEν

)w
A−

ν ϕw
ν + rw

ν ,

where rν ∈ S(1,g;M2) is uniformly confined, and analogously for the other terms,
we have

Re(Π+pwu,u) = ∑
ν∈N(a)

Re(

[
π+(a) 0

0 π+(b̃)

]
pw

ν A−
ν ϕw

ν u,A−
ν ϕw

ν u)+

+ ∑
ν∈N(b)

Re(

[
π+(ã) 0

0 π+(b)

]
p̃w

ν Ã−
ν ϕw

ν u, Ã−
ν ϕw

ν u)+

+ ∑
ν∈N(c)

Re(

[
π (1)
+ 0

0 π (2)
+

]

pw
d,νQ∗

ν ϕw
ν u,Q∗

νϕw
ν u)+O(||u||20) =

= I(a)+ I(b)+ I(c)+O(||u||20).
By Theorem 14.11 we get that there exists C > 0, independent of ν , such that

I(a)+ I(b)+ I(c)≥

≥−C
[

∑
ν∈N(a)

(A−
ν ϕw

ν u,A−
ν ϕw

ν u)+ ∑
ν∈N(b)

(Ã−
ν ϕw

ν u, Ã−
ν ϕw

ν u)+ ∑
ν∈N(c)

(Q∗
ν ϕw

ν u,Q∗
νϕw

ν u)
]

≥−C′||u||20, by Lemma 14.7.

This concludes the proof of the theorem. ��
Remark 14.3. Notice that the theorem is not so satisfactory, in that it does not state
that Π± are self-adjoint. This does not follow from the present construction (I am
just able to construct them out of conjugation orbits of diagonal matrices made of
the scalar pieces π±(a), π±(b), etc.). An analogous “defect” of the proof is that we
cannot conclude that the norm of R is as small as we wish, but only that R is made
of two pieces, one as small in norm as we wish, and the other gaining one derivative.
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However, I believe the smallness of R can be recovered, but this is work in progress,
which goes along with an extension of Fujiwara’s results Theorems 14.10 and 14.11
to symbols in S(h−1,g) for more general Hörmander metrics g. The Bony FIO cal-
culus in the context of Hörmander metrics will play a crucial role. It seems that not
all admissible metrics are going to be allowed. 

Remark 14.4. As a final comment, notice that the ellipticity assumption (14.23)
is not useful for obtaining the vector-valued Fefferman–Phong inequality. This is
shown by example (14.21), the reason being that the first-order terms that arise
cannot be controlled just by L2-norms. 


Acknowledgements I wish to thank the organizers of the conference, Massimo Cicognani,
Ferruccio Colombini, and Daniele Del Santo, for the great work they have done in the organization
of the workshop. I wish also to thank Sandro Coriasco for the very useful remarks.

References

1. Bony, J.-M.: Sur l’inégalité de Fefferman–Phong, Sém. EDP, Ecole Polytechnique (1998–99),
Exposé 3

2. Bony, J.-M., Lerner, N.: Quantification asymptotique et microlocalisations d’ordre supérieur.
I. Ann . Sci. Éc. Norm. Sup. 22, 377–433 (1989)

3. Boulkhemair, A.: On the Fefferman–Phong inequality. Ann. Inst. Fourier 58, 1093–1115
(2008)

4. Brummelhuis, R.: Sur les inégalités de Gårding pour les systèmes d’opérateurs pseudo-
différentiels. C.R. Acad. Sci. Paris, Série I, 315, 149–152 (1992)

5. Brummelhuis, R.: On Melin’s inequality for systems. Comm. Part. Differ. Equat. 26,
1559–1606 (2001)

6. Brummelhuis, R., Nourrigat, J.: A necessary and sufficient condition for Melin’s inequality
for a class of systems. J. Anal. Math. 85, 195–211 (2001)

7. Fefferman, C.L., Phong, D.H.: On positivity of pseudo-differential operators. Proc. Natl. Acad.
Sci. USA 75 4673–4674 (1978)

8. Fujiwara, D.: A construction of approximate positive parts of essentially self-adjoint pseudod-
ifferential operators. Comm. Pure Appl. Math. 37, 101–147 (1984)

9. Herau, H.: Melin-Hörmander inequality in a Wiener type pseudo-differential algebra. Ark.
Mat. 39, 311–338 (2001)

10. Hörmander, L.: The Cauchy problem for differential equations with double characteristics.
J. Anal. Math. 32, 118–196 (1977)

11. Hörmander, L.: The Weyl calculus of pseudodifferential operators. Comm. Pure Appl. Math.
32, 359–443 (1979)

12. Hörmander, L.: The analysis of linear partial differential operators, vol. I–IV. Springer, Berlin
(1983/85)

13. Lerner, L.: Metrics on the phase space and non-self-adjoint pseudo-differential operators. In:
Pseudo-Differential Operators. Theory and Applications, vol. 3, p. xii+397. Birkhäuser Verlag,
Basel (2010)

14. Lerner, L., Morimoto, Y.: On the Fefferman–Phong inequality and a Wiener-type algebra of
pseudodifferential operators. Publ. Res. Inst. Math. Sci. 43, 329–371 (2007)

15. Lerner, L., Nourrigat, J.: Lower bounds for pseudo-differential operators. Ann. Inst. Fourier
(Grenoble) 40, 657–682 (1990)

16. Mughetti, M., Nicola, F.: On the positive parts of second order symmetric pseudodifferential
operators. Integr. Equ. Oper. Theor. 34, 553–572 (2009)



14 On the Problem of Positivity of Pseudodifferential Systems 335

17. Mughetti, M., Parenti, C., Parmeggiani, A.: Lower bound estimates without transversal
ellipticity. Comm. Part. Differ. Equat. 32, 1399–1438 (2007)

18. Nicola, F.: A lower bound for systems with double characteristics. J. Anal. Math. 96, 297–311
(2005)

19. Parenti, C., Parmeggiani, A.: Lower bounds for systems with double characteristics. J. Anal.
Math. 86, 49–91 (2002)

20. Parenti, C., Parmeggiani, A.: On the hypoellipticity with a big loss of derivatives. Kyushu
J. Math. 59, 155–230 (2005)

21. Parenti, C., Parmeggiani, A.: A remark on the Hörmander inequality. Comm. Part. Differ.
Equat. 31, 1071–1084 (2006)

22. Parmeggiani, A.: On lower bounds of pseudodifferential systems. In: Colombini, F., Nishitani,
T. (eds.) Hyperbolic Problems and Related Topics Somerville. Graduate Series in Analysis,
pp. 269–293. International Press, Somerville (2003)

23. Parmeggiani, A.: A class of counterexamples to the Fefferman–Phong inequality for systems.
Comm. Part. Differ. Equat. 29, 1281–1303 (2004)

24. Parmeggiani, A.: On the Fefferman–Phong inequality for systems of PDEs. In: Bove, A.,
et al. (eds.) Phase Space Analysis of Partial Differential Equations. Progress in Nonlinear
Differential Equations and their Applications, vol. 69, pp. 247–266. Birkhäuser Verlag, Boston
(2006)

25. Parmeggiani, A.: On positivity of certain systems of partial differential equations. Proc. Nat.
Acad. Sci. U.S.A. 104, 723–726 (2007)

26. Parmeggiani, A.: A remark on the semiclassical Fefferman–Phong inequality for certain
systems od PDEs. Rend. Lincei Mat. Appl. 19, 339–359 (2008)

27. Parmeggiani, A.: In: Spectral Theory of Non-commutative Harmonic Oscillators:
An Introduction. Lecture Notes in Mathematics, vol. 1992, pp. xii+254. Springer, Berlin
(2010)

28. Parmeggiani, A.: A remark on the Fefferman–Phong inequality for 2×2 systems. Pure Appl.
Math. Q. 6, Special Issue: In honor of Joseph J. Kohn. Part 2, 1081–1103 (2010)

29. Ruzhansky, M., Turunen, V: Sharp-Gårding inequality on compact Lie groups. J. Funct. Anal.
260, 2881–2901 (2011)

30. Sung, L.-Y.: Semi-boundedness of Systems of differential operators. J. Differ. Equat. 65, 427–
434 (1986)

31. Tataru, D.: On the Fefferman–Phong inequality and related problems, Comm. Part. Differ.
Equat. 27, 2101–2138 (2002)



Chapter 15
Scattering Problems for Symmetric Systems
with Dissipative Boundary Conditions

Vesselin Petkov

Abstract We study symmetric systems with dissipative boundary conditions. The
solutions of the mixed problems for such systems are given by a contraction semi-
group V (t) f = etGb f , t ≥ 0, and the solutions u= etGb f with eigenfunctions f of the
generator Gb with eigenvalues λ , Reλ < 0, are called asymptotically disappearing
(ADS). We prove that the wave operators are not complete if there exist (ADS). This
is the case for Maxwell system with special boundary conditions in the exterior of
the sphere. We obtain a representation of the scattering kernel, and we examine the
inverse backscattering problem related to the leading term of the scattering kernel.

Key words: Asymptotically disappearing solutions, Backscattering inverse prob-
lem, Dissipative boundary conditions, Scattering kernel
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15.1 Introduction

Let K ⊂{x∈R
n, |x| ≤ ρ}, n≥ 3, n odd, be an open bounded domain with C∞ bound-

ary ∂K. Consider in Ω = R
n \ K̄ the operator G = ∑n

j=1 A j(x)∂x j + B(x), where
A j(x), j = 1, . . . ,n, are smooth symmetric (r × r) matrices and B(x) is a smooth
(r× r) matrix. For simplicity in this paper we will assume that A j are constant ma-
trices and B = 0, but our results remain true for operators with variable coefficients
under some conditions on the decay of A j(x) and B(x) as |x| → ∞.

We assume that the eigenvalues of A(ξ ) = ∑n
j=1 A jξ j for ξ = (ξ1, . . . ,ξn) ∈R

n \
{0} have constant multiplicity independent of ξ . Denote by ν(x)=(ν1(x), . . .,νn(x))
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the unit normal at x ∈ ∂Ω pointing into K and set A(ν(x)) = ∑n
j=1 A jν j(x). Let

N (x)⊂ C
r be a linear space depending smoothly on x ∈ ∂Ω such that

(i) 〈A(ν(x))u(x),u(x)〉 ≤ 0 for all u(x) ∈ N (x).

(ii) N (x) is maximal with respect to (i).

Consider the boundary problem
⎧
⎪⎨

⎪⎩

(∂t −G)u = 0 inR+×Ω ,

u(t,x) ∈ N (x) for t ≥ 0, x ∈ ∂Ω ,

u(0,x) = f (x) in Ω .

(15.1)

The conditions (i) and (ii) make it possible to introduce a contraction semigroup
V (t) = etGb , t ≥ 0 in H = L2(Ω : Cr) related to the problem (15.1) with gener-
ator Gb. The domain D(Gb) of Gb is the closure with respect to the graph norm
(‖g‖2 + ‖Gg‖2)1/2 of functions g(x) ∈C1

(0)(Ω̄ : Cr) satisfying the boundary condi-
tion g(x)|∂Ω ∈ N (x).

Next consider the unitary group U0(t) = etG0 in H0 = L2(Rn : Cr) related to the
Cauchy problem

{
(∂t −G)u = 0 inR×R

n,

u(0,x) = f (x) inRn,
(15.2)

where G0 with domain D(G0) = { f ∈ H0 : G f ∈ H0} is the generator of U0(t).
Let Hb ⊂ H be the space generated by the eigenvectors of Gb with eigenvalues
μ ∈ iR and let H⊥

b be the orthogonal complement of Hb in H. The generator G0 =

∑n
j=1 A j∂x j is skew self-adjoint in H0, and the spectrum of G0 on the space Hac

0 =

(Ker G0)
⊥ ⊂ H0 is absolutely continuous (see Chap. IV in [18]).

For dissipative symmetric systems some solutions can have global energy de-
creasing exponentially as t → ∞, and it is possible also to have disappearing solu-
tions. The precise definitions are given below.

Definition 15.1. We say that u = V (t) f is a disappearing solution (DS), if there
exists T > 0 such that V (t) f = 0 for t ≥ T.

Definition 15.2. We say that u = V (t) f is asymptotically disappearing solution
(ADS), if there exists λ ∈C with Reλ < 0 and f �= 0 such that V (t) f = eλ t f .

Notice that if V (t) f = eλ t f , then f ∈ D(Gb) and Gb f = λ f . The existence of dis-
appearing solutions perturbs strongly the inverse backscattering problem since the
leading term of the backscattering matrix vanishes for all directions (see Sect. 15.5).
This phenomenon is well known for the wave equations with dissipative bound-
ary conditions [8, 15, 18]. For symmetric systems with dissipative boundary con-
ditions the situation is much more complicated. It seems rather difficult to con-
struct disappearing solutions, and even for Maxwell system the problem of the ex-
istence of disappearing solutions remains open (see [1, 18] and the references given



15 Scattering Problems for Symmetric Systems with Dissipative Boundary Conditions 339

there). In this paper we present a survey of some results related to the existence of
(ADS). First in Sect. 15.2 we show that the completeness of the wave operators W±
related to V (t) and U0(t) fails if (ADS) exist. Therefore we must define the scat-
tering operator by using another operator W. Secondly, we describe in Sect. 15.3
some recent results obtained in [1], where (ADS) for Maxwell system have been
constructed. We study maximally dissipative boundary conditions for which there
are no disappearing solutions, but (ADS) exist. This shows the importance of (ADS)
which are stable under perturbations. Next in Sect. 15.4, we establish a representa-
tion of the scattering kernel of the scattering operator in the case of characteristics
of constant multiplicity following the arguments in [16, 17] for strictly hyperbolic
systems. Finally, in Sect. 15.5 we study the inverse backscattering problem con-

nected with the leading singularity of the scattering matrix
(

S jk(s,−ω ,ω)
)d

j,k=1
.

Here the boundary condition plays a crucial role, and we investigate the problem
assuming that

N (x)�Ker (A(ν(x))) �= Σ−(ν(x)),

Σ−(ν(x)) being the space spanned by the eigenvectors of A(ν(x)) with negative
eigenvalues. This condition guarantees that at least one element of the scattering
matrix S jk(s,−ω ,ω)d

j,k=1 has a nonvanishing leading singularity related to the sup-

port function ρ(ω) = minx∈∂Ω 〈x,ω〉 in direction ω ∈ S
n−1.

15.2 Wave Operators

To introduce the wave operators, consider the operator J : H −→H0 extending f ∈H
as 0 for x∈K and let J∗ : H0 −→H be the adjoint of J. Let Pac be the orthogonal pro-
jection on the space Hac

0 . The wave operators related to perturbed and non-perturbed
problems have the form

W− f = lim
t→+∞

V (t)J∗U0(−t)Pac f , f ∈ H0,

W+ f = lim
t→+∞

V ∗(t)J∗U0(t)Pac f , f ∈ H0.

Under the above hypothesis it is not difficult to prove the existence of W± and to
show that (see, for instance, [9] and Chap. III in [18])

RanW± ⊂ H⊥
b .

To obtain more precise results for Ran W±, we need to impose the following
coercive conditions:

(H) : For each f ∈ D(Gb)∩ (Ker Gb)
⊥ we have

n

∑
j=1

‖∂x j f‖ ≤C(‖ f‖+ ‖Gb f‖)
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with a constant C > 0 independent of f .

(H∗) : For each f ∈ D(G∗
b)∩ (KerG∗

b)
⊥ we have

n

∑
j=1

‖∂x j f‖ ≤C(‖ f‖+ ‖G∗
b f‖)

with a constant C > 0 independent of f .

Remark 15.1. The conditions (H) and (H∗) are satisfied for a large class of non-
elliptic symmetric systems (see [13]) for which it is possible to construct a first
order (l × r) matrix operator Q = ∑n

j=1 Q j∂x j so that

Q(ξ )A(ξ ) = 0, Ker Q(ξ ) = ImA(ξ ),

where Q(ξ ) = ∑n
j=1 Q jξ . In our case we need coercive estimates for f ∈ D(Gb)∩

H⊥
b . On the other hand, the space Ker Gb is infinite dimensional if Q with the prop-

erties above exist. Notice also that for the generator Gb we have Ker Gg = Ker G∗
b.

Introduce the spaces

H +
∞ = { f ∈ H : lim

t→+∞
V (t) f = 0}, H −

∞ = { f ∈ H : lim
t→+∞

V ∗(t) f = 0}.

We have the following

Theorem 15.1 ([4]). Assume the conditions (H) and (H∗) fulfilled. Then

RanW± = H⊥
b �H ±

∞ .

To obtain a completeness of the wave operators we must have H +
∞ = H −

∞ . On the
other hand, in general, it is not clear if these subspaces are not empty.

For our analysis we use the translation representation Rn : Hac
0 −→ (L2(R×

S
n−1))d of U0(t), where Rank A(ξ ) = r − d0 = 2d > 0 for ξ �= 0. Let τ j(ξ ), j =

1, . . . ,2d, be the nonvanishing eigenvalues of A(−ξ ) ordered as follows:

τ1(ξ )> .. . > τd(ξ )> 0 > τd+1(ξ )> .. . > τ2d(ξ ), ξ �= 0.

Denote by r j(ξ ), j = 1, . . . ,2d, the normalized eigenvectors of A(−ξ ) related to
τ j(ξ ). Then Rn has the form (see Chap. IV in [18])

(Rn f )(s,ω) =
d

∑
j=1

k̃ j(s,ω)r j(ω),

where

k̃ j(s,ω) = τ j(ω)1/2k j(sτ j(ω),ω), j = 1, . . . ,d,
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and k j(s,ω) = 2−(n−1)/2D(n−1)/2
s 〈(R f )(s,ω),r j(ω)〉, (R f )(s,ω) being the Radon

transform of f (x). Rn map Hac
0 isometrically into (L2(R×S

n−1))d and RnU0(t) =
TtRn, ∀t ∈R, where Ttg = g(s− t,ω). Let 0 < v0 = minω∈Sn−1 τd(ω). To introduce
the Lax-Phillips spaces (see Chap. VI in [11]) , we need the following

Definition 15.3. We say that f ∈ D± if

U0(t) f = 0 for |x|<±v0t, ±t > 0.

We have f ∈ D± if and only if Rn f (s,ω) = 0 for ∓s > 0. Set Db± =U0(±b/v0)D±,
b> 0. For t ≥ 0 it is easy to prove (see Lemma 4.1.5 in [18]) the following equalities:

U0(−t)V (t) f =V ∗(t)U0(t) f = f , f ∈ Dρ
+,

U0(t)V
∗(t) f =V (t)U0(−t) f = f , f ∈ Dρ

−.

The next result is similar to that in [5] established for strictly hyperbolic systems.

Theorem 15.2. If f ∈ D(G j
b)∩H +

∞ ∩ (Dρ
−)⊥,∀ j ∈ N, f = Gb f0, f0 ∈ H⊥

b , then we
have (V (t) f )(t,x) = 0 for |x|> 2ρ .

This yields the following

Corollary 15.1. Assume that there exists an asymptotically disappearing solution
u(t,x) = eλ t f (x) such that f (x) �= 0 does not have a compact support. Then H +

∞ �=
H −

∞ , and the wave operators are not complete.

Proof. If Gb f = λ f , Reλ < 0, we have f ∈ D(G j
b) ∩H +

∞ , ∀ j ∈ N. Assuming
H −

∞ = H +
∞ , for g ∈ Dρ

− we get

( f ,g) = ( f ,V (t)U0(−t)g) = (V ∗(t) f ,U0(−t)g)→t→∞ 0.

Thus f ∈ (Dρ
−)⊥ and we can apply Theorem 15.2 ��

Proof (Theorem 15.2). Given g ∈ H +
∞ ∩ (Dρ

−)⊥ and f ∈ Dρ
+, for every fixed t ≥ 0

we get

(V (t)g, f ) = (V (t)g,V ∗(s)U0(s) f ) = (V (t + s)g,U0(s) f ) −→ 0 as s →+∞.

Thus, V (t)g ⊥ Dρ
+, t ≥ 0. Also we obtain easily V (t)g ⊥ Dρ

−, t ≥ 0. Indeed, for
h ∈ Dρ

− we have

(V (t)g,h) = (g,V ∗(t)h) = (g,U0(−t)h) = 0

since U0(−t)h ∈ Dρ
− for t ≥ 0. R. Phillips called the solutions with data h ∈ D(Gb)

with V (t)h ⊥ (Dρ
+⊕Dρ

−), t ≥ 0 incontrollable (see [12]).

We modify the argument of Lemma 2.2 in [5] (see also Proposition 4.2.5 in [18])
established for strictly hyperbolic systems in order to cover the situation when A(ξ )
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has eigenvalues of finite multiplicity and KerA(ξ ) is not trivial. Let ϕ(x) ∈C∞(Rn)
be such that ϕ(x) = 1 for |x| ≥ 2ρ ,ϕ(x) = 0 for |x| ≤ ρ . Set w(t,x) =ϕ(x)V (t) f . We
have w(t,x) = Gϕ(x)V (t) f0 + [ϕ ,G]V(t) f0 = v(t,x)+ [ϕ ,G]V(t) f0. Thus v(t, .) ∈
Hac

0 , and we may consider the translation representation of v(t, .). On the other hand,

v(t, .) ∈ ⋂∞
j=1 D(G j

0) since G0v = Gbv. Next we have

(∂t −G)v(t,x) =
n

∑
j=1

(A jϕx j )V (t) f = g(t,x).

Applying the transformation Rn to both sides of the above equality and setting

h j(s,ω , t)= 〈Rn(v)(s,ω , t),r j(ω)〉, l j(s,ω , t)=〈Rn(g)(s,ω , t),r j(ω)〉, j=1, . . . ,d,

we obtain the equations

(∂t + τ j(ω)∂s)h j(s,ω , t) = l j(s,ω , t), j = 1, . . . ,d.

Next we repeat the argument of Lemma 2.2 in [5] based on the following

Lemma 15.1 ([5]). Let g ∈⋂∞
j=1(G

j
0)∩Hac

0 and let Rng = 0 for |s| ≥ b. Then g = 0
for |x| ≥ b if and only if
∫ ∫

R×Sn−1
[A(ω)]k

[
(Rng)(s,ω)+ (−1)(n−1)/2(Rng)(−s,−ω)

]
saYj(ω)dsdω = 0

for a = 0,1,2, . . . and any spherical harmonic function Ym(ω) of order m ≥ a+ k+
(3− n)/2.

Thus we conclude that v(t,x) = 0 for |x| ≥ 2ρ , hence V (t) f = 0 for |x|> 2ρ , and
this completes the proof of Theorem 15.2. ��
Remark 15.2. For d0 = 0 we may obtain a stronger version of Theorem 15.2 assum-
ing that f ∈H +

∞ ∩ (Dρ
−)⊥. For this purpose we must construct, as in [6], a sequence

ϕε such that

ϕε ∈ (
∞⋂

j=1

D(G j
b))∩Dρ

−, ϕε ∈ H +
∞

with ‖ϕε − f‖< ε and take the limit ε → 0.

Remark 15.3. For systems with Ker A(ξ ) = {0} V. Georgiev proved in [6] that if
f ∈ H +

∞ ∩ (Dρ
−)⊥, then V (t) f is a disappearing solution. On the other hand, the

assumption f ∈ (Dρ
−)⊥ cannot be relaxed. In fact, in Sect. 15.3 we construct an

example of (ADS) for which f ∈ ⋂∞
j=1 D(G j

b)∩H +
∞ , but f (x) has not compact

support with respect to x.
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The space Dρ
+ is invariant with respect to the semigroup V (t). Thus the generator

Gb is the extension of the generator G+ of the group V (t)|Dρ
+
=U0(t)|Dρ

+
. By using

the translation representation Rn, it is easy to see that G+ has spectrum in {z ∈ C :
Rez ≤ 0}, so iR is in σ(Gb) (see [10]). On the other hand, it was proved in [9] that
the eigenvalues of Gb on iR have finite multiplicity, and the only accumulating point
of these eigenvalues could be 0. Thus the σ(Gb) is continuous on iR. The analysis of
σ(Gb) in Rez < 0 is more complicated. In the next section we show for the Maxwell
system that there exist eigenvalues λ < 0 of Gb.

To define a scattering operator we prove the existence of the operator:

W f = lim
t→∞

U0(−t)JV(t) f , f ∈ H⊥
b

assuming the hypothesis (H) fulfilled (see [9, 18]). We define the scattering operator
S =W ◦W− by using the diagram on Fig. 15.1.

Fig. 15.1 Scattering operator

15.3 Asymptotically Disappearing Solutions for Maxwell System

In this section we show that for the Maxwell system with maximal dissipative
boundary conditions there exist (ADS). The Maxwell system in R

3 is given by the
equations

∂tE − curlB = 0, ∂tB+ curlE = 0.

divE = 0, divB = 0.

It is well known that the wave equation utt − Δu = 0 in Rt ×R
3 admits al-

most spherical solutions f (|x|+t)
|x| defined outside x = 0. It was proved in [1] that

for Maxwell system there are no such almost spherical solutions with the excep-
tion of functions g(x)+ ct linear in t. To find a family of incoming divergence-free
solutions of Maxwell systems depending on |x| and t, we apply the following:

Theorem 15.3 ([1]). Let h∈C∞(R) and let h(k) = ∂ k
s h(s)∈ L1([0,∞[), for all k ∈N.

Then
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E :=

(
h′′(|x|+ t)

|x| − h′(|x|+ t)
|x|2

)
x
|x| ∧ (1,0,0) , (15.3)

B := −
(

h′′

|x| −
3h′

|x|2 +
3h
|x|3

)
x
|x| ∧

(
x
|x| ∧

(
1,0,0

)
)

+ 2

(
h′

|x|2 − h
|x|3

)
(
1,0,0

)
,

(15.4)

where the argument of the functions h(k) is |x|+ t, define smooth divergence-free
incoming solutions of Maxwell system in R

+
t × (R3 \ 0).

The proof of this theorem is technical. The starting point is to search E in the
form E = curl(g,0,0) with g(t,x) = f (|x|+t)

|x| . This guarantees divE = 0 and �E = 0.
Next we determine B from the equation Bt =−curlE so that divB = 0. Finally,

∂t(Et − curlB) = Ett + curlcurlE = Ett −ΔE = 0

and since Et − curlB → 0 as t → ∞, we obtain Et − curlB = 0. We can exchange the
role of E and B and start with B = curl(g,0,0), but this leads to similar expressions.

We wish to construct asymptotically disappearing solutions in |x|> 1 that satisfy
a homogeneous boundary condition

u = (E,B) ∈ N (x), on |x|= 1 . (15.5)

Here N (x) is a four dimensional linear subspace of C6 depending smoothly of x.
Write the Maxwell equations in matrix form

ut −
3

∑
j=1

A j ∂ ju = 0 .

The matrices A j are real symmetric, and A(ξ ) :=∑3
j=1 A jξ j for ξ �= 0 has rank equal

to 4 and eigenvalues 0,±|ξ | of multiplicity 2.
A sufficient condition for N (x) to be maximally dissipative and to obtain a well-

posed mixed initial boundary value problem generating a contraction semigroup
V (t) on (L2({|x| ≥ 1}))6 is that

dimN (x) = 4, and,
〈
A(ν(x))u , u

〉 ≤ 0, ∀u ∈ N (x), ∀|x|= 1.

It follows that N (x)⊃ KerA(ν(x)) for all boundary points x ∈ ∂Ω .
For any unit vector ν the eigenvalues of A(ν) are −1,0,1. The kernel of A(ν)

is the set of (E,B) so that both E and B are parallel to ν . The condition that N (x)
contain the kernel is equivalent to say that (E,B) belonging to N (x) if (E,B) is de-
termined entirely by the tangential components (Etan,Btan). The eigenspace Σ±(ν)
of A(ν) corresponding to eigenvalue ±1 is equal to

Σ±(ν) :=
{
(E,B) : Etan = ∓ν ∧Btan

}
.

The span of eigenspaces Σ−(ν)⊕Ker A(ν) with nonpositive eigenvalues is strictly
dissipative, that is, for all u ∈ Σ−(ν)⊕Ker A(ν), we have
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〈
A(ν)u , u

〉
= −‖utan‖2 = −∥

∥(Etan,Btan)
∥
∥2

.

To construct asymptotically disappearing solutions we choose h in a special way in
Theorem 15.3.

Theorem 15.4 ([1]). Let ε0 > 0 be sufficiently small and for 0 < ε < ε0 set 2r =
1−√

1+ 4/ε < 0 and h(s) = ers. Then (E,B)(t,x) defined by (15.3) and (15.4)
yield a divergence-free solution of boundary value problem defined by the Maxwell
equations in |x|> 1 with maximal dissipative boundary condition

(1+ ε)Etan −ν ∧Btan = 0, on |x|= 1. (15.6)

For each α there is a constant C(ε,α) > 0 so that
∣
∣∂ α(E,B)(t,x)

∣
∣ ≤ C(ε,α)

h(t + |x|). In particular, the energy decays exponentially as t → ∞, and Gb has an
eigenvalues r < 0.

It is important to note that for the mixed problem with boundary conditions (15.6)
and ε > 0, there are no disappearing solutions. This follows from Theorem 3 in
[6] saying that if N (x)∩Σ−(ν(x)) = {0}, ∀x ∈ ∂Ω , for system with real analytic
boundary conditions, then there are no disappearing solutions. In our situation, if
(E,B) ∈N (x)∩Σ−(ν(x)), we have εEtan = 0, and this yields Btan = 0, so (E,B) ∈
Ker A(ν(x)). On the other hand, it is clear that for the sphere |x| = 1 the boundary
condition (15.6) is real analytic with respect to x. For ε = 0 the boundary condition

Etan −ν ∧Btan = 0, on |x|= 1 (15.7)

satisfies E−(ν(x)) ⊂ N (x), ∀x ∈ ∂Ω , and (15.7) is the analog of the condition(
(∂ν + ∂t)u

)
|∂Ω = 0, for the wave equation ∂tt −Δu = 0 (see [12] for the results

concerning this mixed problem).

It is interesting to see that for the Maxwell system with dissipative boundary
condition, if Gbg = λ g with Reλ < 0, then g(x) = O(eReλ |x|) as |x| → ∞. To see
this, consider the function ϕ(x) introduced in Sect. 15.2 and set w(x) = ϕ(x)g(x).
We have

G
(E

B

)
=
( 0 curl
−curl 0

)(E
B

)
.

Taking

Q
(E

B

)
=
(divE

divB

)
,

we have Q(ξ )A(ξ ) = 0, Ker Q(ξ ) = ImA(ξ ), and we obtain (G2 −Q∗Q)
(E

B

)
=

Δ
(E

B

)
. Let g =

(E
B

)
be an eigenfunction of Gb with eigenvalue λ ,Reλ < 0. Obvi-

ously, Gbg = λ g implies Qg = 0. Thus we get

(Δ +(iλ )2)w = [(G2 −Q∗Q)−λ 2]w = (G2
b −λ 2)w−Q∗

(〈gradϕ ,E〉
〈gradϕ ,B〉

)
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= (Gb +λ )[Gb,ϕ ]g−Q∗
(〈gradϕ ,E〉
〈gradϕ ,B〉

)
= Fϕ(g).

Here we have used the fact that G2w = G2
bw. The right-hand side Fϕ(g) has com-

pact support and ‖Fϕ(g)‖ ≤ C‖g‖ with constant depending on ϕ . The (incoming)
resolvent of the free Laplacian R−(μ) = (Δ + μ2)−1 for Im μ < 0 has kernel

R−(x,y; μ) =− e−iμ|x−y|

4π |x− y|
By using the above equation for w and the kernel of R−(iλ ), we obtain

(ϕg)(x) =− 1
4π

∫
eλ |x−y|

|x− y|Fϕ(g)(y)dy

and this yields

|g(x)| ≤C0e(Reλ )|x|‖g‖, |x|> 3ρ .

For the Maxwell system with strictly dissipative boundary conditions it is natural
to conjecture that the spectrum of Gb in {z ∈ C : Rez < 0} is formed by isolated
eigenvalues with finite multiplicity. This conjecture has been proved recently [2] for
boundary problems satisfying the coercive conditions (H) and (H∗).

15.4 Representation of the Scattering Kernel

In this section we obtain a representation of the scattering kernel. Such a representa-
tion has been obtained in [16, 17] for strictly hyperbolic systems with, respectively,
conservative and dissipative boundary conditions. Here for completeness we sketch
the proof of a representation in the case when G has characteristics of constant mul-
tiplicity. By using the translation representation Rn of U0(t), consider the scattering
operator

S̃k = RnSR−1
n k = lim

t′→+∞
RnU0(−t ′)JV (2t ′)J∗U0(−t ′)R−1

n k.

Let k(s,ω) ∈ (C∞
0 (R×S

n−1))d with k = 0 for |s|> R1. Next for simplicity we write
R instead of Rn. Set f = R−1k. We must study

lim
t′→+∞

T−t′R
(

JV (2t ′)J∗U0(−t ′) f
)
.

Choose p > R1 +
ρ
v0
. It is easy to see that for t ′ > p we have J∗U0(−t ′) f =

U0(−t ′) f ∈ Dρ
−. Set u0(t,x) = U0(t) f and denote by u(t,x; t ′) = V (t)U0(−t ′) f the

solution of the problem
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⎧
⎪⎨

⎪⎩

(∂t −G)u = 0 inR+×Ω ,

u(t,x) ∈ N (x)onR+× ∂Ω ,

u|t≤t′−p = u0(t − t ′,x).
(15.8)

Consequently,

S̃k = lim
t′→+∞

T−t′RJũ(t ′,x), (15.9)

where ũ(t,x) is the solution of the problem

⎧
⎪⎨

⎪⎩

(∂t −G)ũ = 0 inR×Ω ,

ũ(t,x) ∈ N (x)onR× ∂Ω ,

ũ|t≤−p = u0(t,x).

(15.10)

Next we repeat the argument of Sect. 4 in [17]. Setting

v =

{
ũ in R× (Rn \K),

0 in R×K,

we have

〈R((∂t −G)v),r j(ω)〉= (∂t + τ j(ω)∂s)〈Rv,r j(ω)〉
and we get

〈Rv,r j(ω)〉= 〈Ru0,r j(ω)〉+
∫ t

−∞
〈R((∂t −G)v)(τ,s+ τ j(ω)(τ − t),ω),r j(ω)〉dτ.

(15.11)
On the other hand, for every vector-valued function ψ ∈ (C∞

0 (R
n+1))d we obtain

((∂t −G)v,ψ) =

∫ ∫

R×∂Ω
〈v,A(ν(x))ψ〉dτdSx

and since (∂t −G)v has compact support with respect to x, we can apply the above
formula combined with (15.11) for the calculus of (Rv)(s,ω). Taking the limit t ′ →
+∞ in (15.9), we deduce

(S̃k)(s,θ ) = k(s,θ )+ dn

d

∑
j=1

τ j(θ )1/2r j(θ )

×
∫ ∫

R×∂Ω
δ (n−1)/2(〈x,θ 〉− τ j(θ )(s+ τ))

〈
r j(θ ),A(ν(x))ũ(τ,x)

〉
dτdSx,

where dn is a constant depending only on n and the integral is taken in the sense of
distributions.

Next we repeat the argument of Sect. 3, [16, 17]. Set ũ(t,x) = u0(t,x)+ us(t,x),

wo
k(t,x,ω) = τk(ω)1/2δ (n−1)/2(〈x,ω〉− τk(ω)t)rk(ω),
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and consider the (outgoing) solution ws
k(t,x,ω) of the problem

⎧
⎪⎪⎨

⎪⎪⎩

(∂t −G)ws
k = 0 inR×Ω ,

ws
k +wo

k ∈ N (x)onR× ∂Ω ,

ws
k|t≤− ρ

v0
= 0.

(15.12)

called disturbed plane wave.
To justify the existence of ws

k, we set ws
k = zk − wo

k and consider the mixed
problem

⎧
⎪⎪⎨

⎪⎪⎩

(∂t −G)z̃k = 0 inR×Ω ,

z̃k ∈ N (x)onR× ∂Ω ,

z̃k|t≤− ρ
v0

= (−τk(ω))−(n+2)/2H(〈x,ω〉− τk(ω)t)rk(ω),

(15.13)

where

H(η) =

{
0, η > 0,

η , η ≤ 0
.

It is easy to show the existence of z̃k and we get zk = i∂ (n+3)/2
t z̃k. By using

ws
k + wo

k , k = 1, . . . ,d, we can express ũ(τ,x) by k(s,ω), and we obtain a
representation

(S̃k)(s,θ ) = k(s,θ )+
∫ ∫

R×Sn−1
K#(s− τ,θ ,ω)k(τ,ω)dτdω .

The distribution K#(s,θ ,ω) =
(

S jk(s,θ ,ω)
)d

j,k=1
is called scattering kernel. Thus

we have the following:

Theorem 15.5. The scattering kernel K#(s,θ ,ω) computed with respect to the basis
{r j(ω)}d

j=1 has elements

S jk(s,θ ,ω) = d2
nτ j(θ )1/2

×
∫ ∫

R×∂Ω
δ (n−1)/2(〈x,θ 〉−τ j(θ )(s+ t))

〈
r j(θ ),A(ν(x))(wo

k +ws
k)(t,x,ω)

〉
dtdSx.

(15.14)

15.5 Back Scattering Inverse Problem for the Scattering Kernel

Consider the scattering operator S. It is easy to see that (S − Id)(Dρ
−) ⊂ (Dρ

+)
⊥
0 ,

where (.)⊥0 denotes the orthogonal complement in Hac
0 . Then taking k(σ ,ω) = 0 for

σ >−ρ/v0, we deduce ((S̃− I)k)(s,θ ) = 0 for s > ρ/v0, and we get

K#(s,θ ,ω) = 0 fors > 2ρ/v0.
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This property implies that the Fourier transform K̂#(λ ,θ ,ω) of K#(s,θ ,ω) admits
an analytic continuation for Imλ < 0, and the same is true for the operator-valued
function S̃(s) : (L2(Sn−1))d → (L2(Sn−1))d .

In fact, a more precise result holds for the backscattering matrix S jk(s,−ω ,ω).

Theorem 15.6. We have

max
s∈R

supp S jk(s,−ω ,ω)≤−
(τ j(−ω)+ τk(ω)

τ j(−ω)τk(ω)

)
ρ(ω), (15.15)

where ρ(ω) = miny∈∂Ω 〈y,ω〉 is the support function of ∂Ω in direction ω .

Applying (15.14), the proof of the above inequality is the same as that in Theorem
3.2 in [16].

Before going to the analysis of an equality in (15.15), consider the problem for
the wave equation with dissipative boundary conditions

⎧
⎪⎨

⎪⎩

(∂ 2
t −Δ)w = 0 inR+×Ω ,

∂νw+ γ(x)∂tw = 0 onR+× ∂Ω ,

(w(0,x),wt (0,x)) = ( f1, f2),

(15.16)

where γ(x)≥ 0,x ∈ ∂Ω is a smooth function. We can introduce a scattering operator
S ∈ L (L2(R×S

n−1)) related to (15.16), and the kernel K#(s− s′,θ ,ω) of S− Id is
called scattering kernel. The singularities of K#(s,θ ,ω) with respect to s are closely
related to the geometry of the obstacle. Thus if γ(x) �= 1, ∀x ∈ ∂Ω , and θ �= ω , we
have (see [14]) for strictly convex obstacles

max singsupps K#(s,θ ,ω)} = max
y∈∂Ω

〈y,θ −ω〉.

For backscattering θ =−ω this yields

max singsupps K#(s,−ω ,ω) =−2ρ(ω) =−Tγ . (15.17)

Here Tγ is the shortest sojourn time of a ray incoming with direction ω and outgoing
with direction −ω (see [19] for the definition of sojourn time). To obtain (15.17),
it is necessary to study the asymptotics of the filtered scattering amplitude

aϕ(λ ,−ω ,ω) =

∫

e−iλ sK#(s,−ω ,ω)ϕ(s)ds,

where ϕ(s) ∈C∞
0 (R) has small support around −Tγ , ϕ(−Tγ) = 1, and the integral is

taken in the sense of distributions. By using the propagation of the wave front sets of
the solutions of the mixed problem (15.16) in the diffraction region and a microlocal
parametrix, Majda [14] showed that if the support of ϕ is sufficiently small, then

aϕ(λ ,−ω ,ω) = cnλ (n−1)/2K −1/2(x+)e
iλ Tγ

(1− γ(x+)
1+ γ(x+)

+O(|λ |−1)
)
. (15.18)
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Here x+ ∈ ∂Ω is the unique point on ∂Ω with ν(x+) = ω , and K (x+) is the Gauss
curvature at x+. For γ(x) �= 1, similar result holds for arbitrary (non-convex) obsta-
cles [15] (see also [18]), and there exists an open dense subset Σ ⊂ S

n−1 such that
for every ω ∈ Σ we have

max singsupps K#(s,−ω ,ω) =−2ρ(ω). (15.19)

Thus from the leading singularities of the backscattering kernel we can determine
the convex hull of the obstacle. If γ(x) = 1, ∀x ∈ ∂Ω , the leading term in (15.18)
vanishes for all directions ω ∈ S

n−1. In this direction V. Georgiev and J. Arnaoudov
proved the following:

Theorem 15.7 ([8]). Let γ(x) = 1 for all x ∈ ∂Ω . Then for n = 3 if K is strictly
convex, we have

aϕ(λ ,−ω ,ω) =
c

16π
K −1/2(x+)e

iλ Tγ +O(|λ |−1)

with c �= 0. Moreover, for an arbitrary smooth obstacle, there exists an open dense
subset Σ ⊂ S

n−1 such that for every ω ∈ Σ , we have (15.19).

Remark 15.4. Let us note that it is not proved that the problem (15.16) with γ(x)= 1,
∀x ∈ ∂Ω , has disappearing solutions, and this explains the inverse scattering re-
sult in the above theorem. In [12] Majda established the existence of disappearing
solutions for mixed problem outside the sphere |x| = 1 with boundary condition
∂νw+ ∂tw+w = 0 on R×S

2.

Passing to the case of symmetric systems, consider first strictly hyperbolic systems
with Ker A(ξ ) = {0} and maximal energy preserving boundary condition

〈A(ν(x))u,u〉= 0, u ∈ N (x).

In this case r/2 = d and there exists (see Chap. VI in [11]) an orthonormal
basis (p j(x))d

j=1 of the positive eigenspace Σ+(ν(x)) of A(ν(x)) with respect to

the inner product < A(ν(x))u,u > and an orthonormal basis (n j((x))d
j=1 of the

negative eigenspace Σ−(ν(x)) of A(ν(x)) with respect to the inner product − <
A(ν(x))u,u > . Then a maximal energy preserving space N (x) is spanned by the
vectors (p j(x)+ n j(x))d

j=1, and we have u(x) ∈ N (x) if and only if

〈p j(x)+ n j(x),A(ν(x))u(x)〉 = 0, 1 ≤ j ≤ d.

When we change x on ∂Ω , this special basis changes. For strictly hyperbolic
systems with maximal energy preserving boundary conditions, Majda and Taylor
[16], assuming that (p j) and (n j) depend implicitly through the unit normal ν(x),
proved that for every given k,1 ≤ k ≤ d, there exists an open dense set Σ ⊂ S

n−1

such that for every ω ∈ Σ for some j, 1 ≤ j ≤ d, we have

max singsupps S jk(s,−ω ,ω) =−
(τ j(−ω)+ τk(ω)

τ j(−ω)τk(ω)

)
ρ(ω). (15.20)
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We should mention that for strictly convex obstacles Majda and Taylor showed
[16] that the leading term of the filtered ( j,k) term of the scattering matrix has the
form

cnλ (n−1)/2 exp
(

iλ
(τ j(−ω)+ τk(ω)

τ j(−ω)τk(ω)

)
ρ(ω)

)
K (x+)

−1/2

×
d

∑
μ=1

〈rk(ω), pμ(ω)〉〈r j(−ω),nμ(ω)〉.

When we fix k, 1≤ k ≤ d, the vector ∑d
μ=1〈rk(ω), pμ(ω)〉nμ(ω) is in the eigenspace

Σ−(ω), and it is easy to see that for some j, 1 ≤ j ≤ d, we have

d

∑
μ=1

〈rk(ω), pμ(ω)〉〈r j(−ω),nμ(ω)〉 �= 0.

In the case of maximal dissipative boundary conditions, the structure of the
boundary space N (x) is more complicated. It was shown [7, 17] that we have the
following

Lemma 15.2. Let N (x) be a maximal dissipative linear space depending smoothly
on x ∈ ∂Ω . Then for every x̂ ∈ ∂Ω there exists a neighborhood V of x̂ and smooth
in V ∩∂Ω vectors p1(x), . . . , pd(x),n1(x), . . . ,nd(x) satisfying

〈pi(x),A(ν(x))p j(x)〉= δi, j, 〈ni(x),A(ν(x))n j(x)〉=−δi, j,

〈ni(x),A(ν(x))p j(x)〉= 0, i, j = 1, . . . ,d,

and 0 ≤ μ(x)≤ d so that N (x)� (KerA(ν(x))) is spanned by the vectors

{p1(x)+ n1(x), . . . , pμ(x)(x)+ nμ(x)(x),nμ(x)+1(x), . . . ,nd(x)}.

In the strictly dissipative case we have μ(x) = 0. It is important to note that in
general (p j(x))d

j=1 and (n j(x))d
j=1 do not form a basis, respectively, in the spaces

Σ+(ν(x)) and Σ−(ν(x)). On the other hand, u(x) ∈ N (x) if and only if
{
〈p j(x)+ n j(x),A(ν(x))u(x)〉 = 0, j = 1, . . . ,μ(x),
〈p j(x),A(ν(x))u(x)〉 = 0, j = μ(x)+ 1, . . . ,d.

(15.21)

It is clear that for strictly dissipative boundary conditions if

N (x)� (KerA(ν(x)) = Σ−(ν(x)), (15.22)

then (n j(x))d
j=1 span Σ−(ν(x)) and (p j(x))d

j=1 span Σ+(ν(x)). The condition
(15.22) is the analog of the boundary condition (15.16) with γ(x) = 1, ∀x ∈ ∂Ω .

For strictly hyperbolic systems we have the following

Theorem 15.8 ([17]). Let A(ξ ) have simply characteristic roots for ξ �= 0 and let
Ker A(ξ ) = {0}. Consider the problem (15.1) and assume that the vectors (p j) and
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(n j) depend implicitly through the unit normal ν(x) and (p j) and (n j) are smooth
functions of this normal with μ independent on ν(x). Moreover, assume that for
every x ∈ ∂Ω in Lemma 15.2 μ(x) = const and if μ = 0, we have

N (x)� (KerA(ν(x)) �= Σ−(ν(x)). (15.23)

Then there exists an open dense set Σ ⊂ S
n−1 such that for every ω ∈ Σ , there exist

(k, j) depending on ω so that we have

max singsupps S jk(s,−ω ,ω) =−
(τ j(−ω)+ τk(ω)

τ j(−ω)τk(ω)

)
ρ(ω). (15.24)

Remark 15.5. In contrast to the problem (15.16) with γ(x) �= 1, ∀x ∈ ∂Ω , the con-
dition (15.22) does not exclude the existence of disappearing solutions. On the
other hand, we are interesting to have at least one term in the scattering matrix
S jk(s,−ω ,ω) with leading singularity given by (15.24). This means that all other
terms could be regular or vanishing.

In the proof of Theorem 15.8 the crucial point is the construction of a microlo-
cal outgoing parametrix with boundary data distribution τk(ω)δ (n−1)/2(〈x,ω〉 −
τk(ω)t)rk(ω). More precisely, we assume that locally the boundary is given by x= 0
with (x,y) ∈ R

+ ×R
n−1. After a microlocalization around the point (0,y, t,0,−1)

with ν(y) = ω and an application of the decoupling procedure of the matrix symbol
[20], we are going to study the problem (see [16, 17])

∂
∂x

ṽk −

⎡

⎢
⎣

λ1 0
. . .

0 λr

⎤

⎥
⎦ ṽk = F(x,y, t),

Λ
(
(V ṽk)|x=0 −

(
τk(ω)1/2δ (n−1)/2(〈x,ω〉−τk(ω)t)rk(ω)

)
|∂Ω

)
= g(y, t), (15.25)

ṽk is smooth for t ≤−T0 < 0.

Here F(x,y, t), g(y, t) are smooth functions, λ j(x,y, t,η ,τ), j = 1, . . . ,r, are differ-
ent first order pseudodifferential operators, V is a classical matrix pseudodifferential
elliptic operator of order 0, and ΛW (x) = 0 means that W ∈ N (x). For this con-
struction, we must determine the boundary data of (Vṽk) on x = 0 from (15.25). For
this purpose, by using (15.21) and the condition (15.23), we obtain an elliptic pseu-

dodifferential system E
(
(V ṽk)|x=0

)
= Yk on the boundary modulo smooth terms,

and choosing suitably k, we arrange Yk �= 0. Thus we determine the boundary data
for Vṽk, and we construct an outgoing parametrix in a standard way.

Remark 15.6. Notice that in the case of the boundary condition (15.22), we get
Yk=0,k = 1, . . . ,d, and the leading term of the backscattering matrix vanishes for
all j,k.
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We conjecture that the statement of Theorem 15.8 holds for symmetric systems with
characteristics of constant multiplicity, but this needs extra work concerning the
microlocal matrix reduction. For other inverse scattering problems for symmetric
systems with dissipative boundary conditions, we refer to [3], where the case of
directions (θ ,ω)∈S

n−1×S
n−1 satisfying ‖θ +ω‖< δ with sufficiently small δ > 0

has been studied.
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Chapter 16
Kato Smoothing Effect for Schrödinger
Operator

Luc Robbiano

Abstract In this paper we give a survey of results on smoothing effect for
Schrödinger operators. Several phenomena can be called smoothing effect. Here
we limit us on the Kato or one half smoothing effect. We shall give the new and old
results in different contexts, global in time and local in time in all spaces, in exterior
domain. In this last case we shall give the recent result where the geometrical control
condition is not satisfied and replaced by a damping condition. This kind of assump-
tion originates in the control theory. We shall give also some references on the other
smoothing effect, Strichartz estimate and related problem for wave equation, and
KdV equation without exhaustiveness.

Key words: Schrödinger equation, Smoothing effect
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16.1 Introduction

If the smoothing effect is well-known for heat equation, for dispersive equation this
phenomenon was been found rather recently. The first result was probably the one
of Kato [38] on KdV equation. After this pioneer work, Constantin and Saut [19],
Vega [69], Sjölin [65], and Yajima [74] give results on a large class of disper-
sive equations including Schrödinger equation. These results are obtained under the
assumption that the principal symbol does not depend on space variables.
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For operators with variable coefficients, Doi [25] proved a Kato smoothing effect
for operator of Schrödinger type. One of the main tools of the Doi’s method is the
construction of an escape function associated with an energy method. To prove
the smoothing effect, he assumed that the metric is not trapping and he proved
the smoothing effect cannot occur if this assumption is not fulfilled. After this
result, Doi [27] obtained the same result for unbounded potential. Typically, the
potential is assumed estimated by |x|2 at infinity. For potential superquadratic some
weaker smoothing effect was found by Yajima and Zhang [75] and by Robbiano
and Zuily [58] following the Doi’s approach. In case of superquadratic potential,
the smoothing effect is weaker and related to the size of the potential at infinity.
For exterior domains Robbiano and Zuily [59] proved the smoothing effect in non-
trapping geometry. In this geometrical context the geodesic can be trapping by the
metric or by the boundary. Even for the flat metric a geodesic can be trapped. As in
nonboundary case, Burq [16] proved that the nontrapping assumption is necessary.
In the trapped case, in a work in preparation, we prove in [7] a smoothing effect
under the assumption that the trapped geodesic hit a damping zone. The damping
is an adding first-order term in the Schrödinger equation. The assumption on the
geodesic flow is called geometric control condition and was introduced by Bardos
et al. [9] in context of control and stabilization.

Another approach to prove smoothing effect was initiated by Ben-Artzi and
Devinatz [10] and Ben-Artzi and Klainerman[11]. This method relates the smooth-
ing effect and a property on the resolvent. This method was exploited by Burq
et al. [18] who used the resolvent estimate obtained by Burq [14]. The advantage
of this method is one can prove global smoothing effect in time. With the Doi’s
method we can only prove local smoothing effect in time, but this method allows
us to prove smoothing for operators which have not the global smoothing effect
property in time. For instance, −Δ + |x|2 has eigenfunctions and cannot have global
smoothing effect but have the local smoothing effect property in time. The Doi’s
method can treat operators as −Δ + |x|2. In this case the solution is locally in time
and in space more regular than the datum, but the integral in time does not converge.

In the sequel we give some smoothing results, global in time and local in time in
R

n; next, we give results for exterior domains, with geometrical control condition,
with damping term. In a last section we give some references on related subjects,
C∞ smoothing, analytic smoothing, Strichartz estimate, and dispersive estimate.

16.2 Results Global in Time

The result given by Vega [69] was global in time but concerns Schrödinger operator,
i.e., i ∂u

∂ t = Δu with a lost on the smoothing effect. He gave an estimate with a weight
in space variables as in Theorem 16.1 below. We give the theorem proved by Ben-
Artzi and Klainerman [11] which is global in time and optimal with respect to the
smoothing and the decay. The method of proof is rather general and consists to
deduce the smoothing effect from a resolvent estimate. This method appears already
in Kato and Yajima [40]. We give in the Proposition 16.1 the kind of resolvent
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estimate used to prove the smoothing effect. The same kind of results was proved
by Watanabe [71] for (−Δ)α using the same method.

Here and in the sequel we denote by 〈x〉 =
√

1+ |x|2 and by 〈D〉 the operator
associated with symbol 〈ξ 〉.
Theorem 16.1 ([11]). For all μ > 1/2, there exists C > 0 such that for all u0 ∈
L2(Rn), the solution u of the following problem

i
∂u
∂ t

= Δu in R×R
n

u(0, ·) = u0 on R
n,

satisfies ∫

Rn+1
|〈x〉−μ〈D〉1/2u(t,x)|2dtdx ≤C

∫

Rn
|u0(x)|2dx.

Remark 16.1. In Ruzhanski and Sugimoto [62, 63] we can find an alternative proof
of this result and some generalization, using the Operator Integral Fourier expression
of u(t,x) which is explicit for constant coefficient operators.

In the case of exterior domains, Burq et al. [18] proved a result following an
analog method. More precisely, let K be a compact set with smooth boundary, we
denote by Ω = R

n \K. We assume that the generalized bicharacteristic flow is non-
trapping (see Sect. 16.4, Definition 16.2 for a description of this assumption). Let
ΔD be the Laplacian with Dirichlet boundary condition.

Proposition 16.1. Assume K �= /0. Then for every χ ∈ C∞
0 (R

n), n ≥ 2, χ ≥ 0, every
s ≥−1, there exist C > 0, ε0 > 0 such that for every λ ∈ R and ε ∈ (0,ε0], one has

‖χ
(−ΔD − (λ ± iε)2)−1 χ‖Hs

D(Ω)→Hs+1
D (Ω) ≤C,

where Hs
D(Ω) is the domain of (1−ΔD)

s/2 equipped with natural norm.

This proposition allows to prove with Ben-Artzi and Klainerman method the
following smoothing result:

Theorem 16.2 ([18]). Assume K �= /0. Then for every χ ∈C∞
0 (R

n), n≥ 2, there exists
C > 0 such that

‖χu‖L2(R,Hs+1
D (Ω)) ≤C‖χ f‖L2(R,Hs

D(Ω)),

where s ∈ [−1,1] and u(t) =
∫ t

0 ei(t−τ)ΔD χ f (τ)dτ .

‖χv‖
L2(R,H

s+1/2
D (Ω))

≤C‖v0‖Hs
D(Ω),

where s ∈ [0,1] and v(t) = eitΔDv0.

Remark 16.2. Using the result obtained by Vasy and Zworski [70], we can replace
the cutoff χ by the weight 〈x〉−μ at the left-hand side of inequalities in Theorem 16.2
to obtain a generalization of Theorem 16.1.
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Remark 16.3. The Proposition 16.1 has a long story in literature. We can cite the
works of Lax and Philips [43], Vainberg [68], and the microlocal approach following
the works of Melrose and Sjöstrand [49, 50]. We may find the references on the
subject in Vasy and Zworski [70] and Burq [14].

Remark 16.4. Burq, Gérard, and Tzvetkov proved the second inequality of Theo-
rem 16.2 using a T T � method and the first inequality. This method is rather general
and can be used, for instance, under other assumptions on operators or locally in
time.

16.3 Results Local in Time in R
n

Here we give results on smoothing locally in time. It is in this context that we have
the most general result for Schrödinger operators. Nevertheless for general disper-
sive equations with constant coefficients we have rather general results. We give
here the result of Constantin and Saut [19] which is one of the most complete for
general dispersive equations with constant coefficients.

We assume

p(ξ ) is L∞
loc and there exists R > 0 such that p(ξ ) is C1 if |ξ | ≥ R. (16.1)

There exist m > 1, R > 0, and C > 0 such that
∣
∣
∣
∣

∂ p
∂ξ j

(ξ )
∣
∣
∣
∣≥C〈ξ 〉m−2|ξ j|, for all ξ ∈R

n such that |ξ | ≥ R (16.2)

Theorem 16.3 ([19]). Assume (16.1) and (16.2). Let χ ∈C∞
0 (R

n), χ ≥ 0, and T > 0,
there exists C > 0 such that

∫ T

−T

∫

Rn

∣∣
∣χ(x)〈D〉s+(m−1)/2u(t,x)

∣∣
∣
2

dxdt ≤C
∫

Rn
|〈D〉su0(x)|2dx,

where u(t, ·) = eit p(D)u0.

Remark 16.5. The assumptions (16.1) and (16.2) allow symbol as |ξ |m. It is the case
treated by Sjölin [65].

Remark 16.6. The assumption (16.2) implies that the symbol p is of principal type,
i.e., ∂ξ p �= 0.

Remark 16.7. Constantin and Saut [20] gave smoothing results for Schrödinger
operator perturbed by a potential. In Koch and Saut [42] we can find a result with a
forcing term, analogous to the one on Schrödinger equation. The important fact is
we have the double smoothing effect with respect to the smoothing on initial data.
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Remark 16.8. We give a simple version of the result of Constantin and Saut [19].
The precise result allows to replace χ and the interval of integration [−T,T ] by
functions with enough decrease in space and in time.

For Schrödinger operator we have better results. We give here a simple version
of the results of Doi [25, 27]. Doi considers operators with following form:

H(t) =
n

∑
j,k=1

(D j − a j(t,x))g
jk(x)(Dk − ak(t,x))+V(t,x).

We assume the metric elliptic, more precisely,
g jk is symmetric, and there exist C2 >C1 > 0 such that

C1Id ≤ (g jk)1≤ j,k≤n ≤C2Id, for all x ∈ R
n. (16.3)

Let T > 0, we assume for all α ∈ N
n, there exists Cα > 0 such that for all j,k,

|∂ α
x g jk(t,x)| ≤Cα〈x〉−|α |, for all (t,x) ∈ [0,T ]×R

n. (16.4)

We assume a j real valued, and for all α ∈N
n, there exists Cα > 0 such that for all j,

|∂ α
x a j(t,x)| ≤Cα〈x〉1−|α |, for all (t,x) ∈ [0,T ]×R

n. (16.5)

We assume V real valued, and for all α ∈ N
n, there exists Cα > 0 such that

|∂ α
x V (t,x)| ≤Cα〈x〉2−|α | for all (t,x) ∈ [0,T ]×R

n. (16.6)

We need also a convexity condition on the metric at infinity. Doi gives a general
condition (see [27, assumption H5]). This condition is not so obvious. We do not
know if it is necessary to obtain the result. For simplicity we give only a stronger
condition.

There exist ν > 0 and C > 0, such that for all j,k, p,

|∂xpg jk(x)| ≤C〈x〉−1−ν , for all x ∈ R
n. (16.7)

We need a geometrical assumption on the bicharacteristic flow. If we denote by
p(x,ξ ) = ∑n

j,k=1 g jk(x)ξ jξk, the bicharacteristic issues from (x,ξ ) ∈ T �(Rn) is the

solution of differential equation ẋ(t) = ∂ξ p(x,ξ ), ξ̇ (t) = −∂x p(x,ξ ) satisfying
x(0) = x, ξ (0) = ξ .

Remark 16.9. The solution (x(t),ξ (t)) exists globally in t. Indeed, p(x,ξ ) is a con-
served quantity; this implies that ξ (t) stays bounded for all t in existence domain.
Now ∂ξ p(x,ξ ) is bounded; this implies that x(t) is bounded if it is not defined glob-
ally in time.

Definition 16.1. We say that the metric is nontrapped if for all (x,ξ ) ∈ T �(Rn),
the bicharacteristic issued from (x,ξ ) satisfies |x(t)| →+∞ when t →+∞ or when
t →−∞.
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Theorem 16.4 ([27]). We assume (16.3)–(16.7), and the metric (g jk)1≤ j,k≤n is non-
trapped. Let μ > 1/2, there exists C > 0 such that for all u ∈ C1([0,T ],S(Rn))
satisfying (i∂t +H(t))u(t) = f (t) for t ∈ [0,T ], we have for all t ∈ [0,T ],

‖Esu(t)‖2
L2(Rn) +

∫ T

0
‖〈x〉−μEs+1/2u(t)‖2

L2(Rn)dt

≤C‖Esu(0)‖2
L2(Rn) +C

∫ T

0
‖〈x〉μEs−1/2 f (t)‖2

L2(Rn)dt, (16.8)

where Es = (〈x〉+ 〈D〉)s.

Remark 16.10. If f = 0, a part of inequality (16.8) is the classical energy estimate.
If f �= 0, the estimate on ‖Esu(t)‖2 is not the energy estimate. The norm on f is
better with respect regularity but worst with respect decreasing.

Remark 16.11. In the assumption we take u(t, ·) and f (t, ·) in S(Rn), but we can
extend the estimate (16.8) if the right-hand side is finite. The solution u is in the
space defined with the norm given by the left-hand side of (16.8).

We give now a result if the increases of a j and V are more faster. The first result
was given by Yajima and Zhang [75], and we give here the result obtained in [58].

We keep the general form of H taken by Doi, the assumptions (16.3), (16.4), and
(16.7). We replace the assumption (16.5) and (16.6) by the following.

Let m ≥ 2, we assume a j real valued and for all α ∈N
n, there exists Cα > 0 such

that for all j,

|∂ α
x a j(t,x)| ≤Cα〈x〉−|α |+m/2 for all (t,x) ∈ [0,T ]×R

n. (16.9)

We assume V real valued and for all α ∈ N
n, there exists Cα > 0 such that

|∂ α
x V (t,x)| ≤Cα〈x〉m−|α | for all (t,x) ∈ [0,T ]×R

n. (16.10)

We need also that P is essentially self-adjoint for each t ∈ [0,T ]. This assumption is
fulfilled if we assume there exists C > 0 such that for all x ∈ R

n, V (t,x)≥−C〈x〉2.
We denote by Fs the operator with symbol (1+ |ξ |2 + |x|m)s/2 in Weyl quantifi-

cation.1

Theorem 16.5 ([58]). We assume (16.3), (16.4), (16.7), (16.9), (16.10), and the
metric is nontrapped. Let μ > 1/2, there exists C > 0 such that for all u ∈
C1([0,T ],S(Rn)) satisfying (i∂t +H(t))u(t) = f (t) for t ∈ [0,T ], we have for all
t ∈ [0,T ],

1 For a function on q(x,ξ ), there are several manner to associate an operator. For instance if
q(x,ξ ) = a(x)ξ , the classical quantification of q is a(x)D j . Other possibility is D ja(x). The Weyl
quantification is the mix of the previous one, i.e., (1/2)(a(x)D j +D ja(x)). For a general symbol,
the formula is more complicated; see Hörmander [32, Chap. 18, ğ5].
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‖u(t)‖2
L2(Rn)

+
∫ T

0
‖〈x〉−μF1/mu(t)‖2

L2(Rn)
dt

≤C‖u(0)‖2
L2(Rn) +C

∫ T

0
‖〈x〉μF−1/m f (t)‖2

L2(Rn)dt. (16.11)

Remark 16.12. For m = 2 we find the Doi’s estimate (16.8) with s = 0. Actually
to prove (16.11) we adapt the Doi’s proof in our assumptions. The main trick is to
construct a symbol to obtain the estimate by a commutator method.

Remark 16.13. In [58, Theorem 1.2] we give a smoothing estimate more precise
where we distinguish the tangential derivative to the sphere and the normal deriva-
tive. For the tangential derivative we can have an estimate with μ = 1/2 at the
left-hand side.

16.4 Results in Exterior Domains

In this section we keep the assumptions (16.3) and (16.5) where V does not depend
on t, (16.7) and the operator will be H = ∑n

j,k=1 D jg jk(x)Dk +V (x). We assume
there exists C0 > 0 such that for all x ∈ R

n, V (x) ≥ −C0. We recall the notation
given for the result of Burq, Gérard, and Tzvetkov. Let K be a compact set with
smooth boundary, we denote by Ω =R

n \K. Like the problem in R
n, we need a ge-

ometrical condition. We define the generalized bicharacteristic flow. In Ω , this flow
is the usual bicharacteristic flow defined before Definition 16.1. When the bicharac-
teristic hit the boundary of Ω , if the bicharacteristic is transverse to the boundary,
the generalized flow is continued with respect to the geometrical optical law; if
the bicharacteristic is tangential, the generalized bicharacteristic can glide on the
boundary or continue in Ω if the usual flow hit the boundary only in one point. The
precise description of this flow can be found in Hörmander [32, Definition 24.3.7]
and a description in local coordinates near the boundary in [59, Appendix 1]. To
assure the uniqueness of the flow, we also assume that the flow has no contact of
infinity order with the boundary; see [59, Definition A.3].

The operator H is essentially self-adjoint and for simplicity we denote by H the
unique self-adjoint extension with Dirichlet boundary condition. With the assump-
tion above, (1+C0)Id +H is positive; by functional calculus, we can define the
power of this operator, and we denote by Λ s = ((1+C0)Id+H)s/2.

We denote the norm in L2(Ω) by ‖ · ‖.

16.4.1 Geometrical Control Condition

Definition 16.2. We say that the metric is nontrapping in Ω if for all (x,ξ )∈ T �(Ω),
the generalized bicharacteristic satisfied |x(t)| →+∞ if t →+∞ or for t →−∞.
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Remark 16.14. Even if the metric is flat, we can have trapped bicharacteristics, for
instance, if K is the union of two disjoint balls.

In this context we prove with Claude Zuily [59] the following result:

Theorem 16.6 ([59]). We assume that the metric is nontrapping in Ω . Let T > 0
and χ ∈C∞

0 (Ω). There exists C > 0 such that for all u0 ∈C∞
0 (Ω), we have

∫ T

−T
‖χΛ s+1/2u(t)‖2

L2(Ω)dt ≤C‖Λ su0‖2
L2(Ω), (16.12)

where u(t) = eitH u0.

Remark 16.15. The operator Λ s plays the role of the Hs norm in the space. Here we
must take account the boundary condition. The operator Λ s commutes with H, and
it is sufficient to prove (16.12) for s = 0.

Remark 16.16. The proof of Theorem 16.6 uses the technic of microlocal defect
measure. In this context this method was initiated by Burq [14] to prove an esti-
mate on the resolvent. We have adapted this method in nonstationary case. We can
find more information on microlocal defect measure in Gérard and Leichtnam [28],
Lebeau [45], Burq [13], Burq and Gérard [17], and Miller [51]. These works concern
wave equation, but we can adapt the technics for Schrödinger equation.

16.4.2 Damping Condition

Recently with Lassaad Aloui and Moez Khenissi [7], we study the smoothing effect
for the following problem:

⎧
⎪⎨

⎪⎩

(Dt +H)u− iaH1/2au = f in (0,∞)×Ω
u = 0 on (0,∞)× ∂Ω ,
u|t=0 = u0,

(16.13)

Here for simplicity we assume H ≥ 1, and we remark that this can be realized work-
ing with v = eitCu with C large enough. Of course H1/2 is changed in (H +C)1/2.
We assume a ∈C∞

0 (Ω) and a ≥ 0. We denote by ω = {x ∈ Ω , a(x)> 0}.

Definition 16.3 (E.G.C.). We say that ω verifies the exterior geometric control con-
dition if all generalized bicharacteristics γ(t) = (x(t),ξ (t)) is such that:

• |x(t)| goes to +∞ when t goes to +∞ or −∞.
• x(t) meets ω .

Theorem 16.7 ([7]). Let T > 0, s ∈ (−1/2,1/2), and μ ∈ (1/2,1]. We assume that
ω satisfies the exterior geometric control condition and then there exists C > 0 such
that
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∫ T

0

∥
∥
∥Λ s+1/2〈x〉−μ u

∥
∥
∥

2

L2(Ω)
dt + sup

t∈[0,T ]
‖Λ su(t)‖2

L2(Ω)

≤C

(
‖Λ su0‖2

L2(Ω) +

∫ T

0

∥
∥
∥Λ s−1/2〈x〉μ f

∥
∥
∥

2

L2(Ω)
dt

)
(16.14)

for all u0 in C∞
0 (Ω), f in C∞

0 (R+×Ω), where u denotes the solution of (16.13).

Remark 16.17. The estimate (16.14) is analog of the estimate (16.8), and (16.14)
can be extended if the right-hand side is finite. The range of s and μ is different. On
μ the result is sharp. On s, probably we can improve the result. The difficulty to do
this is to commutate Λ s with a or 〈x〉±μ . The technical Lemmas exist in [7] to do
this, but the number of commutator to compute and to estimate increases with s, and
we have no applications to motivate this tedious computation. This difficulty does
not appear in Theorem 16.6.

Remark 16.18. We can prove that the norms on u, ‖Λ s〈x〉μu‖ and ‖〈x〉μΛ su‖, are
equivalent.

Remark 16.19. This result improves Theorem 16.6 with respect to the forcing term f .

Remark 16.20. The proof of Theorem 16.7 follows the strategy of proof of Theo-
rem 16.6. The first step is to reduce the estimate to a semiclassical estimate. We
need to compute commutator between χ(h2H) and smooth function compactly sup-
ported. The main tool is the Helffer-Sjöstrand formula [31] (see also Davies [22]).
The semiclassical estimate is proved by contradiction. This is decomposed in few
steps. We constructed a semiclassical defect measure. On the one hand, we prove
that this measure is not identically null, and on the other, we prove that the mea-
sure has no support over ω and on the incoming point; the support is propagated
by the generalized bicharacteristic flow. These properties imply that the measure is
identically null. Both parts of the proof yield the contradiction.

Remark 16.21. The term iaH1/2a in (16.13) appears in the works on stabilization.
For Schrödinger operator, this term appear in the work of Aloui [1] and in Aloui
et al. [6]. Dehman et al. [24] used the term ia(1+H)−1aDt instead of −iaH1/2a
for stabilization. We can remark that on the characteristic set, we have Dt ∼ −H,
and this damping term is of order 0. Aloui and Khenissi [4] used −ia instead of
−iaH1/2a. In these both works, the damping is of order 0 and too weak to obtain
smoothing effect. This term was also used in compact manifold by Aloui [1] and
in [2] for a bounded domain of R

n with boundary condition to prove smoothing
effect if all the bicharacteristic hit the damping term. The stabilization had studied
more extensively for wave equation since [9] where the terminology “geometric
control” was introduced. The control problem was studied for Schrödinger equation
by microlocal method by Lebeau [44]. Aloui and Khenissi [3, 5] had used this notion
for the stabilization in a exterior domain for wave equation.
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16.5 Related Problems

16.5.1 Analytic and C∞ Smoothing Effect

The 1/2-smoothing effect is related to the L2 norm (or Hs norm) on the datum u0.
If the datum is more decreasing, we can obtain a C∞ or analytic smoothing.

Kapitanski and Safarov [35] studied the singularities of fundamental solution of
Schrödinger equation comparing the Schrödinger fundamental solution and the one
of wave. After, Craig et al. [21] proved that if u0 is quickly decreasing at infinity,
then the solution of Schrödinger equation is C∞ for all time t �= 0. Their result is
more precise and can be formulated microlocally that if u0 decreases quickly in a
cone Γ at infinity, (x,ξ ) is not in the wave front of the solution at time t �= 0 if the
bicharacteristic issue of (x,ξ ) goes in the cone Γ .

This result was precised by Wunsch [72] who defined a wave front set at infinity
and proved a propagation result in this context. This allows to find the result of
Craig, Kappeler, and Strauss by another way, and we can understand why, at some
time, the solution is not smooth if the datum oscillates at infinity (see also a pioneer
work by Shananin [64]).

We can find also other result in Nakamura [54] where it is precised the wave front
set at a fixed time. The previous works giving results for a uniform wave front set in
time.

In the context of compact manifold or in bounded domain of Rn, we may not
expect smoothing effect, but with damping term analog to the one of (16.13), Aloui
in [1, 2] proved C∞ smoothing effect in this case.

These works were proved in the analytic context first by Hayashi and Saito [30]
in one dimension. In general dimension, we proved in [55] with Claude Zuily, under
the same assumption than the one of Craig, Kappeler, and Strauss, that (x,ξ ) is not
in the analytic wave front set if u0 decrease exponentially in the cone Γ . In [56, 57],
we gave results for oscillating data in the first paper and in the spirit of the Wunsch
results in second paper. In this framework other results can be found in Martinez
et al. [46–48] and Ito [33].

Results for Schrödinger operator with potential as x2 at infinity were proven by
Wunsch [73] in C∞ case and by Atallah-Baraket and Mechergui [8] in the analytic
case. New phenomenon arrives in this case; periodically the singularities appear
from infinity.

Other results were proven in Gevrey context; see De Bouard et al. [23]; Kato and
Taniguchi [39]; Morimoto et al. [53]; Kajitani and Taglialatela [36]; Taniguchi [67];
and Mizuhara [52].

Some of previous works concern also other operators, as KdV, general dispersive
equation. For Schrödinger operators where the Laplacian is replaced by a power of
Laplacian, we can see the work of Kamoun and Mechergui [37].

To give an example of result in this field, we give the one of Craig et al. [21]. To
explain the more recent results, we should need to introduce a lot of notations and
geometrical notions.
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Let u solution of

i∂t u(t,x) = ∑
1≤ j,k≤n

Dxj g jk(x)Dxk u(t,x), u(0,x) = u0(x),

where g jk is symmetric and elliptic, i.e., there exist C1 > 0 and C2 > 0 such that

C1|ξ |2 ≤ ∑
1≤ j,k≤n

g jk(x)ξ jξk ≤C2|ξ |2

for all x ∈R
n.

We assume for all α ∈ N
n, there exists Cα > 0 such that

|∂ α(g jk(x)− δ jk)| ≤ Cα

〈x〉1+ν+|α |

where ν > 0.

Theorem 16.8 ([21]). Let (x0,ξ0) ∈ T �
R

n, we assume that (x0,ξ0) is not backward
trapped, if ∫

Rn
|x|k|u0(x)|2dx <+∞

for all k ∈N
n, then (x0,ξ0)�∈WF(u(t, ·)).

Remark 16.22. We remind that a bicharacteristic is not backward trapped if |x(t)|
goes to +∞ when t goes to −∞.

Remark 16.23. Under the assumption of Theorem 16.8, we can prove that x(t)
|x(t)| goes

to some η ∈R
n when t goes to −∞ where x(t) is the bicharacteristic issue of (x0,ξ0).

We can precise the theorem. We define

Γ =

{
x ∈ R

n,

∣
∣
∣∣

x
|x| −

η
|η |

∣
∣
∣∣< ε, |x|> R

}
.

If we assume ∫

Γ
|x|k|u0(x)|2dx <+∞,

for all k ∈ N
n, then (x0,ξ0)�∈WF(u(t, ·)).

Remark 16.24. With analytic assumptions we can prove same results for the analytic
wave front set. More precisely, we assume there exist C > 0 such that for all α ∈N

n,

|∂ α(g jk(x)− δ jk)| ≤ C1+|α |

〈x〉1+ν+|α |

where ν > 0.
We assume (x0,ξ0) is not backward trapped, and

∫

Γ
eδ |x||u0(x)|2dx <+∞,

for a δ > 0, then (x0,ξ0)�∈WFA(u(t, ·)).
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Remark 16.25. Theorem 16.8 and the Kato smoothing effect suggest that we can
have intermediate results. If the datum decreases in a cone with a rate, the solution
is in a Sobolev space (microlocally) with an index of regularity related with the rate
of decreasing. To our knowledge this kind of results are not proved in literature. In
Doi [26] we may find an intermediate smoothing effect with an assumption on the
datum which is not related with decreasing.

16.5.2 Strichartz Estimates and Dispersive Estimates

The Strichartz estimates can be considered as smoothing effect in Lp space. A way
to obtain Strichartz estimates is to apply the TT � method and dispersive estimate.
We cannot give the huge literature on the subject. We can consult the introduction
of Bouclet and Tzvetkov [12] and the references therein for more information. The
Kato smoothing effect plays a role in the proof of Strichartz estimate as in Staffilani
and Tataru [66] and Burq [15]. Strichartz estimates are also related to dispersive
estimate. This relation can be found in Ginibre and Velo [29] and Keel and Tao [41].
We can find dispersive results global in time in Journé et al. [34]; Rodnianski and
Schlag [60]; and Rodnianski et al. [61]. The three subjects, Kato smoothing effect,
dispersive estimate, and Strichartz estimate, are related. These estimates are proved
for linear operators; they play an important role in the proofs of local or global
existence for nonlinear equations.
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Chapter 17
On the Cauchy Problem for NLS
with Randomized Initial Data

Nicola Visciglia

Abstract We show that a general family of Cauchy problems associated to NLS with
randomized initial data is well posed locally in time. As initial data we consider the
random vector which is associated to the Gibbs measure.
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17.1 Introduction

In this paper we consider the following family of Cauchy problems with randomized
Cauchy data:

i∂t u−Au± u|u|α−1 = 0,(t,x) ∈ R×R, (17.1)

u(0,x) = f ω (x).

Since now on we mean by solutions to (17.1) as the solutions to the following asso-
ciated integral equations:

u(t) = eitAϕ ± i
∫ t

0
ei(t−s)A(u(s)|u(s)|α−1)ds. (17.2)

In the sequel we shall use the following notations:

Lr
x = Lr(R),Lq

T Lr
x = Lq((−T,T );Lr
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and for any 1≤ p≤∞ we denote by p′ the dual Hölder exponent, i.e. 1/p+1/p′= 1.
Next we assume that

A : L2
x ⊃ D(A)→ L2

x

is a self-adjoint operator with discrete spectrum, {λn}n is the corresponding se-
quence of eigenvalues counted with its multiplicity, and {en}n is the associated basis
of eigenvectors.
We shall assume that the initial data are parametrized by the following map:

(Ω ,F ,p) � ω → f ω (x) = ∑
n∈N

γngn(ω)en(x) (17.3)

where γn ∈C is a suitable sequence of complex numbers, (Ω ,F ,p) is a probability
space, and gn(ω) are Gaussian independent random variables.
The main interest in this paper is to consider the case γn is almost in l2(N), that is,

∑
n∈N

|γn|2λ−δ
n < ∞ ∀δ > 0. (17.4)

In [1] it is considered (17.1) with A = −∂ 2
x + |x|2 and with a randomized initial

data that satisfies the assumptions as above. In fact the analysis of the local Cauchy
theory with randomized initial data is the basic step in order to get a probabilistic
global well-posedness result via the invariance of the Gibbs measure.

The main point in this paper is that we treat a general family of operators A and
we provide a simple proof of the local well-posedness of (17.1) for almost every
ω ∈ Ω . More specifically we shall assume that

A : L2
x ⊃ D(A)→ L2

x is self-adjoint; (17.5)

∃ t̄ > 0 s.t. sup
t∈(0,t̄)

√
t‖eitA‖L (L1

x ,L∞
x )

< ∞ (17.6)

∃ (en,λn) ∈ L2
x ×R s.t. en is a basis of L2(R) and Aen = λnen; (17.7)

∀r > 2 ∃C(r),ε(r) > 0 s.t. ‖en‖Lr
x ≤C(r)λ−ε(r)

n . (17.8)

Our first result concerns the local well-posedness of (17.2) in the case 1< α < 5.

Theorem 17.1. Assume A satisfies (17.5)–(17.8); 1 < α < 5 and γn ∈ C satisfy
(17.4). Then for almost every ω ∈ Ω there exists T (ω) > 0 such that the integral
equation (17.2) (in both focusing and defocusing case) has one unique solution

u(t,x) ∈ Lq
T (ω)

Lr
x ∀(q,r) ∈ [1,∞]× [1,∞] s.t.

2
q
+

1
r
=

1
2
. (17.9)

More precisely there exist a,b,c = a(α),b(α),c(α) > 0 such that

∀M > 0 ∃ ΩM ⊂ Ω measurable s.t. (17.10)

p(ΩM)≥ 1− e−cM2
and T (ω)≥ min{t̄,aM−b} ∀ω ∈ ΩM.
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In order to state our result in the L2-supercritical regime, first we introduce for every
α ≥ 5 the following set of R2:

Aα ≡Conv

{
(0,

1
α + 1

),

(
0,

1
α

)
,

(
α + 3

2α(α − 1)
,

α − 3
α(α − 1)

)
,

(
α + 1

2α(α − 1)
,

1
α

)}

where Conv{P1,P2,P3,P4} denotes the convex envelope of P1,P2,P3,P4.

Theorem 17.2. Assume that A satisfies (17.5)–(17.8); α ≥ 5 and γn ∈ C satisfy

(17.4). Let us fix q(α),r(α) ∈ [1,∞] such that
(

1
q(α) ,

1
r(α)

)
∈ Aα . Then for almost

every ω ∈ Ω , there exists T (ω) > 0 such that the integral equation (17.2) has one
unique solution

u(t,x) ∈ Lq(α)
T (ω)

Lr(α)
x . (17.11)

More precisely there exist a,b,c = a(q(α),r(α)),b(q(α),r(α)),c(q(α),r(α)) > 0
such that

∀M > 0 ∃ ΩM ⊂ Ω measurable s.t. (17.12)

p(ΩM)≥ 1− e−cM2

and
T (ω)≥ min{t̄,aM−b} ∀ω ∈ ΩM. (17.13)

Remark 17.1. Next we compare Theorems 17.1 and 17.2 with the result in [1].
In this paper we treat a general class of NLS and not only the NLS associated to
the harmonic oscillator; moreover, we do not impose α to be an integer. On the
other hand in [1], it is also presented as a probabilistic global well-posedness result,
while in this paper we focus only on the local Cauchy theory. We plan to pursue
elsewhere the globalization argument.

Remark 17.2. Following [6] the assumptions in Theorems 17.1 and 17.2 are satisfied
in the case A=−∂ 2

x +V (x) where V (x) satisfies suitable growth condition at infinity.
In particular the case V (x) = |x|2 enters in our analysis.

Remark 17.3. We underline that in the statement of Theorems 17.1 and 17.2, we
don’t say nothing about the regularity of the solution along the time of existence,
unless a space–time integrability property.

Remark 17.4. A huge literature has been devoted to the deterministic analysis of
(17.1), that is, the case that initial data do not depend on any randomization and
belong to suitable Sobolev spaces. We cannot be exhaustive with the literature in
this direction; however, we quote at least the pioneering papers [2, 4], where the
Cauchy problem (17.1) is studied for A =−Δ and in any dimension.
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17.2 Probabilistic A-Priori Estimates

Along this section we shall assume that f ω is the random vector (17.3), γn satisfies
(17.4), and λn are the eigenvalues of A with eigenfunctions en.

Proposition 17.1. Assume (17.8), then for every given T > 0, 2 < r < ∞ and 1 ≤
q < ∞, there exists C =C(T,q,r)> 0 such that

p{ω ∈ Ω s.t. ‖eitA f ω‖Lq
T Lr

x
> λ} ≤ e−Cλ 2

. (17.14)

Proof. By using the Minkowski inequality we get the following estimate:

‖eitA f ω‖Lp
ω Lq

T Lr
x
≤ ‖eitA f ω‖Lq

T Lr
xLp

ω

= ‖∑
n

γngn(ω)eitλnen(x)‖Lq
T Lr

xLp
ω
∀p > max{q,r}.

On the other hand we have

‖∑
n

γngn(ω)eitλn en(x)‖Lp
ω
≤√

p‖(∑
n
|γnen(x)|2) 1

2 ‖Lq
T Lr

x

=
√

pT
1
q ‖γnen(x)‖Lr

xl2
N
≤C

√
pT

1
q ‖(γnen(x)‖l2

N Lr
x

where at the last step we have used the assumption r > 2. By using the hypothesis
(17.8) we finally deduce

‖eitA f ω‖Lp
ω Lq

T Lr
x
≤C

√
pT

1
q (∑

n
|γn|2λ−2ε(r)

n )
1
2 =C(r)

√
pT

1
q .

This estimate implies (17.14) via the classical Chebichev inequality. ��

17.3 Proof of Theorem 17.1

The proof of Theorem 17.1 is simpler than the proof of Theorem 17.2 (and hence
we shall skip it). In fact the proof of Theorem 17.1 can be done following step by
step the proof of Theorem 17.2 except that in the context of theorem 17.1 (i.e., in the
L2 subcritical regime), the fixed point argument can be done by using the standard
Strichartz estimates, and it is not necessary to exploit the inhomogeneous ones.

17.4 Deterministic Theory via Inhomogeneous Strichartz
Estimates for L2 Supercritical NLS

Following [3, 5] we recall the inhomogeneous Strichartz estimates satisfied by the
propagator eitA.
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Proposition 17.2. Assume A satisfies (17.5) and (17.6). Then for every (q,r, q̃, r̃) ∈
[1,∞] there exists C =C(q,r, q̃, r̃)> 0 such that

∥∥∥∥
∫ t

0
ei(t−s)AF(s)ds

∥∥∥∥
Lq

t̄ Lr
x

≤C‖F‖
Lq̃′

t̄ ;Lr̃′
x

provided that

1
q
+

1
r
<

1
2
,

1
q̃
+

1
r̃
<

1
2
,0 <

1
q
,

1
q̃
≤ 1,0 ≤ 1

r
,

1
r̃
≤ 1

2
,

1
q
+

1
q̃
=

1
2

(
1− 1

r
− 1

r̃

)
.

(17.15)

Proof. Notice that the family of operators T (t) = χ(0,t̄)(t)e
itA satisfies

∫ t

0
T (t)T ∗(s)ds =

∫ t

0
ei(t−s)AF(s)ds ∀t ∈ (0, t̄). (17.16)

Hence the result follows as an application, to the family T (t), of the general result
proved in [3]. ��

Next we prove the existence of fixed points for the integral equation associated
with (17.2):

u(t) = eitAϕ ± i
∫ t

0
ei(t−s)A(u(s)|u(s)|α−1)ds (17.17)

by using the inhomogeneous estimates in Proposition 17.2. First we prove the fol-
lowing result, where Aα is the set that appears in Theorem 17.2:

Proposition 17.3. Let α ≥ 5. Then
(

1
q(α) ,

1
r(α)

)
∈Aα if and only if there exist q(α),

r(α), q̃(α), r̃(α) ∈ [1,∞] that satisfy the following condition:

1
q(α)

+
1

r(α)
<

1
2

(17.18)

1
q̃(α)

+
1

r̃(α)
<

1
2

(17.19)

0 <
1

q(α)
,

1
q̃(α)

≤ 1 (17.20)

0 ≤ 1
r(α)

,
1

r̃(α)
≤ 1

2
(17.21)

1
q(α)

+
1

q̃(α)
=

1
2

(
1− 1

r(α)
− 1

r̃(α)

)
(17.22)
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α
r(α)

= 1− 1
r̃(α)

(17.23)

α
q(α)

< 1− 1
q̃(α)

. (17.24)

Proof. For simplicity we shall write q(α),r(α), q̃(α), r̃(α)= q,r, q̃, r̃. First we elim-
inate the variable r̃ by using the identity (17.23); hence, the conditions (17.18)–
(17.24) are equivalent to

1
q
+

1
r
<

1
2

(17.25)

1
q
+

1
q̃
=

α − 1
2r

(17.26)

α − 1
2r

− 1
q
+ 1− α

r
<

1
2

(17.27)

0 <
1
q
,

1
q̃
≤ 1 (17.28)

0 ≤ 1− α
r
,

1
r
≤ 1

2
(17.29)

1− α
q
>

α − 1
2r

− 1
q

(17.30)

(more precisely (17.26) is equivalent to (17.22) due to (17.23), (17.27) is equivalent
to (17.19) due to (17.23) and (17.26), (17.30) is equivalent to (17.24) due to (17.26)).
Next we eliminate q̃ by using (17.26) and we get

1
q
+

1
r
<

1
2

(17.31)

1
q
+

α + 1
2r

>
1
2

(17.32)

0 <−1
q
+

α − 1
2r

≤ 1 (17.33)

0 <
1
q
≤ 1 (17.34)

1
2
≤ α

r
≤ 1 (17.35)

0 ≤ 1
r
≤ 1

2
(17.36)

α − 1
q

+
α − 1

2r
< 1 (17.37)
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Actually since we are assuming α ≥ 5 it is easy to check that condition (17.43)
is stronger than (17.31); Hence, the above conditions reduce to

1
q
+

α + 1
2r

>
1
2

(17.38)

0 <−1
q
+

α − 1
2r

≤ 1 (17.39)

0 <
1
q
≤ 1 (17.40)

1
2
≤ α

r
≤ 1 (17.41)

0 ≤ 1
r
≤ 1

2
(17.42)

α − 1
q

+
α − 1

2r
< 1. (17.43)

It is easy to check that ( 1
q ,

1
r ) satisfy the above conditions if and only if

( 1
q ,

1
r ) ∈ Aα . ��

Proposition 17.4. Assume the operator A satisfies (17.5) and (17.6). Let α ≥ 5 and

q(α), r(α) ∈ [1,∞] be any fixed couple such that
(

1
q(α) ,

1
r(α)

)
∈ Aα . Assume more-

over that ϕ(x) is such that

‖eitAϕ‖
Lq(α)

t̄ Lr(α)
x

≤ K < ∞. (17.44)

Then there exists T > 0 and one unique local solution u(t,x) to (17.17) such that

u(t,x) ∈ Lq(α)
T Lr(α)

x .

Moreover there exist a,b := a(q(α),r(α)),b(q(α),r(α)) > 0 such that

T ≥ min{t̄,aK−b}.

Proof. We introduce the nonlinear operator

Sϕ(u) = eitAϕ ± i
∫ t

0
ei(t−s)Au(s)|u(s)|α−1ds.

For simplicity we shall write q(α),r(α) = q,r. First we prove the following:

Claim 1

∃ c,d = c(q(α),r(α)),d(q(α),r(α)) > 0 s.t. Sϕ(B2K(L
q
T Lr

x)⊂ B2K(L
q
T Lr

x)

∀T ≤ min{t̄,cK−d}.
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Notice that by combining the inhomogeneous Strichartz estimates with the hypoth-
esis on ϕ we get

‖Sϕ(u)‖Lq
T Lr

x
≤ K +C‖u|u|α−1‖

Lq̃′
T Lr̃′

x
∀0 < T < t̄

provided that q,r, q̃, r̃ satisfy the hypothesis (17.15) in Proposition 17.2. By using
the Hölder inequality, we get the existence of k = k(q,r)> 0 such that

‖Sϕ(u)‖Lq
T Lr

x
≤ K + ‖u‖α

Lαq̃′
T Lα r̃′

x

≤ K +CTk‖u‖α
Lq

T Lr
x

(17.45)

provided that we can choose q̃, r̃ such that

α q̃′ < q and α r̃′ = r. (17.46)

Summarizing we get the estimate (17.45) for a suitable k = a(α)> 0 provided that
we can find q̃, r̃ that satisfy (17.15) and (17.46). Indeed this is possible due to Propo-

sition 17.3 and since we are assuming
(

1
q ,

1
r

)
∈ Aα . Finally notice that by (17.45)

we easily deduce the claim provided that we choose CT k(2K)α ≤ K.

Next we prove that Sϕ is a contraction on B2K(L
q
T Lr

x) for T > 0 small enough. More
precisely we have the following:

Claim 2
∃c̃, d̃ = c̃(q,r), d̃(q,r)> 0 such that

‖Sϕ(v)− Sϕ(w)‖Lq
T Lr

x
≤ 1

2
‖v−w‖Lq

T Lr
x

∀v,w ∈ B2K(L
q
T Lr

x)

with T < min{t̄, c̃K−d̃}.

By fixing q,r, q̃, r̃ as above we get

‖Sϕ(v)− Sϕ(w)‖Lq
T Lr

x
≤C‖v|v|α−1 −w|w|α−1‖

Lq̃′
T Lr̃′

x

≤Cα‖(v−w)(|v|α−1 + |w|α−1)‖
Lq̃′

T Lr̃′
x

∀T < t̄

where we have used the pointwise estimate

|s|s|α−1 − t|t|α−1| ≤ α|t − s|(|t|α−1 + |s|α−1).

By the Hölder inequality we continue the estimate above and we get

‖Sϕ(v)− Sϕ(w)‖Lq
T Lr

x

≤ 2α−1CT kα‖v−w‖Lq
T Lr

x
Max{‖v‖Lq

T Lr
x
,‖w‖Lq

T Lr
x
}α−1

≤ 2α−1αC(2K)α−1T k‖u−w‖Lq
T Lr

x
∀T < t̄
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where k > 0 is the same number as in (17.45). Hence it is sufficient to fix

2α−1αC(2K)α−1T k <
1
2
.

In conclusion we have that Sϕ is a contraction on B2K(L
q
T Lr

x) provided that

T < min{t̄,min{c, c̃}K−max{d,d̃}}. ��

17.5 Proof of Theorem 17.2

We introduce the following sets:

ΩM = {ω ∈ Ω s.t. ‖eitA f ω‖
Lq(α)

t̄ Lr(α)
x

≤ M} ∀M > 0.

Then by using Proposition 17.1, we deduce that

p(ΩM)≥ (1− e−CM2
).

Moreover for every ω ∈ΩM we deduce by Proposition 17.4 the existence of a unique
solution to (17.2) that satisfies (17.11) and (17.13).
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